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A note on a conjecture concerning boundary uniqueness
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We verify the following conjecture (from Huang et al.): Let AT denote the upper
half disc in C and let y = (—1, 1) (viewed as an interval in the real axis in C).
Assume that F is a holomorphic function on AT with continuous extension up
to y such that F maps y into {|Imz| < C|Rez|}, for some positive C. If F
vanishes to infinite order at O then F vanishes identically. This result is already
known to hold true for 0 < C < 1.
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1. Introduction
The following is a result of Alinhac et al. [1].

Tueorem 1.1 (Alinhac et al. [1, p.635]) Let W C C be an open neighbourhood of 0,
let Wt := WN{Im¢ > 0}, and let A C C" be a totally real C*-smooth sub-manifold. Let
F € O(W™) and continuous up to the boundary such that F maps W N {Im ¢ = 0} into A.
If F vanishes to infinite order (definition treated in Section 2) at the origin then F vanishes
identically in the connected component of the origin in W+,

Therp is a related result due to Lakner [2] (where it is pointed out that f(¢) =
exp(—e'™/*//7) is holomorphic on W and extends C*°-smoothly to W+, yet vanishes
to infinite order at 0).

TueoreM 1.2 (Lakner [2]) Let A C C be the unit disc, let AT := AN {Im¢ > 0}, and
let A C C be a double cone with vertex at 0 in the sense that A = {0} U {¢ = re'?, r €
R, 0 € [a, b]}, for real numbers a, b witha —b < 7. Let F € O(A™) and continuous up
to the boundary such that F maps A N {Im ¢ = 0} into A. If F|anam ¢=0) has an isolated
zero at 0 then F does not vanish to infinite order' at 0. In particular, if F vanishes to infinite
order at O, then there is a sequence in A N {Im ¢ = 0}, converging to 0, and consisting of
zeros of F.
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These results were followed up and refined see e.g. Baouendi and Rothschild [3,4], and
Huang et al. [5]. We mention the following:

TueorEm 1.3 (Baouendi and Rothschild [3]) If f(¢) is a holomorphic function in a
domain of the upper half plane with 0 on the boundary, continuous up to the boundary,
vanishing to infinite order at 0, and Re f(x) > 0 (with x := Re¢), then f must vanish
identically.

Tueorem 1.4 (Huang et al. [5]) If f = u + iv is holomorphic in HT := {{ € C :
Im¢ > 0}, and continuous up to (—1, 1) C dH™T, such that |v(t)| < |u(®)| fort € (=1, 1),
and if f vanishes to infinite order at 0 (in the sense that f(¢) = 0(|¢|%), Ht 5 ¢ — 0,
Vk € N), then f = 0.

We also mention the following related result for harmonic functions.

TreorEM 1.5 (Baouendiand Rothschild [4, Theorem 1,p.249]) LetU C R”" be anopen
neighbourhood of xy € 3 Bo(1), where Bo(1) denotes the unit ball centred at 0 in Euclidean
space R". Let v be a harmonic function in U N By(1) and continuous on U N By (1) (where
it is assumed that U N Bo(1) is connected). Assume that, for each positive integer N, the
function s +— |v(s)|/|s — x0|N is integrable on V.= U N dBy(1). Then there exists a
sequence of real numbers {a;}jen such that, for every positive integer N, the following
holds? true:

t(" /2

—¢ 2j+1
o —u(tx0) = Za,( ) 0((1—:)2’“3), t— 1. (1.1)

Here the following definition is used.

Definition 1.6 (Baouendi and Rothschild [4]) Let U C R" be a neighbourhood of some
point xg € {x € R" : |x|] = 1} and set 2 = U N By(1l). A continuous function, v, is said
to be vanishing to infinite order at x if

v(x)

=0 1.2
Qax—>x [x — xO|N (1-2)

for all N > 0. The function v is said to vanish to infinite order in the normal direction at
X0 if
v(txg)
m ——==0 1.3
0.1)51-1 11—V (1.3)
It has been an open question whether it is possible to replace, in Theorem 1.4, the
inequality |v(¢)| < |u(¢)| for t € (—1, 1), by an inequality of the form appearing in the
Theorem of Lakner [2] (Theorem 1.2), i.e. |[v(¢)| < C |u(t)|, for some C > 0. This was
conjectured in Huang et al. [5]. The purpose of this note is to prove the conjecture.

Remark 1.7 Regarding the property of vanishing to infinite order, we point out the fol-
lowing. Let o C C be a domain and let f be a function continuous on w. Assume
that f vanishes to infinite order at a point p € dw, in the sense of Theorem 1.4, i.e.
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f(©)=0(t — pl", @3¢ — p,Vk € N. Note that, for any p € w, we have (sufficiently
near p), | f(O1-1¢ — pI "+ < Cet = 1£©1-1¢ = pI™" < Cra1 1€ — pl; thus, letting
¢ — p, we see that

i f @)

im ——

@3¢=p ¢ — pl*
(where the case k = 0 is due to the fact that | f(¢)] < C11¢ — p| = 0as ¢ — p).

=0, keN, (1.4)

2. Statement and proof of our main result

ProrosiTioN 2.1 (Main result) Let A™ denote the upper half disc in C and let y =
(=1, 1) (viewed as an interval on the real axis in C). Assume that F is a holomorphic function
on AT with continuous extension up to y, such that F maps y into {|Im¢| < C|Re¢|},
for some positive C. If F vanishes to infinite order at O (in the same sense as in Theorem
1.4) then F vanishes identically.

Proof Assume that there exists an F' # 0, such that F' satisfies all other conditions in
the statement of the proposition. (By the result of Huang et al. [5], we may suppose that
1 < C < 00.) Note that F' vanishing to infinite order at O implies that, for each j € N,
there is a C; > 0 such that, near 0, |F ()| (¢ |_j < Cj, which in turn implies that, near 0,

we have
IRe F()I < [F @I <c;. 1)
145 gl

Thus, the function Re F (and similarly Im F') also vanishes to infinite order at 0. The function
Re F (Im F) is harmonic on A" and continuous up to {y = 0} N A (where y = Im¢).

The strategy of the proof is to show that Lakner’s cone condition (the requirement that
F map y into a double cone) can, under the additional condition of vanishing to infinite
order at the origin, be transported to an appropriate open part of the upper half disc.

In the following passage, let pgp = 0, denote our reference point, as we shall perform a
change of coordinates.

Remark 2.2 LetB C AT, bea simply connected domain with boundary 3B > po, of class
%@, for some « > 0. By the Riemann mapping theorem (the homeomorphic extension
to the boundary is well-known; see e.g. Taylor [6, p.342]; see also Greene and Krantz (7,
p-389]), there exists a biholomorphism W5 : B — A which is C0¢ up to the boundary.
Similarly, let ¥ : AT — A be a biholomorphic map (C%* up to the boundary). For any
two points py, p» € dA, we can find a biholomorphic map W3: A — A (C%* up to the
boundary) such that W3(p1) = p». Setting p; = W1(0) and p = \Ilg(po) we obtain a
biholomorphism \IJ AT > B (C%% up to the boundary), such that 0 = W~!(pg), by
defining W := (W, ' o W3 0 W}). Hence (F o W) € O(A+) N CO(AT).

Claim 2.3 Let B, U be as in Remark 2.2. Let z be a holomorphic coordinate centred at
po = 0, and set Ulg) = ¢. Then, lim; o(F o lIJ)(g“)/gk =0, Vk e N.

Proof Given the holomorphic coordinate z centred at po, and W~!(z) =: ¢, we have
¢ =¢(2), ¢(po) =0, and, by the infinite order vanishing of F, at z = py,
F
lim ﬂ =0, VjeN (2.2)

i=po |z — pol
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Because W is of class C%¢ up to the boundary, and W(0) = po, we have, for constants
a > 0,c>0,that |W(¢) — pol < c|¢|¥ Whence, forP m = f%}, and a constant ¢ = ¢™,

W (&) = pol™ < colgl. (2.3)

This implies that for any j € N,

lim [(F o W)(£)l . IFQU ) 1) — pol
im ———— = lim

=0 g e e —pol L
Y
< (lim P ) fim (2 — PO ) 2.4)
“=po |z — pol {=0 121

Inserting j = m - k, in Equation (2.4) we obtain, from Equations (2.2) to (2.3),

m k
(F o W) S(hm |F<z>|‘).hm <M) —0. @9
=0 1] ==po |z —poll ) ¢—=0 e
k

<cf

Hence we have verified that (the following limits as ¢ — 0 exists), lim;_o(F o
W) (¢)/cF =0, ¥ k € N. This completes the proof of Claim 2.3.

LemMma 2.4 Assume there exists a constant K > 0 together with a simply connected
domain B € A, with boundary 3B > 0, of class C%%, for some a > 0, such that,

IIm F(p)| < K [Re F(p)|, Vp e B. (2.6)
Then F = 0.

Proof Let K > 0, be a constant together with a simply connected domain B € AT, with
C%“ boundary and 0 € 3B, such that inequality (2.6) holds true. If F % 0, then, the open
mapping theorem implies that,

F(p) #0, Vpe B, (2.7)

indeed, by Equation (2.6), the (necessarily open) image of the open B, under F, does not
contain an open neighbourhood of 0. Applying the same arguments of Remark 2.2 and Claim
2.3, we can find a biholomorphism W: AT — B, which is C*¢ up to the boundary, such
that (F o W) € O(A™) n C%% (A7), and such that (F o W) vanishes to infinite order at 0.

Now FoW(AT) C F(B) Thus (F o W) also has image contained in {|[Im ¢| < K |Re ¢},

implying that |Im(F o W)| < K |Re(F o W)| on A™". This implies

(FoW)(p) #0) = (Re(F o W)(p) #0), Vpe At (2.8)

Hence, Re(F o W) is a harmonic function on AT, continuous up to the boundary, vanishing
to infinite order at 0 (by Claim 2.3 together with Equation (2.1)), and nowhere zero on
AY. Hence Re(F o W) is either non-positive or non-negative, on A™. If Re(F o W) is
non-negative on A™, then application of Theorem 1.3 gives Re(F o W) = 0. This implies
(F o W) = constant (by the open mapping theorem) thus by continuity (F o W) = 0. If
instead, Re(F o W) is non-positive on A™, we can obtain the same conclusion, by replacing
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Re(F o W) by (the necessarily harmonic function) — Re(F o W). In any case (F o W) =0
implies that F vanishes on the open set W(A™), thus F = 0. O

Observation 2.5 F # 0, implies that {p € AT: Re F(p) # 0} is nonempty, open, and
dense (since the zero set {Re /' = 0} then has empty interior). In fact we also have {Re F|,, #
0} C y is arelatively open, dense subset because the condition |Im F(p)| < C |Re F(p)|,
Vp € y implies that {Re F'|,, = 0} has empty (relative) interior* in y, when F # 0.

Claim 2.6 If F # 0, then there is a simply connected sub-domain, B , of AT, with €0
boundary passing through 0, which satisfies the conditions of Lemma 2.4.

Proof Assume Equation (2.6) fails for every simply connected sub-domain, B, of AT,
with C%* boundary passing through 0. It is then obvious that for any increasing sequence
{K;}jez, . of integers, B, contains a sequence, {p;} ez, , such that,

[Im F(p;)| > K; [Re F(p))|. (2.9)

Furthermore, the inequality being strict implies that Equation (2.9) remains valid on an open
neighbourhood, U, of p;. If U; C {Re F = 0}, then Re F = 0, so F is constant, and by
continuity F = 0 in which case Equation (2.6) holds trivially, thus the conditions of Lemma
2.4 are satisfied for any appropriate B. So we can assume U i N{ReF # 0} # @, for all
J € Z4, in which case we replace p; with a possibly different, point (which, after renaming,
in order to retain our notation) again is denoted p;, satisfying Equation (2.9) and such that
Re F(pj) # 0 (note that automatically also Im F(p;) # 0). Now this can be repeated
after replacing B, by Bk, deﬁned as a simply connected component of the interior of the
connected component of 0, in BN [Im z| < £ { - Thus we can pick a diagonal sequence,
again denoted {p;} ez, . such that dist(p;, y) — 0.

By Observation 2.5, the set w := {ReF # 0}, is nonempty, contains a dense open
subset of AT, and contains a relatively open, relatively dense subset of y. The continuous
function g(z) := |Im F(z)| / |Re F(2)|, z € y, has a continuous extension to w U y, which
we shall denote by G(z) := [Im F(z)| /|IRe F(z)|, z € w U y. By what we have already
done, we know that, choosing K; = j, we obtain that, forall j > C+1, G(p;) > C+ 1.
By Lakner’s cone condition, g(z) < C, for all z € y(C w). Since dist(p;, y) — 0, we
can pick a subsequence {pj, }kez, , which converges to a point, po, in y. This contradicts
continuity of G, as C < limy0 G(pj,) = g(po) < C. Hence we conclude that the
assumption that Equation (2.6) fails for all possible choices of B, is false. This completes

the proof of Claim 2.6. O
Lemma 2.4 together with Claim 2.6 complete the proof of Proposition 2.1. Il
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Notes
1. Lakner [2] defines vanishing to infinite order at 0, by F(¢) = 0(§k), for all k € N.



950 A. Daghighi and S.G. Krantz

2. The original theorem also ensures that there exists a D > 0 such that ‘a i [(— AV i/ (na)n)]

(fy v©)/(s = x0"*2))) do(s)| = DIt1j € N where M; = (1/)@/2)(1/2 + 1)+
(n/2+4 j — 1), wy, is the volume of B, and do (s) is the surface measure on d By(1).

3. Here [ - ] denotes the least upper integer.

4. For example it follows from the Luzin-Privalov theorem.[§]
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