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Abstract

We prove that a smooth generic embedded CR submanifold of Cn obeys the
maximum principle for continuous CR functions if and only if it is weakly
1-concave. The proof of the maximum principle in the original manuscript
has later been generalized to embedded weakly q-concave CR submanifolds
of certain complex manifolds.

We give a generalization of a known result regarding automatic smoothness
of solutions to the homogeneous problem for the tangential CR vector fields
given local holomorphic extension. This generalization ensures that a given
locally integrable structure is hypocomplex at the origin if and only if it does
not allow solutions near the origin which cannot be represented by a smooth
function near the origin.

We give a sufficient condition under which it holds true that if a smooth CR
function f on a smooth generic embedded CR submanifold M ⊂ Cn, van-
ishes to infinite order along a C∞-smooth curve γ ⊂ M then f vanishes on
an M -neighborhood of γ.

We prove a local maximum principle for certain locally integrable structures.

Keywords: Maximum principle, hypocomplexity, locally integrable struc-
ture, hypoanalytic structure, weak pseudoconcavity, uniqueness, CR func-
tions
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Sammandrag

Vi visar att för släta generiska inbäddade CR-mångfalder i Cn gäller att max-
imumprincipen för kontinuerliga CR-funktioner håller om och endast om
CR-mångfalden är svagt 1-konkav. Beviset av satsen i det ursprungliga manuset
har senare generaliserats till svagt q-konkava CR-delmångfalder av vissa
komplexa mångfalder.

Vi generaliserar en känd sats om automatisk släthet för lösningar till de tan-
gentiella CR-ekvationerna, givet existensen av lokal holomorf utvidgning.
Generaliseringen ger att en lokalt integrerbar struktur är hypokomplex i origo
om och endast om den inte tillåter icke-släta lösningar nära origo.

Vi bevisar att en ifall en slät CR function f på en slät generiskt inbäddad
CR mångfald M ⊂ Cn försvinner till oändlig ordning längs en reell slät
kurva γ ⊂ M sådan att f uppfyller vissa ytterligare tillväxtvillkor, så måste
f försvinna på en omgivning av γ in M.

Vi bevisar en lokal maximumprincip för vissa lokalt integrerbara strukturer.
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Chapter 1

Introduction

This thesis concerns uniqueness-related properties of solutions with respect
to locally integrable structures underlying hypoanalytic structures, mainly
structures defining CR submanifolds of Cn. In each result we have gener-
alized properties which are known for holomorphic functions on complex
manifolds (and sometimes also known for CR distributions). Section 3 treats
a generalization, to locally integrable structures, of a known recent result on
the regularity of solutions and the relation to hypocomplexity. Section 2 treats
the maximum principle for continuous CR functions on weakly pseudocon-
cave CR manifolds. Section 4 concerns a special set of circumstances when
unique continuation follows from vanishing to infinite order and some ad-
ditional growth properties. Section 5 gives a local maximum principle for
certain locally integrable structures. Before we present the results of the pa-
pers we recall here some basics on ellipticity, uniqueness and the maximum
principle, and mention in which paper they are relevant.

When it comes to uniqueness results, one of the main tools in partial dif-
ferential equations is different kinds of maximum principles (this is, e.g., the
standard way of proving uniqueness for the Dirichlet problem on bounded
domains of Rn). Recall that one version of the maximum principle for holo-
morphic functions is that given a bounded domain U ⊂ Cn, a holomor-
phic function f on U which is continuous up to the boundary, must satisfy
maxz∈U |f(z)| = maxz∈∂U |f(z)| . We consider in Section 2 the generalization
to CR functions in the sense that the maximum principle is said to hold for
continuous CR functions on a CR manifold M if given a domain U b M ,
a continuous CR function f on U which is continuous up to the boundary,
must satisfy maxz∈U |f(z)| = maxz∈∂U |f(z)| . For the basic definitions on CR
manifolds see Appendix A.1. We prove a maximum principle for restrictions
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2 Introduction

of holomorphic polynomials to smooth weakly 1-concave CR submanifolds
of Cn (see Section 2). Local convexification and local approximation by entire
functions are the essential tools used in the proof. The result of the original
manuscript has been generalized to weakly q-concave CR submanifolds of
certain complex manifolds.

Section 3 requires some knowledge on locally integrable structures and hy-
poanalytic structures. The interested reader will find some basic definitions
on hypoanalytic structures in Appendix A.2. It is known that weakly (L1

loc)
holomorphic functions are necessarily holomorphic (in particular smooth),
see, e.g., Krantz [46], p.200.

Definition 1.0.1 (See e.g. Treves [74], p.19). Let P =
∑
|α|≤q φα(x)∂α be a lin-

ear partial differential operator of order q with smooth coefficients on a do-
main Ω ⊂ RN . The operator P is called elliptic if the symbol

∑
|α|=q φα(x)ξα 6=

0, for all x ∈ Ω and all ξ 6= 0, ξ ∈ RN . The operator P is called hypoelliptic if
for any open ω ⊂ Ω, Pu ∈ C∞(ω) implies u ∈ C∞(ω).

The notion has been generalized toCRmanifolds by Nacincovich & Porten
[53], and in Section 3 we treat the analogue notion for locally integrable struc-
tures. That a partial differential equation has only smooth solutions is a
strong condition and nonetheless the solutions form rich function spaces al-
ready in the case of holomorphic functions. The theory of CR geometry and
that of hypoanalytic structures do not always occupy the same readers and
therefore results of the kind we present in Section 3 may help to combine
the theories. Following this same theme, Section 5 gives a local maximum
principle for locally integrable structures. In Section 4 we shall consider the
fact that, continuation of a CR function to a larger domain may or may not
be unique depending on the circumstances, e.g., the geometric properties of
the CR manifold it is defined on. Assume for simplicity that given a mani-
fold, M , and a linear local system of equations, it is possible to specify a sub-
manifold, N , such that whenever a solution vanishes on N , it automatically
vanishes identically on a neighborhood, Ñ , of N in M. Clearly the difference
of two solutions which agree on N will have an extension which is identi-
cally zero on Ñ ⊂ M , whence the continuation from N to Ñ of any solution
will be unique. As an example, consider the case of holomorphic functions
on complex manifolds (i.e., homogeneous solutions to the Cauchy–Riemann
equations). Due to the identity principle it suffices that a holomorphic func-
tion on a given complex manifold, vanish on a open subset, for the function
to vanish identically. Also (due to the property of being complex analytic) it
suffices that the infinite jet vanishes at a single point, for the function to van-
ish identically near that point.



Introduction 3

We are in Section 4, interested in sufficient conditions for a submanifold
N ⊂M , for local unique continuation to hold true for the subclass of smooth
(i.e., C∞) CR functions (we write CRk for Ck-smooth CR functions). The
result of Section 4 involves minimality for CR submanifolds and local CR
orbits. For a smooth vector field X on an open Ω ⊂ Rn and any point p ∈ Ω
there exists a a unique integral curve, κ, satisfying κ : [0, T ]→ Ω, (for a maxi-
mal T ) κ̇(t) = X(κ)(t), of X , which passes through p when t = 0 i.e. κ(0) = p
(see e.g. Jost [44], p.52). We shall denote this integral curve by t 7→ Xt(p).
Moreover, it a classic result that existence, uniqueness and smoothness with
respect to parameters for the differential equation which defines an integral
curve holds true in the following sense (where X is allowed to depend upon
a parameter ϑ, X =: Xϑ).

Theorem 1.0.2 (See e.g. Hartmann [32], p.94). Let η(t, γ, ϑ) be continuous on
an open (t, y, ϑ)-set, E, with the property that for every (t0, γ0, ϑ) ∈ E, the initial
value problem, γ′(t) = η(t, γ, ϑ), with ϑ fixed, has a unique solution, depending
on (t, t0, γ0, ϑ), defined for a maximal interval t ∈ (a, b). Then a, b depend on
t0, γ0, ϑ, t ∈ (a(t0, γ0, ξ), b(t0, γ0, ϑ)), such that a(t0, γ0, ξ) (or b(t0, γ0, ξ)) is a
lower (upper) semicontinuous function of (t0, γ0, ϑ) ∈ E and the solution depending
on (t, t0, γ0, ϑ) is continuous on the set a ≤ t ≤ b, (t0, γ0, ϑ) ∈ E.

We shall mainly be interested in the case when f(t, γ, ϑ) = (Xϑγ)(t),
where Xϑ is a vector field. Let H be a collection of smooth vector fields on
Ω. By a polygonal path of a finite number of integral curves, of vector fields in H
joining q′ ∈ Ω to q ∈ Ω we mean a piecewise smooth curve κ : [0, 1]→ Ω such
that κ(0) = q, κ(1) = q′ and 0 = s0 < s1 < · · · < sk = 1 (for some positive
integer R) such that

κ(s) = Xj
tj(s)

(κ(sj−1)), sj−1 ≤ s ≤ sj , 1 ≤ j ≤ k, (1.1)

where Xj ∈ H and tj(s) is a smooth diffeomorphism of [sj−1, sj ] onto some
closed interval of R with tj(sj−1) = 0.

Definition 1.0.3 (See Baouendi et al. [4], p.94). Let M be a smooth CR mani-
fold and let p ∈ M. By a known theorem (see Baouendi et al. [4], p.68) there
exists a C∞-smooth submanifold W ⊂ M , p ∈ W , satisfying (i) if W ′ 3 p is
another C∞-smooth submanifold to which all vector fields of T cM are tan-
gent at every point then there is an open V ⊂ M with W ∩ V ⊂ W ′ ∩ V. (ii)
For every open U ⊂ M , p ∈ U , there exists N ∈ Z+, and open V1 ⊂ V2 ⊂ U ,
with p ∈ V1, such that any q ∈ V1 ∩W can be reached by a polygonal path of
N integral curves, of vector fields in T cM , contained in W ∩ V2.



4 Introduction

We denote by o(p), the members of the germ1 of W at p, such that the tan-
gent space at each point of the member contains T cqM . We call o(p) the local
CR-orbit at p.

V1

V2
p

q

U

Figure 1.1: Explanatory figure for the condition (ii) of Definition 1.0.3. In this case
N = 4.

A continuous function is a CR function on M if and only if f |o(p) is a CR
function for every (member of every) orbit (see Jöricke [43], p.561).

Definition 1.0.4 (See Baouendi et al. [4], p.20). We say that M is minimal at p0

if there does not exist any real submanifold, S, of M passing through p such
that T cpM is tangent to S at every p ∈ S, but dimRS <dimRM.

Minimality at p is in some literature called as Tumanov’s minimality con-
dition is satisfied at p.

1By a germ of a manifold M at p we mean an equivalence class on the family of connected
submanifolds ofM passing through p under the relation defined as follows: For two subman-
ifolds A and B passing through p, we define A and B to belong to the same germ at p, if there
exists an open U ⊂M , p ∈ U , such that U ∩A = U ∩B.



Chapter 2

About Paper I: The maximum
principle for continuous CR
functions on weakly
pseudoconcave CR manifolds

Paper I contains a generalization of the maximum principle for holomorphic
functions to the case of continuous CR functions on smooth CR submani-
folds (for simplicity we sometimes denote the set of Ck-smooth CR functions
by CRk, e.g., the set of continuous CR functions is sometimes denoted CR0)
without strictly pseudoconvex points. It is clear that if a real C2-smooth hy-
persurface M ⊂ Cn is strictly convex near p0 ∈ M , regarded as a subset of
R2n ' Cn and if zj = xj + iyj , j = 1, . . . , n are holomorphic coordinates for
Cn (such that (x, y) are Euclidean coordinates for R2n) then there is an open
U ⊂ Cn, p0 ∈ U and a defining function ρ with U ∩M = {ρ = 0} such that∑n

j,k=1
∂2ρ(p0)
∂zj∂z̄k

wjw̄k ≥ 0, for all w satisfying
∑n

j=1
∂ρ(p0)
∂zj

wj = 0. Conversely if
such a local defining function exists near p0 then it is a result of Ramanujan
(see e.g. Krantz [46], p.134) that M is, near p0, the image under a biholomor-
phic map, of a strictly convex hypersurface. Whence it is possible, for hy-
persurfaces, to use as definition of strict pseudoconvexity at p0, the property
of being, locally near p0, the image under a biholomorphic map, of a strictly
convex hypersurface.

Definition 2.0.5 (Strict pseudoconvexity). Let M ⊂ Cn be a generic CR sub-
manifold. A point p0 ∈ M will be called a strictly pseudoconvex point of M if
there exists an open neighborhood U, of p0, in M, such that U is contained in
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About Paper I: The maximum principle for continuous CR functions on weakly

pseudoconcave CR manifolds

a strictly pseudoconvex hypersurface.

(AnN -dimensional submanifoldM ⊂ Cn, is locally near any of its points,
the image, Z(ω), of an embedding Z : ω ↪→ Cn, for an open ω ⊂ RN . We shall
in Section 5, work with conditions involving the existence of certain choices
of Z.) The absence of strictly pseudoconvex points is equivalent to weak 1-
concavity. In order to give the definition of weak q-concavity, we first recall
the definition of the vector valued Levi form. Let M ⊂ Cn be a generic CR
submanifold and let p ∈ M. The Euclidean metric on C ⊗ TpCn induces a
metric on C⊗TpM. In particular the quotient space C⊗TpM/(H1,0

p M⊕H0,1
p M)

can be identified with the orthogonal supplement of H1,0
p M ⊕ H0,1

p M and
furthermore we can identify C⊗TpM/(H1,0

p M ⊕H0,1
p M) = C⊗ (TpM/T cpM).

Given X ∈ H1,0
p M we define L(X) := 1

2i [X̃, X̃]p mod C ⊗ T cpM , where X̃
is any smooth section of H1,0M extending X. L is real-valued so the image
which lies in C ⊗ (TpM/T cpM), can be identified with the real vector space
TpM/T cpM.

Definition 2.0.6 (See, e.g., Porten [58]). LetM ⊂ Cn be a genericCR subman-
ifold and let p ∈ M. Set χp := {ξ ∈ T ∗pM : ξ|T cpM ≡ 0}. The directional Levi
form at p in codirection ξ ∈ χp is defined as Lξ(X) := 〈ξ,L(X)〉. M is called
strictly/weakly q-concave at p if for each ξ 6= 0 the Hermitian form1 Lξ(·) has at
least q negative/nonpositive eigenvalues.

There exists many previous results on the maximum principle for CR
functions, some making explicit use of the Levi form of the CR manifold,
others only implicitly. There are known analogues (to the maximum princi-
ple for holomorphic functions) for CR functions on appropriate CR mani-
folds. We mention the following works, Rossi [61] and [62] (textbook version
can be found in Stout [70], p.78), Hill & Nacinovich [34] and [35], Ellis et al.
[26] and Iordan [41] (whose works often involve so-called extreme points),
Berhanu [15], Carlson & Hill [22], Sibony [69], Henkin & Michel [33] (their
work primarily concern Hartog’s phenomenon), and specifically the recent
result of Berhanu & Wang [14].

1Recall that h : V × V → C on a complex vector space V is called a Hermitian form if it is
linear in the first coordinate and such that h(X,Y ) = h(Y,X). Every Hermitian form has an
associated Hermitian matrix, A, such that h(X,Y ) = XAhY

T
. In our situation we consider a

Hermitian real-valuedL(X,Y ) := 1
2i

[X̃, Ỹ ]p mod C⊗T cpM. Then we speak of the eigenvalues
of the Hermitian matrix ALξ .



2.1 The necessity of weak pseudoconcavity 7

2.1 The necessity of weak pseudoconcavity

We shall construct a counterexample given a strictly pseudoconvex point on a
smooth hypersurface. The necessity then follows due to the following result
(see Tumanov [77], p.448): LetM ⊂ Cn be a smooth generic CR submanifold and
let p ∈ M. If M is strictly Levi pseudoconvex at p, then locally near p, M is con-
tained in a strictly pseudoconvex hypersurface in Cn. For the case when M ⊂ Cn
is a smooth real hypersurface, which is strictly pseudoconvex at p ∈ M , this
is a well-known result (which can be found in Narasimhan [54]). Namely
there exists an ambient neighborhood U of p and a biholomorphism φ, such
that φ(U ∩M) is a strictly convex hypersurface in φ(U) ⊂ Cn (the proof con-
sists of writing out the Taylor expansion of the local defining function for M
near p and via a biholomorphic coordinate change make sure that only the
Levi form2 remains as second order terms (see, e.g., Saracco [65] for a short
proof). Denote the new local holomorphic coordinate system (z1, . . . , zn) near
p in Cn, with z(p) = 0, so that M is strictly convex near the origin in these
coordinates. Denote y := Im zn and x = Re zn. We may assume that M in
these coordinates has local graph representation on a sufficiently small ambi-
ent neighborhood V of origin according to M ∩ V = {y = h(z1, . . . , zn−1, x)},
h ∈ C∞(A,R), A ⊂ Cn−1 × R. In particular we can assume that M ∩ V \ {0}
belongs to {y > 0}. Then the function f := e−izn satisfies |f(0)| = 1, but∣∣eizn∣∣ = ey < 1, for each point z ∈M ∩ V \ {0}.

2.2 Result

We now state our main result.

Theorem 2.2.1 (Main theorem on the maximum principle for submanifolds
of Cn). Let M be a generic smooth weakly 1-concave CR submanifold of Cn, and let
Ω bM. Then,

f ∈ CR0(Ω) ∩ C0(Ω) ⇒ max
z∈Ω
|f(z)| = max

z∈∂Ω
|f(z)| . (2.1)

2In the case of a smooth hypersurface M the Levi form at p0 ∈ M , is particularly easy to
describe. Let U 3 p0 be an open subset such that M ∩ U = {ρ = 0}, for some ρ : U →
R with |∇ρ(p0)| = 1. The Levi form at p0 ∈ M , is (a constant multiple of), LM,p0(W ) =

−
(∑n

j,k=1
∂2ρ

∂zj∂z̄k
(p0)ζj ζ̄k

)
∇ρ(p0), W =

∑n
k=1 ζk

∂
∂zk

∈ H1,0
p0 M , where ∇ρ(p0) is often

dropped (it is a vector which spans the real one dimensional Np0M ) and the Levi form is
identified with the restriction, to H1,0

p0 M , of the complex Hessian of ρ, see Boggess [21], p.163,
or Ayrapetyan & Khenkin [1], p.47.
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pseudoconcave CR manifolds

The proof of the main theorem relies upon a local version of the result. In
order to prove such a local version we first prove it for restrictions of holo-
morphic polynomials (Proposition 2.2.2) to the elements of a neighborhood
basis consisting of intersections with sufficiently small ambient balls.

Proposition 2.2.2. Let M ⊂ Cn be a generic weakly 1-pseudoconcave CR subman-
ifold and let p ∈ M . Then for any holomorphic polynomial and sufficiently small
r > 0 it holds true that,

max
z∈∂Bp(r)∩M

|P (z)| = max
z∈Bp(r)∩M

|P (z)| . (2.2)

By assuming the contrary for the case when |P |2 is replaced by a strictly
plurisubharmonic function, we find a local hypersurface which is a level set
of a strictly plurisubharmonic function ρ̃ such that M must touch ρ̃ from the
convex side, and deduce that M must itself have a strictly pseudoconvex
point.

Figure 2.1: Explanatory figure for the idea of the proof of Proposition 2.2.2, when
p, the plurisubharmonic function |P |2 and Bp(r) ∩M , are replaced by z0, a strictly
plurisubharmonic function ρ, and a domain p ∈ D ⊂ M respectively. Assuming
eqn 2.2 fails, we can find another strictly plurisubharmonic function ρ̃, with the prop-
erties depicted in the figure. The main argument is that {ρ̃ = ρ̃(z0)} must be strictly
pseudoconvex at z0 whereas M is nowhere strictly pseudoconvex.

We obtain Proposition 2.2.2 by approximating the plurisubharmonic |P |2
with strictly plurisubharmonic functions. The proof of Theorem 2.2.1 is based
on contradiction, namely assuming the result fails, we construct a counterex-
ample to the local version of the result (see Figure 2.2).

The proof in the original manuscript of the maximum principle for weakly
1-concave CR submanifolds of Cn has later been generalized to embedded
weakly q-concave C2-smooth CR submanifolds of complex manifolds which
carry aC2-smooth real-valued function with sufficiently many positive eigen-
values of its Levi form at each point.
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Figure 2.2: Assuming Theorem 2.2.1 fails there is a domain D ⊂M and f ∈ CR(D),
whose peak set L satisfies L b D. We construct a counterexample to the local
version of the result, of the form F := fN · G, form some appropriate holomorphic
peak function G and sufficiently large integer N , in the sense that there is a domain
p0 ∈ ω ⊂M such that F |ω does not attain maximum on the boundary.



Chapter 3

About paper II: A
generalization to locally
integrable structures of the
relation between regularity and
hypocomplexity

Recently, Nacinovich & Porten [53] proved that local ambient holomorphic
extension of CR distributions near a point is equivalent to the property that
every CR distribution near that point is representable by a smooth function
near the point. In Paper II we consider whether such results can be gener-
alized to locally integrable structures. First we cite the original result (the
definitions required for the statement can be found in Appendix A.1.4).

Theorem 3.0.3 (Nacinovich & Porten [53]). Let M be a CR manifold, locally
CR-embeddable at p0 ∈M. Then M has the holomorphic extension property at p0 if
and only if M is CR-hypoelliptic at p0.

Let Ω be a smooth real manifold. Given a complex locally integrable sub-
bundle L ⊂ C ⊗ TΩ (see Definition A.2.2) we define T ′ = L⊥ in C ⊗ T ∗Ω.
A hypoanalytic structure determines a unique locally integrable structure,
namely the cotangent structure bundle T ′ spanned by the differentials of the
components of the hypoanalytic chart maps. However, the choice of hypo-
analytic chart is not necessarily unique, i.e., different hypoanalytic structures
can yield the same locally integrable structure.

10



About paper II: A generalization to locally integrable structures of the relation
between regularity and hypocomplexity 11

Example 3.0.4. A complex-valued function Z ∈ C∞(R) with dZ 6= 0 every-
where defines a hypoanalytic structure on R with the single hypoanalytic
chart (R, Z), where dZ spans T ′ = C⊗ T ∗R. If Ẑ is another C∞-smooth func-
tion on R with dẐ 6= 0 everywhere then Z and Ẑ define the same hypo-
analytic structure if and only if, locally they are holomorphic functions of
each other. If we choose Z as a real-analytic function (e.g. Z(x) = x) and Ẑ
as a non-real-analytic function, then they cannot be holomorphic functions of
each other. (see Baouendi et al. [5], p.335 or Treves [72], p.126).

Definition 3.0.5. Let Ω be a real smooth manifold equipped with a locally
integrable structure L. The pair (Ω, L) is called hypocomplex at p if there is an
open neighborhoodU ⊂ Ω of p and a local smooth chartZ = (Z1, . . . , Zn) : U →
Cn, whose components are solutions such that for any distribution u on a
neighborhood U ′ ⊂ Ω of p there is a holomorphic function ũ defined on a
neighborhood of Z(p) such that u = ũ ◦ Z on a neighborhood of p in U ′.

The proof of the main theorem in this section uses a generalization of Tu-
manov’s wedge extension theorem to the setting of hypoanalytic structures,
due to Marson [49]. It is therefore justified to give the not so common defini-
tions of wedge and wedge extension in the context of locally integrable struc-
tures here, before we cite Marson’s result (Theorem 3.0.10). Let Ω ⊂ Rn+l, 0 ∈
Ω be an open subset and let L ⊂ C⊗TΩ be a C∞-smooth complex subbundle
of rank lwhich is integrable at 0 in the sense that there is a neighborhood Ω0 3
0 and smooth functions Z1, . . . , Zn, defined on Ω0, with C-linearly indepen-
dent differentials on Ω0, with XZj = 0, for all smooth sections X of L. That
(Ω0, L, Z) defines a hypoanalytic structure (with a single chart) implies that
there are local C∞-smooth coordinates (x1, . . . , xr, s1, . . . , sn−r, y1, . . . , yl) for
Ω centered at the origin, and a smooth φ such that,

Zj(x, s, y) = xj + iyj , 1 ≤ j ≤ r, (3.1)
Zr+j(x, s, y) = sj + iφj(x, s, y), 1 ≤ j ≤ n− r, (3.2)

with φ(0) = dφ(0) = 0, see for example Treves [72], p.39. Note that this
implies r ≤ l.

Definition 3.0.6 (Wedge). Let Ω ⊂ Rn+l be an open subset, 0 ∈ Ω, and let L ⊂
C⊗TΩ be a locally integrable structure on Ω of rank l. LetZ be a hypoanalytic
chart on an open neighborhood ω ⊆ Ω of the origin and let (z, w) ∈ Cr ×
Cn−r denote complex coordinates such that Z has the representation given by
eqn 3.1 and eqn 3.2 with zj = xj+iyj , 1 ≤ j ≤ r, and sj = Rewj , 1 ≤ j ≤ n−r.
Let 0 ∈ U ′ ⊂ Rl−r and 0 ∈ V ⊂ Cn, where U ′, V are open subsets such that
{(Re z,Rew, Im z, y′) : y′ ∈ U ′, (z, w) ∈ V } ⊂ ω. Let Γ ⊂ Rn−r be a strictly
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convex open cone. A wedge at 0 ∈ Ω is an open set in Cn of the formW(U ′ ×
V,Γ) = {(z, w) ∈ V : ∃y′ ∈ U ′ such that Imw − φ(Re z,Rew, Im z, y′) ∈ Γ},
(where φ is given by eqn 3.2).

Let Ω be a smooth real manifold and let ω be an open neighborhood of
0 in Ω. Given a set, F , of locally defined smooth vector fields on Ω we shall
say that a point q ∈ ω can be reached from 0 by the concatenation of inte-
gral curves of the members of F if (here we follow the definition found in
Berhanu et al. [16], p.101) there exists γ : [0, c] → Ω, (for a positive real num-
ber c) such that: (i) γ(0) = 0, γ(c) = q, (ii) there exist, 0 < t1 < · · · < tn = c,
and vector fields Xj ∈ F , such that γ|[tj−1,tj ] is an integral curve of Xj or−Xj

(and the curve is contained in ω).

Definition 3.0.7 (Minimality, see e.g. Berhanu et al. [16], p.121). A subbundle
L ⊂ C ⊗ TΩ is called minimal at 0 if given an open ω ⊂ Ω, with 0 ∈ ω, there
exists an open ω′ ⊂ ω, 0 ∈ ω′, such that each point in ω′ can be reached from
0 by a finite concatenation of integral curves of sections of ReL contained in
ω.

Definition 3.0.8. Let Ω ⊂ Rn+l be an open subset, 0 ∈ Ω, let L be a locally
integrable structure on Ω of rank l and let Z be a local hypoanalytic chart on
an open subset ω ⊂ Ω, 0 ∈ ω. Let (z, w) ∈ Cr × Cn−r denote holomorphic
coordinates such that Z has the representation given by eqn 3.1 and eqn 3.2,
for zj = xj + iyj , 1 ≤ j ≤ r, and sj = Rewj , 1 ≤ j ≤ n− r. The triple (ω,L, Z)
is called wedge extendible at 0 if the following holds true: There exists open
subsets U ′ ⊂ Rl−r, V ⊂ Cn, 0 ∈ U ′, 0 ∈ V , such that {(Re z,Rew, Im z, y′) :
y′ ∈ U ′, (z, w) ∈ V } ⊂ ω, together with a strictly convex open cone Γ ⊂ Rn−r
such that for any f which is a C1-solution defined on Z(ω) there exists a
function F holomorphic onW(U ′ × V,Γ) and continuous inW(U ′ × V,Γ) ∪
{(z, w) ∈ V : ∃y′ ∈ U ′ such that Imw = φ(Re z,Rew, Im z, y′)} (where φ is
defined by eqn 3.2) such that F = f on {(z, w) ∈ V : ∃y′ ∈ U ′ such that
Imw − φ(Re z,Rew, Im z, y′) = 0}.

Definition 3.0.9 (Wedge extendible). The pair (Ω, L), where Ω 3 0 is an
open subset of a Euclidean real manifold, with a locally integrable structure
L ⊂ C ⊗ TΩ is called wedge extendible at 0 if for any sufficiently small open
neighborhood ω of 0 and any local hypoanalytic chart Z on ω, (ω,L, Z) is
wedge extendible at the origin.

It is known that minimality is necessary for holomorphic extension of
CR functions from generic CR submanifolds, see Baouendi & Rothschild [7].
This has been generalized as follows.
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Theorem 3.0.10 (Marson [49], p.580). Let Ω ⊂ RN (some positive integer N ) be
an open subset and let 0 ∈ Ω. A locally integrable structure (Ω, L), L ⊂ C⊗ TΩ, is
wedge extendible at 0 if and only if L is minimal at 0.

In the proof we also use the fact that any two distributions g1 ∈ D′(Rn1),
g2 ∈ D′(Rn2), define a unique distribution (g1⊗ g2) ∈ D′(Rn1 ×Rn2), see, e.g.,
Hörmander [40], Theorem 5.1.1. A consequence is the following.

Theorem 3.0.11 (See, e.g., Friedlander & Joshi [30], p.47). If u ∈ D′(Rn) then
∂nu = 0 if and only if u = v(x′) ⊗ 1(xn) where x′ = (x1, . . . , xn−1) ∈ Rn−1,
v ∈ D′(Rn−1) and 1(t) is the constant function, equal to unity, on R.

Now iteration of Theorem 3.0.11 yields that on a product space Rn1 ×Rn2

with coordinates (ζ, ν) a distribution g ∈ D′(Rn1 × Rn2) which for fixed ζ ∈
Rn1 is constant with respect to the ν-variable (in particular ∂νg is the zero
distribution), has unique representation in terms of g = g1(ζ) ⊗ 1(ν) where
g1 ∈ D′(Rn1) and 1(ν) is the constant function, equal to unity, on Rn2 .

3.1 Result

We now give the main result. The proof is an adaptation of the proof of
Theorem 3.0.3.

Theorem 3.1.1 (Main result on hypocomplexity). Let Ω be an open subset of a
real Euclidean manifold and let L ⊂ C⊗TΩ be a locally integrable subbundle. Then
(Ω, L) is hypocomplex at 0 if and only if (Ω, L) does not support solutions near 0
which cannot be represented by a smooth function near 0.

Clearly for a generic CR submanifold failure of local ambient holomor-
phic extension near a point implies that the locally integrable structure which
is induced by the CR structure, is not hypocomplex at that point. Therefore
Theorem 3.1.1 implies that there must then exist a CR-distribution singular
at the origin in that case. Typical examples are smoothCR submanifolds near
non-minimal points.

We will now give an example of a hypoanalytic structure which does not have
the wanted property, but in order to do this we shall first need a theorem on
so-called tube manifolds which we shall use when giving the example.

Definition 3.1.2. Let ζ = (ζ1, . . . , ζN ) denote the variable in RN and t =
(t1, . . . , tl) the variable in Rl, for some positive integers l and N . For an open
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subset U ⊂ Rl and a Lipschitz mapping φ : U → Rn we call a manifold de-
fined by z = ζ + iφ(t), z ∈ CN , a tube manifold in CN .

Recall that given an open subset Ω ⊂ Rn+l and a hypoanalytic structure
(Ω, L, Z), where Z : Ω→ Cn is a single hypoanalytic chart near the origin and
L ⊂ C⊗ TΩ a locally integrable subbundle of rank l, we can find coordinates
(x, s, t) ∈ Rr × Rn−r × Rl near 0 such that Z has the representation,

Zj(x, s, t) = xj + itj , 1 ≤ j ≤ r, (3.3)
Zr+j(x, s, t) = sj + iφj(t), 1 ≤ j ≤ n− r, (3.4)

for a smooth map φ satisfying φ(0) = 0, dφ(0) = 0. Assume the map ψ(t) =
(t1, . . . , tr, φ1(t), . . . , φn−r(t)) is real analytic.

Theorem 3.1.3 (Baouendi & Treves [19]). Let φ and ψ be defined as above. As-
sume φ is real-analytic. Then every distribution solution f defined on Ω extends to
a holomorphic function on a full neighborhood of the origin in Cn if and only if for
every ξ ∈ Rn \ {0}, the function t 7→ ψ(t) · ξ does not have a local extremum for
t = 0.

Example 3.1.4. Let Ω ⊂ R3 be an open subset. We define a tube manifold
using r = 0, n = 2 and φ1(t) = t3, φ2(t) = t4 sin t, in eqn 3.3 and eqn 3.4, i.e.,
we set,

Z1(s1, s2, t) = s1 + it3, (3.5)

Z2(s1, s2, t) = s2 + it4 sin t, (3.6)

where (s, t) are coordinates for Ω centered at the origin. Obviously φ(0) =
dφ(0) = 0. Note that Z is defined on all of Ω and dZ1, dZ2 are C-linearly
independent. Fix ξ0 ∈ R2 \ {(0, 0)}. Then ψ(t) · ξ0 = ξ0

1t
3 + ξ0

2t
4 sin t is an

odd function in the variable t (independent of the choice of ξ0). Thus t = 0
is not a local extremum for the (real analytic) t 7→ ψ(t) · ξ for any ξ ∈ R2 \
{(0, 0)}. By Theorem 3.1.3 (Ω, L, Z) does not define a structure with respect
to which all distribution solutions near 0 can be written as a composition of a
holomorphic function with Z, near 0. By Theorem 3.1.1 there exists a solution
(with respect to L) near 0 which is singular at 0.

Remark 3.1.5. Note that for a hypoanalytic manifold M which is also a CR
submanifold of some Cn, such that M is not hypocomplex at the origin, there
are CR functions which are not the restriction of a holomorphic function.
Starting from the complexification of the holomorphic tangent bundle, L =
C⊗T cM ⊂ C⊗TM , one obtains a generalization by replacing L with a more
general locally integrable structure. The generalization of the CR functions
thus becomes simply the solutions to the system induced by L.
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3.2 A note on the proof and a corollary

If hypocomplexity at 0 holds true the generalization of CR-hypoellipticity
must also hold so we only need to prove the converse. If 0 is a nonminimal
point of (Ω, L), where Ω is an open subset of Euclidean manifold and L a
locally integrable structure on Ω, we have the following lemma.

Lemma 3.2.1. If 0 is non-minimal for (Ω, L) then there exists a solution on a neigh-
borhood of 0 which cannot be represented by a smooth function near 0.

This follows from the existence of a distribution solution u on some open
neighborhood U of the origin such that the support of u is precisely the inter-
section of U with (a member of the germ which defines) the local ReL-orbit
at 0 (see Baouendi et al. p.68, for the definition of the local ReL-orbit). For
a proof of the later result see Treves [72], p.93. (We mention that for the CR
case this result was proved by Baouendi & Rothschild [7] where the proof
involves the construction of a CR-distribution u with support belonging to
the local CR orbit). Thus by Lemma 3.2.1 we can assume that 0 is a minimal
point of Ω. We then show that if minimality at 0 holds true and hypocom-
plexity at 0 fails for (Ω, L), then we can find a solution distribution which
cannot be represented by a smooth function near 0. One of the main steps of
the proof is to obtain a CR distribution u defined on a CR submanifold M̃ ,
which is the parametrization of a product space ω0 × V , such that u cannot
be represented by a continuous function near the origin, where ω0 is an open
neighborhood of 0 in Ω. Furthermore, this is done such that any CR distribu-
tion on M̃ which does not depend nontrivially on to the variables of V , will
(as a consequence of Theorem 3.0.11 mentioned) be a solution with respect to
L.

If (Ω, L) is hypocomplex at 0 then the following property holds true:

(A) For any given solution u (with respect to L) near 0 there exists a local hy-
poanalytic chart Z (taking values in Cn and such that L underlies Z) defined on an
open neighborhood ω ⊂ Ω of 0, and a holomorphic function ũ defined on a neighbor-
hood of Z(0) such that u = ũ ◦ Z on ω.

Since property (A) implies both hypocomplexity at 0 and the property that
solutions near 0 which cannot be represented by a smooth function near 0,
cannot be supported, the main result implies the following corollary.

Corollary 3.2.2. Let (Ω, L) define a locally integrable structure, where Ω 3 0 is an
open subset of a real Euclidean manifold. Then the following assertions are equiv-
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alent: (i) Property (A) holds true for (Ω, L). (ii) (Ω, L) is hypocomplex at 0. (iii)
There is no solution with respect to L which is singular at 0.



Chapter 4

About paper III: On a mixed
uniqueness condition for CR
functions

The problem of unique continuation of CR functions is well-known and in
Appendix A.5 we give a very short and incomplete survey of some results
which are related to the question which we shall treat. One particular ver-
sion of the problem is, to find subsets such that, if the functions vanish to
infinite order on those subsets, then they automatically vanish on an ambient
open neighborhood of a given reference point. For holomorphic functions,
vanishing to infinite order at a single reference point, is sufficient (i.e., on a
zero dimensional manifold). In the case of general CR manifolds, the sin-
gle reference point must be replaced by a more complicated subset. Here we
consider a problem originating from Nirenberg [55], we recall here the for-
mulation which can be found in Fornaess & Sibony [28].

Question: Let Ω ⊂ Cn, n ≥ 2, be a domain with smooth boundary. Let γ
be a smooth curve in ∂Ω, transverse to the complex tangent space Tp(∂Ω) ∩
JpTp(∂Ω), for every p ∈ γ (here J is the complex structure map on TCn de-
fined by Jp on each TpCn). Does it hold true that if f ∈ C∞(Ω), holomorphic
on Ω and all derivatives (in all directions) f (k) vanish on γ,∀k ∈ Z+, then
f ≡ 0?

The version we consider is for M ⊂ Cn, a C∞-smooth generic CR manifold,
but with additional geometric/growth conditions.

17
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4.1 Some definitions

We recall the notion of transversality. We say that two manifolds intersect
transversally, if at every point of intersection, their tangent spaces at that
point generate the tangent space of the ambient manifold at that point, this
also ensures that the intersection is a submanifold.

Definition 4.1.1 (See Baouendi & Zachmanoglou [12], p.9). Let Ω ⊂ RN be an
open set and let M and γ ⊂ M, be two differentiable submanifolds of Ω. We
say that a continuous complex function f , defined on M , vanishes to infinite
order on γ, if for every α ∈ R, the function,

z 7→ f(z)(dist(z, γ))α, (4.1)

is bounded in any compact set of M.

(For real-analytic functions vanishing to infinite order at a point implies
vanishing on an open subset, but it is well-known that a smooth function can
be nowhere real-analytic, see e.g. Kim & Kwon [45]). Here is an interesting
example where unique continuation fails.

Example 4.1.2. Let

M := {(z1 = x1 + iy1, z2) ∈ C2 : z2 = te−2x1 , t ∈ R}, (4.2)

which induces the tangential CR-operator in the (z1, t)-coordinates,

∂ =
∂

∂z̄1
+ t

∂

∂t
. (4.3)

Define now, {
f ≡ 0 t ≤ 0,

f = exp
(
− e2x1

t

)
, t > 0,

(4.4)

which is annihilated by ∂
∂z̄1

+ t ∂∂t , thus a CR function on M. Then f vanishes
to infinite order at 0, but not identically.

4.2 Result

Definition 4.2.1. LetM be aC1-smoothN -dimensional real manifold. We de-
fine a set C(q) ⊂M to be a truncated double cone in M at q ∈M if there exists a
parametrization of M by local Euclidean coordinates (x1, . . . , xN ) centered at
q, such that C(q) is parametrized, in the variables (x1, . . . , xN ), by a truncated
double cone at q in RN .
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Proposition 4.2.2. Let M ⊂ Cn, be a C∞-smooth real hypersurface. Let γ ⊂M be
a real C∞-smooth curve such that,

T czM + Tzγ = TzM, z ∈ γ. (4.5)

Let f ∈ CR∞(M) such that f vanishes to infinite order along γ. Assume that for
each q ∈ γ, there exists a truncated double cone C at q in M , such that at least one
of the following holds true:

(a) There is a constant θ ∈ R, such that C ⊂ {
∣∣Re(eiθf)

∣∣ ≤ ∣∣Im(eiθf)
∣∣}.

(b) C ⊂ {Re f ≥ 0}.

(c) |f(z)||z−q| → 0, z → q, z ∈ C.

Then f vanishes on an M -neighborhood of γ.

In the proof we use the lower semi-continuity of maximal time parameters
for the local flow of sections of T cM (see Theorem 1.0.2). Here is a short
outline of the proof:

(1) Let p0 ∈ γ. The transversality condition of our proposition, together
with the aforementioned lower semi-continuity of maximal time pa-
rameters, implies that there is an open M -neighborhood of p0, which
can be covered by Sussmann orbits1 of points of the intersection of γ
with a ball centered at p0.

(2) We prove that it is sufficient for a point z ∈ γ to be minimal in order for
f ≡ 0 on an M -open neighborhood of z.

(3) If f ≡ 0 on an M -open neighborhood of z then f ≡ 0 on an M -open
neighborhood of the Sussmann orbit, Sz , of z in M.

(4) If z ∈ γ is non-minimal, we have two subcases: (a) every point of Sz is
non-minimal. (b) Sz contains a minimal point.

(5) In the subcase (a), we first note that f vanishes on each member of the
local CR orbit at z. Then we use the fact that there passes a complex hy-
persurface through every point of Sz thus vanishing of f will propagate
to every point of Sz from a starting member of the local orbit at z.

1Here we mean the global Sussmann orbit with respect to the bundle, T cM , whose sections
are the CR vector fields. More generally one can speak of the Sussmann orbit with respect to
any family L of vector fields, and in there exist cases where the global Sussmanns orbit can be
open even if the local L-orbit is of lower dimension, see e.g. Baouendi et al. [4], p.72
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(6) In subcase (b) we use a known result (due to Trepreau) which allows us
to deduce that f has holomorphic extension to one side of M near z.

(7) We then prove that our given growth conditions forces f to vanish on
Sz.

(8) Thus in each of the subcases (a) and (b) we obtain that f vanishes on
Sz. This together with (1) will imply the wanted result as we let z vary
in γ near the reference point p0.



Chapter 5

About Paper IV: A local
maximum principle for locally
integrable structures

In paper IV we prove a local maximum principle for locally integrable struc-
tures. The proof uses the local version of the the result of Paper I (i.e. the
maximum principle for continuous CR functions, see Theorem 2.2.1). The
notion of (directional) Levi form has a generalization to locally integrable
subbundles.

Definition 5.0.3. Let (Ω, L) be a locally integrable structure. Let p ∈ Ω, let
X,Y be two smooth sections of L over Ω. Let T ′ ⊂ C ⊗ T ∗Ω be the subbun-
dle satisfying T ′ = L⊥ where ⊥ denotes the fiberwise defined orthogonal
supplement with respect to the pairing between tangent vectors and cotan-
gent vectors. By the charactersitic set at p, denoted T 0

p , we mean the fiber of
T 0 := T ′ ∩ T ∗Ω at p. If Ω has dimension n + l, and l is the rank of L we set
r(z) := n− dim(T 0

z ). For a nonzero element ξ ∈ T 0
p , the map1,

Bξ
p(X,Y ) := 〈ξ, 1

2i
[X̃, Ỹ ]|p〉, (5.1)

(where X̃, Ỹ are any smooth sections of L, satisfying X̃p = X, Ỹp = Y ) de-
fines a form which is C-linear in the first argument and anti-C-linear in the
second argument, on Lp × Lp. The Levi form at p in codirection ξ for the locally

1The complex number on the right hand side is known to depend only on the values X̃p =

X, Ỹp = Y , i.e., does not depend on choice of X̃, Ỹ satisfying this property, see e.g., Treves
[72], p.46

21
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integrable structure (Ω, L) is defined as the real valued Hermitian form,

Lξp(X) := Bξ
p(X,X), (5.2)

In the case of CR submanifolds of Cn, recall the we used an embedability
condition to define strictly pseudoconvex (see Definition 2.0.5), and it is a
generalization of that notion which we use to define a convexity property
for locally integrable structures, in Paper IV. First note that any generic m-
dimensional CR submanifold M ⊂ Cn locally coincides with a hypoanalytic
structure overlying L = H0,1M , namely we can for each p ∈M find two open
subsets p ∈ U ⊂ Cn, ωp ⊂ Rm together with an embedding Z : ωp → Cn such
that (ωp, L, Z) is a hypoanalytic chart with U ∩M = Z(ωp).

Definition 5.0.4. Let E denote the class consisting of all pairs (Ω, L), where
Ω ⊂ Rn+rankL is an open subset and L ⊂ C ⊗ TΩ a C∞-smooth locally inte-
grable subbundle satisfying L ∩ L = 0. It is known (see2 Berhanu et al. [16],
p.37) that in such case there is, for each point q ∈ Ω, a local hypoanalytic struc-
ture (ω,L, Z), for a domain q ∈ ω ⊂ Ω, such that3 Z = (Z1, . . . , Zn) : ω → Cn
is an embedding onto a generic CR submanifold4. If there is such a choice of
ω and Z such that Z embeds ω into a strictly pseudoconvex hypersurface in
Cn, then (Ω, L) will be called strictly hypoanalytically pseudoconvex at q ∈ Ω.

Thus, for the subclass, E, of the class of locally integrable structures, Def-
inition 2.0.5 has a straightforward analogue. In general, however, a local
hypoanalytic chart induced by a locally integrable structure need not be an
embedding. We shall in the more general case use the following (which can
be shown to reduce to Definition 5.0.4 for the class E).

Definition 5.0.5 (Strict hypoanalytical pseudoconvexity, cf. Definition 2.0.5).
Let Ω ⊂ Rn+rankL be an open subset and L ⊂ C ⊗ TΩ a C∞-smooth locally
integrable subbundle. (Ω, L), will be called strictly hypoanalytically pseudocon-
vex at p ∈ Ω, if there exists a domain ω ⊂ Ω, p ∈ ω and a domain V ⊂ Rk,
V 3 0, (for k = 0 we replace ω × V with ω) together with an embedding
Z̃ : ω × V ↪→ Cn+k, into a hypersurface, strictly pseudoconvex at Z̃(p, 0),
such that:

2In more familiar terminology this result, except genericity, can be found in Baouendi et al.
[10], p.37.

3Recall that by definition of a hypoanalytic chart, we must have Z = (Z1, . . . , Zn) for
n =dimΩ−rankL.

4It is furthermore known, see e.g. Boggess [21], p.103, that any generic CR submani-
fold of Cn can be locally parametrized by a sufficiently small choice of ω as the image of
a hypoanalytic chart Z such that Z(x, y) = x + i(y, φ(x, y)), φ(0) = dφ(0) = 0, where
x1, . . . , xn, y1, . . . , yrankL, are Euclidean coordinates for ω.
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(i) Z̃ = (Z,Z ′), Z ′ := (Z̃n+1, . . . , Z̃n+k), where (ω,L, Z) a hypoanalytic
structure with global chart Z.

(ii) There is aC∞-smooth coordinate system x1, . . . , xn, y
′
1, . . . , y

′
rankL−k, ỹ1, . . . , ỹk,

for ω, centered at some p0 ∈ ω, and a Euclidean coordinate system
t1, . . . , tk, for V , centered at 0 ∈ V , with respect to which, Z = x +
i(y′, φ(x, ỹ, y′)), φ ∈ C∞(ω,R2n−dimΩ+k), dxφ(0) = 0, Z ′ = t+ iỹ.

(iii) (Z̃, ω × V ) is a global hypoanalytic chart in a hypoanalytic structure
such that the image of Z̃ is a generic submanifold.

It follows (see e.g. Baouendi et al. [10], p.10) from the properties of Z̃ in
Definition 5.0.5, that, that Z̃(ω × V ) is a generic CR submanifold of Cn+k,
of CR dimension l. When k = 0 in Definition 5.0.5, we obtain the case of
embeddings (when k = 0 we necessarily have Z̃ = Z thus Z must itself
be an embedding into Cn), and the latter case certainly includes all locally
integrable structures which underlie embedded CR submanifolds of Cn. Let
us look at an example where k = 1.

Example 5.0.6. Let ω = R4 and let (x1, x2, y1, y2) denote Euclidean coordi-
nates for ω. Obviously, Z1 = x1 + iy1, Z2 = x2 + iφ(x1, x2, y1, y2), with
φ = x2

1 + y2
1 + x2

2 + y2
2 , defines a global hypoanalytic chart on ω. We can

define a global hypoanalytic chart Z̃ : ω×R→ C3, introducing the Euclidean
coordinate t ∈ R =: V , centered at 0, by,

Z̃1 = x1 + iy1,

Z̃2 = x2 + i(x2
1 + y2

1 + x2
2 + y2

2),

Z̃3 = t+ iy2.

(5.3)

In this example we can thus identify k = 1, n = 2, ỹ = y2, y′ = y1. To
see that the image Z̃(ω × V ) is a strictly pseudoconvex hypersurface in C3 at
0, we can introduce complex coordinates (z1, z2, z3) ∈ C3 where z1 = x1 +
iy1, z3 = x2 + i Im z3, z2 = t + iy2, in order to obtain a defining function,
ρ(z1, z2, z3) := (x2

1 + y2
1 + x2

2 + y2
2)− Im z3, for M̃ := Z̃(ω × V ). We have,

[
∂2ρ

∂zk∂z̄j

]
1≤k,j≤3

=

1 0 0
0 1

2 0
0 0 1

2

 , (5.4)

thus
∑3

k,j=1
∂2ρ(0)
∂zk∂z̄j

wkw̄j > 0, for all nonzero w such that
∑3

j=1wj
∂
∂zj
|0 ∈

H0,1
0 M̃ (and this is sufficient, see e.g. Boggess [21], p.164). Hence for L = dZ⊥

we obtain that (ω,L) is strictly hyponanlytically pseudoconvex at 0.
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Let us verify that there are locally integrable structures which do not un-
derlie CR submanifolds of some Cn but which are nowhere hypoanalytically
strictly pseudoconvex.

Example 5.0.7. Let Ω = R4, and let (Ω, L) be the locally integrable structure
such that L is spanned, when (x1, x2, y1, y2) are Euclidean coordinates for Ω,
by ,

L1 = ∂
∂y1
− i ∂

∂x1
,

L2 = ∂
∂y2

.
(5.5)

It can be easily checked (see e.g. Berhanu et al. [16], p.24) that L underlies a
hypoanalytic chart map Z = (Z1, Z2) : Ω→ C2, defined by,

Z1(x1, x2, y1, y2) = x1 + iy1,
Z2(x1, x2, y1, y2) = x2.

(5.6)

We will look at this particular case of Z first. Note that there are only four
possible decompositions y = (y′, ỹ), namely one can choose: y′ = y1, y

′ = y2,

y = ỹ or y = y′. Now assume there exists a hypoanalytic chart Z̃ : Ω × V →
C2+k, where V 3 0 is a domain in Rk, k a positive integer, such that Z̃(Ω×V )

is a CR submanifold of C2+k, strictly pseudoconvex at Z̃((p, 0)), for some
point p ∈ Ω, and such that (Z̃3, . . . , Z̃2+k) = t + iỹ where t is a real analytic
coordinate system for V (note that V must be of dimension at most k = 2
because y = (y1, y2)). The case k = 0 is trivial since then it is impossible that
strict hypoanalytical pseudoconvexity holds true here because (Ω, L, Z) does
not define a generic CR manifold. So consider the case k = 1. We choose
y = (y′, ỹ) = (y1, y2) in Definition 5.0.5. This yields a graph representation of
Z̃(Ω× V ) over Ω× V, namely,

Z̃1(x, y, t) = x1 + iy1,

Z̃2(x, y, t) = x2

Z̃3(x, y, t) = y2 + it1

(5.7)

This defines a generic CR submanifold which can be embedded in the flat
hypersurface {ζ ∈ Cn+k : Im ζ2 = 0} ⊂ Cn+k. Whence Z̃(Ω × V ) cannot be
strictly pseudoconvex. Note that the only thing which is required for strict
pseudoconvexity to fail above, is that, disregarding y2, the hypersurface in
C2 defined by,

Z1(x1, x2, y1) = x1 + iy1,
Z2(x1, x2, y1) = x2.

(5.8)

is not strictly pseudoconvex at any point. This also shows that no choice of Z̃
with k = 2, can yield an image which is strictly pseudoconvex at any point.
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Hence, there is for the given Z, no choice of Z̃ such that Z̃(Ω × V ) is strictly
pseudoconvex at any point.
For the general case of Z being a C∞-smooth hypoanalytic chart overlying
L, and simultaneously satisfying the given criteria of Definition 5.0.5, we see
that each C∞-smooth Z̃j , must be annihilated by L1 = −2i · 1

2

(
∂
∂x1

+ i ∂
∂y1

)
,

and is thus holomorphic with respect to η := x1+iy1 ∈ C. For fixed (x2, t, y2) ∈
R3, the restriction map Z̃|(x1,t,y2) : C→ Cn+k, defines a one dimensional com-
plex manifold parametrized by η = x1 + iy1 ∈ C. As the image Z̃(Ω × V ) is
foliated by complex manifolds it cannot be embedded in a hypersurface in
C3 that is strictly pseudoconvex at any point5. Whence (Ω, L) is nowhere hy-
poanalytially strictly pseudoconvex. By Proposition 5.1.1, this implies that
the local maximum principle holds true for any continuous solution f , with
respect to L, defined on Ω. This completes Example 5.0.7.

5.1 Result

The main result of Paper IV is the following.

Proposition 5.1.1. Let Ω ⊂ RN be an open subset, for a positive integer N , and let
L ⊂ C⊗TΩ aC∞-smooth locally integrable subbundle. If (Ω, L) is nowhere strictly
hypoanalytically pseudoconvex, then for any sufficiently small domain ω b Ω, and
any f ∈ C1(ω) ∩ C0(ω) such that f is a solution with respect to L, it holds true
that,

max
z∈∂ω

|f(z)| = max
z∈ω
|f(z)|. (5.9)

The proof of Proposition 5.1.1 is based upon contradiction and divided
into three steps. We first locally embed the starting manifold into a generic
CR submanifold M̃ of possibly larger dimension. We then deduce (under
the assumption that the statement of the main theorem fails) a counterexam-
ple to the local maximum principle for M̃. The final step is to observe that
M̃ must satisfy the local maximum principle, because M̃ is nowhere strictly
pseudoconvex, whenever this is true for Ω in the sense of Definition 5.0.5.

5.1.1 A relation to Levi curvature

One possible way to define directional strict Levi pseudoconvexity for locally
integrable structures (based upon a definition found in Tumanov [77], p.448,

5It is known that a strictly pseudoconvex hypersurface cannot contain a complex subvari-
ety of any positive dimension, see e.g. D’Angelo [25], p.99.
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there stated for generic CR submanifolds) is the following.

Definition 5.1.2. Let (Ω, L) be a locally integrable structure and let p0 ∈ Ω.
Let ξ ∈ T 0

p0
\ {0} be a characteristic codirection. (Ω, L) will be called strictly

Levi pseudoconvex, in codirection ξ, at p0 ∈ Ω if its Levi form with respect to the
codirection ξ, at p0, is definite (in the sense that the matrix associated to the
Levi form in codirection ξ has only nonzero eigenvalues, which are all of the
same sign).

Claim 5.1.3. If (Ω, L) ∈ E, and q ∈ Ω, then the following assertions are equivalent:

1. (Ω, L) is strictly hypoanalytically pseudoconvex at q (in the sense of Definition
5.0.5).

2. (Ω, L) is strictly Levi pseudoconvex at q in some nonzero characteristic codi-
rection at q.

3. (Ω, L) underlies, locally near q, a hypoanalytic structure, (ω,L, Z), q ∈ ω,
such that Z is an embedding onto a generic CR submanifold, strictly pseudo-
convex at Z(q).
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Appendix A

Appendix

A.1 Basic CR geometry

A.1.1 CR manifolds and CR functions

For prelimininaries on CR geometry see, e.g., Boggess [21], Zampieri [78],
and for comprehensive reviews on the subject of holomorphic extension in
CR geometry see Merker & Porten [52], Porten [57].

Let V be an even dimensional vector space over R. We can turn it into a vec-
tor space over C, if we define an R-linear map J : V → V such that J2 = −Id,
such that,

(x+ iy)v := xv + y(Jv), v ∈ V, x, y ∈ R. (A.1)

We denote the real tangent space of a real manifold M at p ∈ M by TpM.
A real linear map J on an even dimensional real vector space V is called a
complex structure if J2 = −Id. A complex structure J on TCn is defined as a
real linear map J : TCn → TCn such that J2 = −Id, specifically J is defined
fiberwise on the tangent vector spaces by R-linear maps Jp : TpCn → TpCn. If
M ⊂ Cn is a submanifold, T cpM := TpM ∩Jp(TpM) is called the holomorphic
tangent space of M at p. J maps each T cpM to itself thus defines a complex
structure on T cpM. Recall that we can identify Cn with R2n, namely starting
from Cn we can choose local coordinates xj and yj , 1 ≤ j ≤ n, such that
zj = xj + iyj are holomorphic coordinates (centered at p) for Cn. Given the
mappings,

(x, y) 7→ (x+ iy, x− iy) =: (z, z), (dx, dy) 7→ (dx+ idy, dx− idy), (A.2)

33
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(for x, y ∈ Rn and z ∈ Cn) with inverse given by,

(z, z) 7→
(
z + z

2
,
z − z

2

)
, z ∈ Cn, (A.3)

the local coordinates yield a basis for the real tangent space at p ∈ R2n, ac-
cording to ∂

∂xj
|p, ∂

∂yj
|p, 1 ≤ j ≤ n. Let V be a real vector space with complex

structure map J. J extends to be a C−linear on the complexification (e.g., for
V = TpCn we get the complexified tangent space C⊗TpCn), namely any vec-
tor of the complexification belongs to the set {v+ iw : v, w ∈ V }, so we define
the extension according to,

v + iw 7→ J(v) + iJ(w), v, w ∈ V, (A.4)

and the extension which we denote again by J satisfies J2 = −Id. The ex-
tension will have the eigenvalues ±i because any eigenpair v, λ must satisfy
J2v = J(λv) = λ2v = −v. We denote the eigenspace corresponding to i
by V 1,0 (in particular when V = TpCn we write V 1,0 = T 1,0

p Cn) and the
eigenspace corresponding to −i by V 0,1 (for V = TpCn, this is T 0,1

p Cn, and
in that case T 0,1

p Cn is generated by { ∂
∂z̄j
|p, 1 ≤ j ≤ n}). Explicitly we have a

decomposition into C-linear and anti-C-linear parts,

v =
v − iJ(v)

2
+
v + iJ(v)

2
, v ∈ V. (A.5)

Note that V 1,0 = V 0,1. Let M be a real smooth submanifold of Cn. T cpM is
a Jp invariant subspace of TpM. If we consider the complex manifold Cn we
have after extending Jp to the complexification,

C⊗ TpCn = T 1,0
p Cn ⊕ T 0,1

p Cn, (A.6)

This gives rise to the bundle, T 1,0Cn =
⋃
p∈M T 1,0

p Cn ⊂ C⊗TpCn. Performing
the analogous splitting of C⊗T cpM yields the decomposition into eigenspaces
of J according to,

C⊗ (TpM ∩ Jp (TpM)) = H1,0
p (M)⊕H0,1

p (M). (A.7)

It is important that H1,0
p (M) ∩ H0,1

p (M) = {0}. The sections of H0,1 on an
open subset, are the set of tangential CR vector fields on that subset. The maps
Jp on C× TpR2n restrict to maps on C⊗ (TpM ∩ JTpM) with J2

p = −Id.

Definition A.1.1. Let M be a real submanifold of Cn.

• M is called a CR manifold if dimC (TpM ∩ J (TpM)) is constant for all
p ∈M.



A.1 Basic CR geometry 35

• M is called generic if for every p in M ,

(TpM + JTpM) = TpCn, (A.8)

(i.e., A ∈ TpCn ⇒ A = X + JY , X,Y ∈ TpM )

• The real codimension of a generic CR manifold M is the real dimension
of TpM/(TpM ∩ JpTpM).

A useful fact in higher real codimension is that it is possible to locally de-
scribe generic CR manifolds as graphs over their tangent space. In particular
we have the following theorem, see Boggess [21].

Theorem A.1.2 (Local graph representation theorem.). LetM is a smooth generic
CR submanifold of Cn of real dimension 2n − d, d ≤ n, and let p ∈ M. Then there
is an open neighborhood U of p, a nonsingular complex affine map A : Cn → Cn and
a C1-smooth function h : Rd × Cn−d → Rd, s.t.,

A(M ∩ U) = {(x+ iy, w) ∈ Cd × Cn−d : y = h(x,w)}, (A.9)

where h(0) = 0,∇h(0) = 0.

Proof. Assume that p = 0, by translation. We show that there is a nonsingular
complex linear map A : Cn → Cn that maps T0(M) to {Rd 3 Im z = 0} ⊂
R2n. If this holds then the graphing function for A{M} satisfies the criteria
for the function h. We know that T0M/(T0M ∩ JT0M) is a real vector space
dimension d and can be identified as a real vector subspace of T0Cn. We let
b1, . . . , bd be an orthonormal basis for T0M/(T0M ∩JT0M) with respect to the
induced inner product from T0Cn. Then the J-invariant space (T0M ∩JT0M)
is orthogonal to A0 := T0M/(T0M ∩ JT0M) and J{A0}. Now J has only the
imaginary eigenvalues ±i and Ja · b = −a · Jb, a, b ∈ T0(R2n). If M is generic
we have an orthonormal basis for T0(R2n) = T0(M)⊕ JA0, consisting of,

{b1, . . . , bd, Jb1, . . . , Jbd}. (A.10)

We set z = x+ iy ∈ Cd, w = u+ iv ∈ Cn−d, and,

A(bj) :=
∂

∂xj
, A(Jbj) :=

∂

∂yj
, 1 ≤ j ≤ d, (A.11)

A(bj) :=
∂

∂uj−d
, A(Jbj) :=

∂

∂vj−d
, d+ 1 ≤ j ≤ n. (A.12)

Then A is complex linear, nonsingular and

A{T0M} = {(x, 0, u, v) : x ∈ Rd, u, v ∈ Rn−d} = {y = 0}. (A.13)

This completes the proof.
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We recall the following.

Definition A.1.3 (See e.g. Jost [44], p.41). Let E and M be C∞-smooth man-
ifolds and let π : E → M be a C∞-smooth map between the C∞-smooth
manifolds, such that each Ex := π−1(x), for x ∈ M , carries the structure of
an r-dimensional real (complex) vector space.1 Assume further that for each
x ∈ M there is an open U 3 x and a diffeomorphism ϕ : π−1(Ux)→ Ux × Rr
(for a complex vector bundle, Ux × Cr) such that for each y ∈ Ux the map
ϕy := ϕ|Ey is a vector space isomorphism (i.e. a bijective linear map) map-
ping π−1(y) to {y}×Rr (for a complex vector bundle, {y}×Cr). The maps ϕ
are called local trivializations. Then (E, π,M) is called a vector bundle of rank r
and E is called the total space. A Ck-smooth section, s, of E over Ω ⊂ M , is a
Ck-smooth map s : Ω→ E such that π ◦ s = idΩ (i.e s(x) ∈ Ex for all x ∈ Ω).
The space of Ck-smooth sections of E over M is denoted Γk(M,E).

Definition A.1.4 (CR function). Given a CR submanifold M ⊂ Cn, a func-
tion f : M → C is called a CR function (or distribution) if it is annihilated (i.e.,
Xf = 0) by all tangential CR vector fields, i.e., sections X of H0,1M . For dis-
tributions one defines f to be CR if Xf = 0, for every section X of H0,1M in
the sense of distributions, i.e., 〈f,Xadjφ〉 for all test functions φ. A differen-
tiable function f on a CRmanifold of class C1, is a CR function if df |TM∩JTM
is J-linear.

We can compare the definition of CR functions with that of holomorphic
functions, namely f ∈ C1(Ω),Ω ⊂ Cn, a domain, is holomorphic if and only
if df = ∂f , i.e., ∂f = 0. In particular this means that df will be C-linear. It is a
generalization of this property which we have used in one of the definitions
of C1-smooth CR functions.

A smooth generic CR submanifold M ⊂ Cn, 0 ∈ M , has in local coordi-
nates (z = x + iy, w) ∈ Cd × Cm a representation near 0, given by M =
{y = h(x,w)}, h(0) = ∇h(0) = 0. In general a basis for H0,1M near the ori-
gin is given by vector fields of the form (see e.g., Boggess [21], p.109, for the
existence of such a representation),

Xj =
∂

∂wj
− i

d∑
k=1

ϕj
∂

∂zk
, j = 1, . . . ,m, (A.14)

where ϕj is a specific function of the elements of the Jacobians of h with re-
spect to x and w. All real-analytic CR functions on real-analytic CR subman-
ifolds have local holomorphic extension (this is a result of Tomassini [75],

1Note thatE =
⋃
x∈M Ex, so in some senseM paramterizesE, and we require a priori that

E itself be a C∞-smooth manifold.
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for textbook version, see Boggess [21], p.149). It is known (the result can be
found in e.g., Baouendi et al. [4], p.95) that M is minimal at p in the sense of
Tumanov if and only if the real dimension of the local CR orbit at p equals
dimRM , due to the fact that the local CR orbit is a CR submanifold and has
the same CR dimension as M. With regards to minimality we cite an im-
portant theorem on holomorphic wedge extension theorem for minimal CR
manifolds. The theorem is due to Tumanov, [76] (and a global version is in-
dependently due to Jöricke [43] and Merker [50] respectively).

Theorem A.1.5 (Holomorphic wedge extension from minimalCRmanifolds).
If M ⊂ Cn, is a generic CR submanifold which is minimal at p, then there exists
an ambient wedge, W at p such that any CR function f on M extends to some
f̃ ∈ O(W ).

On the other hand we have the following theorem (it can be found in the
textbook of Baouendi, Ebenfeldt & Rothschild [4], p.238):

Theorem A.1.6. If M is not locally minimal at p ∈ M then for every k ∈ Z≥0,
there exists a CR function of class Ck defined in a neighborhood of p which does not
extend holomorphically to any local wedge of edge M at p.

Here locally minimal means that the local CR orbit at p is open. The en-
velope of holomorphy of a wedgeW in Cn is a Riemann domain which is a
Stein manifold spread over Cn. It is known that if a function f is holomor-
phic on a wedge W with generic edge, M , has polynomial growth up to M
then the weak boundary values f∗ ∈ D′(M) along M for f ∈ O(W ) is a CR-
distribution and furthermore f is continuous up to any open subset of M on
which f∗ is continuous (see Baouendi et al. [10], p.186).

A.1.2 Foliations

Definition A.1.7 (See, e.g., Rovenskii [63], p.1). LetM be a real n-dimensional
manifold. By a k-dimensional foliation of class Cr we mean a family U =
{Mα}α∈A, (where A is an index set) of connected subsets of M such that

1.
⋃
αMα = M ,

2. Mα ∩Mβ = ∅when α 6= β,

3. ∀p0 ∈ M , there exists a Cr chart (Up0 , φp0), p0 ∈ Up0 , such that if
Up0 ∩ Mα 6= 0 then the components of φp0(Up0 ∩ Mα) are the follow-
ing parts of parallel affine subspaces, Ac := {(t1, . . . , tn) ∈ φp0(Up0) :
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tk+1 = ck+1, . . . , tn = cn}, ck+1, . . . cn ∈ R, constants. d = (n − k) is
sometimes called the codimension of the foliation and each (Up0 , φp0) is
called a foliated chart.

Given two foliated charts2 (Uα, ϕα), (Uβ, ϕβ) of a given atlas, we may
write, for each w ∈ Uα ∩ Uβ ,

ϕα(w) =: (xα(w), yα(w)) ∈ Bα
1 ×Bα

2 , (A.15)

ϕβ(w) =: (xβ(w), yβ(w)) ∈ Bβ
1 ×B

β
2 , (A.16)

where Bα
1 , B

β
1 are rectangular neighborhoods in Rn−d and Bα

2 , B
β
2 are rectan-

gular neighborhoods in Rd. For any choice of (Uα, ϕα), (Uβ, ϕβ) it is possible
to find (see Candel & Conlon [23], p.23) on ϕβ(Uα ∩ Uβ) a C∞-smooth coor-
dinate change,

gαβ(xβ, yβ) = ϕα ◦ ϕ−1
β (xβ, yβ) = (xα(xβ, yβ), yα(yβ)), (A.17)

i.e. yα(xβ, yβ) = yα(yβ).

Uα ∩ Uβ

Rn−d × Rd ⊃ Bα
1 ×Bα

2

ϕ−1
α

66

Bβ
1 ×B

β
2 ⊂ Rn−d × Rd

ϕα◦ϕ−1
βoo

ϕ−1
β

hh

A less formal definition is the following.

Definition A.1.8 (see e.g. Anderson [2], p.6). Let M be a real n dimensional
manifold. A collection Σ of submanifolds of an open subset U of M is called
a foliation of U by leaves of dimension m (m < n) if we can choose local
coordinates (t1, . . . , tn) inU such that Σ is the collection of submanifolds Σc =
{t1 = c1, . . . , tn−m = cn−m}, (c1, . . . , cn−m) ∈ Rn−m. Let V be a neighborhood
of p ∈ Cn. A complex foliation Σ of V ∩M is a foliation of V ∩M such that each
leaf of Σ is a complex submanifold of V .

Frobenius’ theorem is a criterion for a given subbundle of the tangent
bundle of an ambient space to itself define the tangent space of a real man-
ifold. The theorem also has a complex version. A vector field

∑n
k=1 ak

∂
∂zk

which is a section of T 1,0Cn is called a holomorphic vector field if each aj : Cn →
C is holomorphic. A holomorphic subbundle is a subbundle L of T 1,0Cn
which is locally generated over O(Cn) by m linearly independent holomor-
phic vector fields.

2In this text we follow the convention of e.g. Lang [47], p.20, that a chart map be bijective
(as opposed to some texts which require only injectivity).



A.1 Basic CR geometry 39

Theorem A.1.9 (Frobenius’ theorem, complex version). Let L ⊂ T 0,1Cn be an
m-dimensional involutive ([L,L] ⊂ L) holomorphic subbundle and let p0 ∈ Cn.
Then there is a neighborhood U of p0 in Cn and a biholomorphic map Z : U →
Z(U) ⊂ Cn such that

X(Zj) = 0, ∀X ∈ L, 1 < j ≤ n, on U. (A.18)

As pointed out in Boggess [21], p.58, this foliates U into complex mani-
folds each of dimension m. The following is due to Freeman [29] (for the con-
cept of local straightening we refer the reader to Freeman [29] and Pinchuk
[56]).

Theorem A.1.10. If M ⊂ Cn is a generic Levi flat CR submanifold and p ∈ M
then there is a neighborhood V of p in Cn and a complex foliation Σ of V ∩M with
leaves of dimension dimCT

c
pM , such that for any leaf Σc, and any point q ∈ Σc,

T cqM = TqΣc.

A.1.3 The local approximation by entire functions

The following is a classic approximation theorem due to Baouendi & Treves
[11], which provides local approximation of continuous CR functions, the
original result concerns more general subbundles of vector fields but when
applied in the case of the tangential Cauchy–Riemann vector fields one ob-
tains the following theorem for continuous CR functions, see Boggess &
Polking [20], p.761.

Theorem A.1.11 (Baouendi & Treves [11]). Let p0 ∈ Ω, with Ω ⊂ Cn a smooth
generic submanifold. Then every neighborhood U of p0 contains another neighbor-
hood V of p0 such that every continuous CR function on U is the uniform limit in
V of holomorphic polynomials.

The theorem has many generalizations, e.g., approximation by entire func-
tions in Lp-sense of LpCR functions, see Hounie & Malagutti [36], (for a text-
book version, see Berhanu et al. [16], p.70).

Theorem A.1.12 (Generalized approximation in Lp sense). Let p0 ∈ M , with
M ⊂ Cn a smooth CR submanifold. Then every neighborhood U of p0 contains
another neighborhood V of p0 such that for every LplocCR function f on U , there is
of a sequence of entire functions, {Pj}j∈N, which Lp converge to f on V.
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A.1.4 CR-hypoellipticity

In Theorem 3.0.3 the following definitions are used, and they can be found in
the article by Porten & Nacinovich [53].

Definition A.1.13. LetM be an abstractCRmanifold ofCR dimensionm and
CR codimension d and let U ⊂ M be an open subset. A smooth embedding
U ↪→ CN , N = m + d, given by p 7→ (z1(p), . . . , zN (p)) where the z1, . . . , zN
are smooth CR functions, is called a generic local CR-embedding.

Definition A.1.14. Let M be an abstract CR manifold. M is called CR-
hypoelliptic at p ∈M if everyCR-distribution near p is smooth on some neigh-
borhood of p. M is said to have the holomorphic extension property at p ∈ M if
there is a generic local CR-embedding φ : U ↪→ Cn (U ⊂ M an open subset)
such that for every CR distribution defined on a neighborhood U ′ ⊂ U of p,
there is a holomorphic function ũ defined on a neighborhood V of φ(p), such
that φ∗ũ is defined and equal to u on a neighborhood of p in U ′.

A.2 Basic theory for hypoanalytic structures

For preliminaires on this subject see, e.g., Baouendi et al. [5] (where the con-
cept is introduced) and also Treves [72], Berhanu [13], Baouendi & Treves [8],
Treves [73]. We shall always assume that our manifolds are paracompact.

Definition A.2.1. Let Ω be a real smooth manifold. A formally integrable struc-
ture L on Ω is a complex vector subbundle of C ⊗ TΩ such that if U ⊂ Ω is
open and if X,Y ∈ Γ(U,L) are sections of L over U (i.e., Xp, Yp ∈ Lp, for
all p ∈ U ) then so is [X,Y ]. A formally integrable structure (Ω, L) such that
∀p ∈ Ω, Lp ∩ Lp = {0}, is called a formal CR structure3.

A complex tangent vector toM at p is a C-linear map from the set of germs
of smooth complex valued functions at p to C, satisfying Leibniz rule.

Definition A.2.2 (See, e.g., Berhanu et al. [16], p.19). Let Ω be a realN -dimensional
manifold and let L ⊂ C ⊗ TΩ be a subbundle of rank l. Set L⊥p := {ξ ∈ C ⊗
T ∗pΩ : ξ = 0 on Lp}. L is called a locally integrable structure if for each p0 ∈ Ω
there is a neighborhood U of p0 in M together with functions Z1, . . . , Zn ∈
C∞(U), l = N − n, such that span{dZ1p, . . . , dZnp} = L⊥p , for all p ∈ U.

3A CR structure, L of rank l, on a manifold parametrized by an (n + l)-dimensional Ω, is
locally integrable iff it can be embedded as a generic CR submanifold in Cn, see Berhanu [16],
p.37, or Baouendi & Rothschild [6], p.137.



A.2 Basic theory for hypoanalytic structures 41

Sometimes L⊥p is denoted T ′p in the literature and this yields the bundle
T ′ :=

⋃
p∈Ω T

′
p. Let Ω be a real smooth manifold of dimension n + l. A hy-

poanalytic structure on Ω is a collection Z of pairs (Uk, Zk) where Uk ⊂ Ω is
open and Zk := (Zk1, . . . , Zkn) : Uk → Cn a smooth map where 1 ≤ n is
independent of k, such that the following holds:

1. {Uk} is an open cover of Ω.

2. dZk1, . . . , dZkn are C-linearly independent at each point of Uk.

3. If k 6= k′ and p ∈ Uk ∩ Uk′ there exists a holomorphic map F kk′,p of an
open neighborhood of Zk(p) in Cn into Cn such that Zk′ = F kk′,p ◦ Zk in
a neighborhood of p in Uk ∩ Uk′ .

The (Uk, Zk) shall be called hypoanalytic charts. The span of the differen-
tials define an orthogonal space, which will be a locally integrable subbundle
L ⊂ C ⊗ TΩ, with respect to the duality between complex tangent vectors
and complex cotangent vectors, and we say that L underlies the hypoana-
lytic structure. Note that the span of the differentials cannot be of dimension
higher than n, thus l ≤ n. Given a real smooth manifold Ω it is clear that any
locally integrable structure L ⊂ C ⊗ TΩ locally underlies at least one hypo-
analytic structure. To each hypoanalytic structure for Ω one can associate a
locally integrable structure L using that on Uk span{dZk1 , . . . , dZkn} = T ′ is
subbundle of C ⊗ T ∗M (by which is meant that the fiber dimension of the
subbundle equals n) together with the three properties in the definition of
hypoanalytic structure. The orthogonal supplement, L, of the span of the
differentials (with respect to the duality between tangent vector and cotan-
gent vectors) is a locally integrable structure. For simplicity we shall de-
note a hypoanalytic structure by (Ω, L,Z) where by Z we denote the col-
lection of hypoanalytic charts. A generic CR submanifold Ω ⊂ Cn of CR
dimension l defines a hypoanalytic structure where the real codimension is
equal to n − l, and where Z consists of a single element. Given a local hy-
poanalytic chart (ω,Z), it is known, see Baouendi et al. [10], p.53, that for
any choice of coordinates u ∈ Rn+l vanishing at q, such that the matrix
A(u) = [∂Zj(u)/∂uj ]1≤j≤n has nonzero determinant near q, one can introduce
coordinates (s, t) such that Z = s + iψ(s, t), Z(0) = q, ψ(0) = ∂sψ(0) = 0, by
setting (s, t) = (s1, . . . , sn, t1, . . . tl) via, s := ReA(0)−1Z(u), and tj := uj+n,
j = 1, . . . , l. And this will satisfy Z(0) = q, φ(0) = φx(0) = 0. Two differ-
ent hypoanalytic structures can overlie the same locally integrable structure,
see Berhanu et al. [16], p.371, and Baounedi et al. [5], p.335, for examples.
In general the mapping Z = (Z1, . . . , Zn) : U → Cn, (where U ⊂ Ω is an
open subset) of a hypoanalytic chart need not be a diffeomorphism or even
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a local embedding. The differential df of a smooth function f is a section of
L⊥ if and only if Xf = 0, for each section X of L. The complex structure
(in particular using the local holomorphic coordinates) of a complex analytic
manifold is automatically a hypoanalytic structure. Let us relate this to CR
submanifolds.

Example A.2.3. (See Baouendi et al. [5], p.335) Let Ω be a n-dimensional com-
plex analytic manifold and assume M ⊂ Ω is a Ck-smooth N -dimensional
submanifold in particular N ≤ 2n. Assume the following holds: (*) Given
a complex analytic local chart (Ũ , z) in Ω the pull-backs4 to U = Ũ ∩ M of the
differentials dz1, . . . , dzn span an m-dimensional subspace of the complex cotangent
space to U at every point of U (with m independent of the local chart). Then M is
a CR submanifold of Ω and has natural hypoanalytic charts (U,Z1, . . . , Zm)
with U as in (*) and the Zj taken as the restriction to U , of m independent
holomorphic functions in an open subset Ũ ⊂ Ω such that U = Ũ ∩M. M is
called an embedded CR submanifold of Ω.

Definition A.2.4. Let Ω be a smooth real manifold, let L ⊂ C⊗TΩ be a locally
integrable structure. Let L1, . . . , Ll, define a local basis near a reference point
p0 for L. A distribution u defined on an open p0 ∈ V is called a solution
on V if Lju = 0 on V in the weak sense, 1 ≤ j ≤ l. Let Z : ω → Cn be a
local hypoanalytic chart overlying L on an open neighborhood ω of p0 in Ω.
A function h : Z(ω) → C is called a C1-solution near p0 if h ◦ Z is C1 near p0

and Lj(h ◦ Z) = 0, 1 ≤ j ≤ l. 5

It is common to introduce an appropriate basis for structure bundles as
follows (see, e.g., Treves [72], p.11). Let Ω be a smooth real N -dimensional
manifold and let (Ω, L) be a locally integrable structure and 0 ∈ Ω, where L
has rank l. Letting ⊥ denote the orthogonal supplement, we have complex
vector subspaces L⊥p = {ξ ∈ C ⊗ T ∗pΩ : ξ = 0 on Lp} of each C ⊗ T ∗pΩ, and
a subbundle T ′ ⊂ C ⊗ T ∗Ω defines as T ′ :=

⋃
p∈Ω L

⊥
p . Each V := L⊥p can

be considered as a complex linear subspace of CN (= C ⊗ T ∗pΩ). We can de-
compose each n-dimensional complex V into V = (V ∩ V ) ⊕ V1 for some
linear subspace V1 over C. Set V 0 := V ∩ RN . Since V1 ∩ V 1 = {0} the
map Re : z 7→ z+z

2 maps V ∩ V onto V 0 and its kernel is iV 0 thus, V ∩ V =
V 0 ⊕ iV 0, in particular dimRV

0 =dimC(V ∩ V ) =: d. The map Re maps V1

onto some 2r-dimensional subspace of RN which intersects V 0 only at {0}.
4Recall that if π : A → B is a differentiable map of manifolds and ϕ a differential 1-form

on B then the pull-back of ϕ by π to A is (π∗ϕ)(v) = ϕ(dπ(v)), v ∈ TpA, so in the example, π
is simply an embedding π : U → Ũ , and ϕ is some dzj .

5The definition of aC1-solution for a function onZ(ω) can be found for example in Marson
[49]. Here we remind the reader that Z(ω) need not be a manifold.
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Hence the map Re maps V onto a linear subspace of real dimension 2r + d.
If {e1, . . . , er} are a linear basis of V1 then {ē1, . . . , ēr} a linear basis of V 1 and
since V1 ∩ V 1 = {0} the vectors ej , ēk are C-linearly independent. Finally
we can complement the basis for V1 + V by adjoining a basis of real vectors
{f1, . . . , fd} for V 0 such that the e1, ē1, . . . , er, ēr, f1, . . . , fk are all C-linearly
independent. Now at a given point p ∈ Ω the fiber T ′[p] has a linear basis
of the kind ep1, ē

p
1, . . . , e

p
r , ē

p
r , f

p
1 , . . . , f

p
k with properties as above. This implies

that in some neighborhood U of 0, T ′ is spanned by 2r+k smooth differential
1-forms ϕ1, ϕ̄1, . . . , ϕr, ϕ̄r, ψ1, . . . , ψk where,

ϕ1 ∧ ϕ̄1 ∧ · · · ∧ ϕr ∧ ϕ̄r ∧ ψ1 ∧ · · · ∧ ψk 6= 0, (A.19)

and where ψ1, . . . , ψk are real at the point 0. Now for a sufficiently small
neighborhood of 0 in U there are n smooth functions Z1, . . . Zn whose dif-
ferentials also make up a basis of T ′. We can assume all Zj vanish at the
origin. There exists a nonsingular complex matrix [ajk]1≤j,k≤n such that, at
the origin, ϕj =

∑n
i=1 ajidZi, ψk =

∑n
i=1 a(r+k)idZi, for 1 ≤ j ≤ r and 1 ≤ k ≤

(n − r). Since the entires aij are constant we may substitute (
∑n

i=1 ajiZi) for
Zj , 1 ≤ j ≤ n. In other words we may assume that ϕj = dZj , ψj = dZr+k at
the origin (1 ≤ j ≤ r and 1 ≤ k ≤ (n−r)). This implies that in a neighborhood
of 0,

Z1 ∧ Z̄1 ∧ · · · ∧ Zr ∧ Z̄r ∧ Zr+1 ∧ · · · ∧ Zn 6= 0, (A.20)

and that dZr+1, . . . , dZn are real at the origin. Finally this means that we may
regard,

xj = ReZj , yj = ImZj , 1 ≤ j ≤ r (A.21)
sk = ReZr+k, 1 ≤ k ≤ (n− r), (A.22)

as part of a system of local coordinates near 0 centered at 0 (and possibly af-
ter having contracted U about 0 we assume the coordinates hold on U ). We
denote by t1, . . . , tl−r the remaining coordinates in that system. Recall that
we substituted for Zj , a linear combination as above, there exists a smooth
real-valued functions φk(x, y, s, t) such that Zr+k = sk + iφk(x, y, s, t), 1 ≤
k ≤ (n− r). Since the dZr+1, . . . , dZn are real at the origin ϕk(x, y, s, t)(0) = 0,
dϕk(x, y, s, t) = 0, where 1 ≤ k ≤ n− r, see for example Treves [72], p.39.

Repeating the first part of the analysis but with T ′ replaced by L we can ob-
tain that there is a neighborhood of 0 in Ω together with a basisL1, . . . , Lr, L1, . . . , Lr,
Lr+1, . . . , Lr+l, for the sections of L on that neighborhood where l is the com-
plex dimension of L and where Lr+1, . . . , Lr+l are real at 0. It is common to
define T 0 := T ′ ∩ T ∗Ω (which in general need not be a vector bundle since
the fiber dimension may vary).
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A.3 The method of proof of Theorem 3.0.10

We briefly sketch the method of proof of Marson [49] for Theorem 3.0.10. The
first step of the proof is to handle the case when 0 is nonminimal. In that case
Marson uses the existence of a distribution solution u′ near 0 (the existence
of such solutions is shown in, e.g., Treves [72], p.93) such that for every open
neighborhoodU ′ of 0 there exists an openU ′′ ⊂ U ′ on which u′ vanishes iden-
tically. Marson [49] then proves as a lemma such a property is impossible for
distribution boundary values of functions holomorphic on a special kind of
wedge in the sense defined in Marson [49], and that u′ induces such a distri-
bution. This provides the necessity of minimality at 0 for wedge extension at
0.

So assume 0 is a minimal point. Let Ω0 ⊂ Ω be an open neighborhood of
0 and let (Ω0, L, Z) and let (Ω0, L, Z) define a hypoanalytic structure (with a
single chart Z). Then there are local real analytic coordinates,
(x1, . . . , xr, s1, . . . , sn−r, y1, . . . , yl) for Ω0 centered at the origin such that,

Zj(x, s, y) = xj + iyj , 1 ≤ j ≤ r, (A.23)
Zr+j(x, s, y) = sj + iφj(x, s, y), 1 ≤ j ≤ n− r, (A.24)

where φ is a smooth map with φ(0) = dφ(0) = 0 (see Appendix A.2). The
method is to associate wedge extendability of (Ω0, L, Z) to that of a generic
CR manifold defined as follows. Let 0 ∈ A ⊂ Rl−r be an open subset and
set Ω̃0 = A × Ω0. Let M̃ be the manifold parametrized by the map Z̃ : Ω̃0 →
Cn+l−r according to,

Z̃r+j(x̃, x, s, y) = Zj(x, s, y), 1 ≤ j ≤ n, (A.25)

Z̃j(x̃, x, s, y) = x̃r+j + iyr+j , 1 ≤ j ≤ l − r, (A.26)
(A.27)

where x̃ ∈ A (i.e., is a real (l − r)-tuple) but for simplicity, the indices of x̃
begin with r + 1. Then M̃ ⊂ Cn+l−r is a generic CR submanifold and a basis
for the CR vector bundle L̃ ⊂ C⊗ T Ω̃0 is given by,

L̃r+j =
1

2

∂

∂x̃r+j
+ Lr+j , 1 ≤ j ≤ l − r, (A.28)

L̃j = Lj , 1 ≤ j ≤ r. (A.29)

Marson [49] then proves that (Ω0, L) is minimal at 0 if and only if (Ω̃0, L̃) is
minimal at 0. The final step is to show that wedge extendibility at 0 for (Ω̃0, L̃)
implies wedge extendibility of (Ω0, L). This completes the sketch of the proof
of Theorem 3.0.10.
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A.4 Short survey of previous related results on the
maximum principle for CR functions

We now survey some versions of the maximum modulus principle for CR
functions on certain CR manifolds.

Definition A.4.1 (See Hill & Nacinovich [34], p.152). An abstract smooth almost
CR manifold of type (n, k) is a connected smooth paracompact manifold M of
dimension 2n+k, and a smooth subbundleB of TM of rank 2n and a complex
structure J on the fibers of B. Defining by T 0,1M the complex subbundle of
the complexification of B given by T 0,1M = {X + iJX|X ∈ B}, we call M a
CR manifold if [C∞(M,T 0,1M), C∞(M,T 0,1M)] ⊂ C∞(M,T 0,1M).

We shall first mention some results from Ellis et al. [26] and Iordan [41],
and the related Hill & Nacinovich [35], where these results are generalized to
abstract CR manifolds.

Definition A.4.2. M ⊂ Cn be a complex submanifold. A point p ∈M is called
an extreme point of M if there is, in a neighborhood U of p, a local coordinate
system z = (z1, . . . , zn) such that M is locally near p not contained in any Ck,
k < n, and z(p) = 0, M ∩ U ⊂ {z| Im zn ≥ 0}.

The absence of extreme points (see Definition A.4.2) is necessary in order
for the strong maximum principle to hold. From Ellis et al. [26], p.711, we
have the following result.

Theorem A.4.3. If p ∈ M is an extreme point of M there exists a normal direction
ξ ∈ NpM such that the directional Levi form at p with respect to the direction ξ is
positive semi-definite. On the other hand if for a given point p ∈M it holds true that
there exists a normal direction ξ such that the directional Levi form at p with respect
to that direction is strictly positive definite, then p is an extreme point of M.

Theorem A.4.4 (Ellis et al. [26], p.712). The absence of extreme points is necessary
for the strong maximum principle to hold (where by strong maximum principle it is
meant that given an open connected U ⊂ M , a CR function on U cannot have a
weak local maximum unless it is constant on u).

In the case of a smooth hypersurfacesM ⊂ Cn when any CR function has
local holomorphic extension (e.g., if at each point p ∈M the Levi form at p has
two eigenvalues of opposite signs) then it is feasible to obtain that smoothCR
functions on M satisfy the strong maximum modulus principle (i.e., a local
maximum on a connected open subset implies a constantCR function), using
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that the modulus of the local extension is bounded by the maximum modulus
of theCR function. It is known that a Levi flat hypersurface satisfies the weak
(local) maximum principle but in general not the strong maximum principle.
In Iordan [41] it is shown that every point of a totally real submanifold M ⊂
Cn is an extreme point of M. Also the following theorem is given.

Theorem A.4.5 (Iordan [41]). If M is a CR submanifold of Cn without extreme
points, then for any (differentiable) CR function f on M , |f | cannot have a strong
local maximum at any point of M.

We also have the following result due to Berhanu & Wang [14].

Theorem A.4.6 (Berhanu & Wang [14]). If M is a smooth generic CR subman-
ifold of Cn, and f ∈ CR2 such that |f(p0)| is a strict local maximum for some
p0 ∈M , then p0 belongs to the closure of the set of strictly definite points (i.e., points
where the LM,p0(Xp0) 6= 0, for all nonzero Xp0 ∈ H

1,0
p0 M ).

Definition A.4.7. A real valuedC2-smooth function g onM is called L convex
(i.e., convex with respect to a vector bundle L) if the Levi form of g is strictly
positive on every section of L.

If (M,L) admits an L convex function and if Ω b M is open, then any
f ∈ C2(Ω) ∩ C(Ω) which is also a CR function on Ω, satisfies,

|f(z)| ≤ max
w∈∂Ω∪(A∩Ω)

|f(w)|,∀z ∈ Ω, (A.30)

where A is the set of points in M where the Levi form is strictly definite.
Furthermore if h is a C2-smooth CR function such that |h(p)| > |h(q)| for all
q 6= p, for some p ∈M , then p ∈ A. In Hill & Nacinovich [35] we have a max-
imum principle for smooth abstract weakly pseudoconcave CR manifolds if
minimality holds locally where the principle is to be applied.

Definition A.4.8 (Hill & Nacinovich [35], p.105). Let M be an abstract CR
manifold and let H1,1 ⊂ HM ⊗HM be the smooth subbundle whose fiber at
each z ∈M is generated by elements of the form v⊗v+(Jv)⊗(Jv), v ∈ HzM.
The Levi for is regarded as the Hermitian form associated to an appropriate
choice of Hermitian metric on the fibers of the holomorphic tangent bundle,
for the embedded smooth CR manifold case we always assume the Hermi-
tian metric induced from the ambient Cn. The Levi form induces a linear form
H1,1M → R according to Lξ(v ⊗ v + (Jv)⊗ (Jv)) = Lξ(v). M is called weakly
pseudoconcave if: ∀p ∈ M , there is an open neighborhood U ⊂ M , of p and
a smooth section X of H1,1U such that, Lξ(X) = 0, ∀z ∈ U , and nonzero ξ
belonging to the annihilator of T czM in in T ∗zM.
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Note that their definition of weakly pseudoconcave does not coincide
with the definition that the directional Levi form have at least one non-positive
eigenvalue. In fact this definition for smoothCR submanifolds of Cn, implies
that the trace of the directional Levi form is 0, see Proposition 1.1, Hill & Na-
cinovich [35]. Denote by F(x0,Ω) the Sussmann leaf in Ω through x0 where
(x0 ∈)Ω ⊂M is an open subset of an abstract CR manifold.

Theorem A.4.9. Let M be a smooth abstract weakly pseudoconcave (in the sense
of Hill & Nacinovich [35]) almost CR manifold of type (n, k). Let Ω ⊂ M be a
nonempty open subset and x0 ∈ Ω. Let u ∈ C2(F(x0,Ω)) be a CR function on the
almost CR manifold F(x0,Ω). If M is minimal at x0 and |u| has a local weak (≥)
maximum at x0. Then u is constant along F(x0,Ω) ∩ Ω.

Furthermore we have in Hill & Nacinovich [35], Corollary 4.3, p.109, a
theorem on only continuous CR functions, which is a form of identity theo-
rem on Sussmann leaves.

Theorem A.4.10 (Hill & Nacinovich [35], p.110). Let M be a weakly pseudo-
concave (in the sense of [35]) abstract almost CR manifold of type (n, k), and u a
continuous CR function on M. Let Ω ⊂M be a nonempty open subset and x0 ∈ Ω.
If u ≡ 0 on F(x0,M) ∩ Ω then u ≡ 0 along F(x0,M).

A consequence is a maximum principle which in the original article by
Hill & Nacinovich, covers a more general class of CR manifolds and involves
(imprecisely) that a function which is CR and C2-smooth on the local orbit of
a point p0, cannot attain maximum at p0 unless it is constant locally near p0,
on the closure of the orbit.

Theorem A.4.11 (Hill & Nacinovich [35], p.110). LetM be a smooth weakly pseu-
doconcave CR submanifold of Cn. Let further Ω bM be an open and proper subset
and u ∈ C2(F(p0,Ω)) be aCR function (here one uses that the orbit is an immersed,
but not necessarily embedded,CR submanifold). If |u(p0)| = supz∈F(p0,M)∩Ω |u(z)|
the u is constant along F(p0,Ω) ∩ Ω.

Let Q ⊂ M be an open subset and R ⊂ Cn a connected open subset such
that Q ⊂ R. We denote the set of C∞-smooth CR functions on Q by CR∞(Q)
and we denote CR∞(R ∪ Q) := {f ∈ C∞(R) : f ∈ O(R ∪ Q)}. Consider the
restriction map ϕ : CR∞(R ∪ Q) → CR∞(Q). The following is a proposition
from Carlson & Hill [22], p.93.

Proposition A.4.12. Let f ∈ CR∞(Q). If ϕ is surjective, then for any function,
F̃ ∈ CR∞(R ∪Q), satisfying F̃ |Q = f , supz∈R∪Q

∣∣∣F̃ ∣∣∣ = supz∈Q |f | .
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Sibony [69], p.20, proves a maximum principle for C3-smooth CR func-
tions in the sense that given a domain ω b M , M ⊂ Cn, a CR submani-
fold with defining functions ρ1, . . . , ρd, the CR3 functions attain maximum
on ∂ω or the set of points, p ∈ M , which satisfy that there exists j, such that,∑n

k,l=1
∂2ρj
∂zk∂z̄l

wkw̄l, for each nonzero w ∈ Cn such that
∑

j wj∂zj ∈ H0,1
p M .

When it comes to the strong maximum principle, one can recall how the proof
for holomorphic functions, can be given such that it vitally depends upon the
open mapping theorem. For the real analytic case we have the following.

Theorem A.4.13 (See Berhanu [15]). Let M ⊂ Cn, be a real analytic CR hyper-
surface which satisfies the strong maximum principle. Let further p0 ∈ M and f be
a nonconstant holomorphic function near p0. Then f is an open map near p0.

In a classical article Rossi [61] (see also Rossi [62]) Rossi gives a result on
peak sets. A compact K ⊂ X,X-compact Hausdorff, is a peak set if there
exists a complex valued function f such that |f | = 1, on K, but |f | < 1
on X \ K, and local peak set means that there is a neighborhood, U , of K
such that f peaks relative to U (instead of X). Let A ⊂ C(X), X-compact
Hausdorff, be a subalgebra, letMA , the set of maximal ideals of A , and let SA

be the Šilov boundary of A (this is the smallest closed subset of SA , on which
every element of A attains its maximum). Rossi’s results yield in particular
the following maximum principle involving the polynomial convex hull (this
particular formulation is found in Stout [70], p.78):

Theorem A.4.14. If X is a compact in Cn, if E is a compact subset of X̂ , U is an
open subset of Cn containing E, and if f ∈ O , then ‖f‖E = ‖f‖(E∩X)∪∂E .

We mention that Hill & Nacinovich [34], use a notion called essential
pseudoconcavity and show that it is a useful condition with respect to the
maximum principle.

Theorem A.4.15 (Hill & Nacinovich [34], p.276). LetM be a connected paracom-
pact smooth essentially pseudoconcave abstract almost CR manifold of type (n, k),
of finite type. Let further Ω b M be an open and proper subset and u ∈ C0(Ω) ∩
CR(Ω). Then |u(x)| ≤ maxw∈∂Ω |u(w)|, for every x ∈ Ω.

For the strict definition of finite kind and essentially pseudoconcave we
refer to Hill & Nacinovich [34]. As a corollary we have that if M is also com-
pact then any global CR function is constant.

Theorem A.4.16 (Hill & Nacinovich [35], p.111). Let M be a smooth connected
essentially pseudoconcave abstract-CR manifold of type (n, k). Let u ∈ CR2(Ω). If
|u(x)| obtains weak local max at any point of M then u is constant on M.
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A.5 Short survey of previous related results on unique
continuation of CR functions

One of the earliest uniqueness results is due to Luzin & Privalov [48] and as
a special case implies that a a function f ∈ O(∆) ∩ C(∆), which vanishes on
a relatively open arc of ∂∆ automatically vanishes on ∆. Baouendi & Treves
[8], propose so called noncharacteristic submanifolds as candidates subsets
on which vanishing of a CR functions implies local unique continuation

Definition A.5.1. LetM be a real manifold and let T ′ be a complex subbundle
of C⊗ T ∗M , such that T ′ is locally generated by exact differentials. Set T 0 =
T ′∩T ∗M (the characteristic set). A noncharacteristic set submanifold, is a subset
Σ ⊂M such that the conormal bundle, N∗Σ does not intersect T 0 off the zero
section.

Theorem A.5.2 (Vanishing on a generic submanifold, see Airapetyan [1], p.105).
LetM ⊂ Cn be a generic CR submanifold andN ⊂M a generic submanifold. Then
any continuous CR function on M such that f |N ≡ 0, vanishes identically in some
neighborhood of N.

In Hunt [38] it is shown by way of examples that a local version of this
theorem is also in some sense optimal.

Definition A.5.3. Let N ⊂ Cn be a real k dimensional submanifold and p0 ∈
M. N is called locally CR at p0 if dimCT

c
p0
N is constant near p0 in N , and N is

called locally generic at p0 dimCT
c
p0
N = max{k − n, 0},∀z, near p0.

Theorem A.5.4 (Continuation from locally generic submanifolds, see Hunt
[38]). Let V ⊂ M , be open, where M ⊂ Cn is a C∞ CR submanifold. Assume
that N ⊂ V is locally generic at p0 ∈ N , and a real manifold of dimension k ≥ n.
Then ∃ω, an M -neighborhood of p0 such that any continuous CR function, f , on M
satisfying f ≡ 0, on N also must satisfy f ≡ 0, on ω.

Counterexamples are given for the cases k < n or non locally generic N.

Theorem A.5.5 (Schmalz [66]). LetM ⊂ Cn be a generic CR submanifold of class
C3 and p0 ∈M such that Tumanov’s minimality condition holds at p0. Let N ⊂M
be a generic C3 submanifold and K ⊆ N a set such that the intersection of K with
some given small neighborhood U of p0 has positive Lebesgue measure on N. Then
any continuous CR function vanishing on K vanishes identically on M ∩ U.

The proof is a consequence of the following theorem.
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Theorem A.5.6. Let W be a wedge with edge M ⊂ Cn,M -a generic CR subman-
ifold of class C3. Let N ⊂ M be a generic C3 submanifold and K ⊆ N a set of
positive Lebesgue measure (on N ). Then any continuous CR function vanishing on
K vanishes identically.

Idea of the proof. Let dim(N) = k. It is possible to construct a smooth family
of analytic discs such that: there exists a hypersurface H ⊂ Ck, and a subset
H ′ ⊂ H , of positive (2n−1)-Lebesgue measure, satisfying that ∀p ∈ H ′, there
is a disc passing p and some l ⊆ ∂D, l of positive length such that the image
of l belongs to K, see Sadullaev [64]. Schmalz then shows that the family
of discs can be chosen such that their images lie in a wedge W. Then by the
one-dimensional uniqueness theorem the theorem is proved.
Now applying Tumanov’s wedge extension theorem (i.e., the possibility to
obtain holomorphic extension to a wedge via analytic discs, under the con-
dition of minimality), we have in Theorem A.5.5, a wedge due to minimality,
which combined with the last theorem gives the vanishing result.

Theorem A.5.7 (See Schmalz [66], Theorem 5). Let W ⊂ Cn, be a wedge with a
CR submanifold M(3 0) ⊂ Cm×Rd, as edge, such that M near 0 is given by {y =
g(x,w)}, g ∈ C3,α, α > 0(by this notation is meant that the third order derivatives
of the defining function are α-Hölder continuous), g(0, 0) = 0 = ∇g(0, 0), and let
N = {y = h(x)}, h ∈ C3,α, h(0, 0) = 0 = ∇h(0, 0), be a generic submanifold of
M. Let f ∈ O(W )∩C0(M), and letm be a nonnegative, non-decreasing function on
[0,∞) such that, |f(z)| ≤ m(|z|), ∀z ∈ N ,

∫ ε
0 logm(s)ds = −∞. Then f ≡ 0.

Rosay [60] describes the relation of our considerations, in codimension
one, to the Cauchy problem, i.e., do functions, u, annihilated by a complex
vector field, Lu ≡ 0 together with the Cauchy data u = 0 on some character-
istic hypersurface vanish identically in an ambient local neighborhood? It is
shown that there exists a strictly pseudoconvex CR structure on R3, where
it is possible to find, see Rosay [60], a smooth CR function ≡ 0, on an open
subset, but not vanishing identically. We can mention the following result:
Let A(x, y) be a smooth function near (0, 0) ∈ R2, let{ ∂u

∂x +A(x, y)∂u∂y ≡ 0,

u(0, y) ≡ 0,
(A.31)

Then u ≡ 0 if: A is real analytic, or; A is real-valued, or; ImA(0, 0) 6= 0. The
above example is inspired by a counterexample of Cohen (for a despription
of Cohen’s example, see e.g. Rosay [60], p.294), who proves the existence of
a smooth C∞ function f near 0 ∈ R2, such that, ∂f∂x + A(x, y)f = 0, for some
smooth A near 0 ∈ R2, and f(x, y) ≡ 0, when x < 0, but f is not identically
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zero on any neighborhood of (0, 0). A detailed proof of this example is given
together with further references for results on counterexamples.

Definition A.5.8. A function f on a compact K is called Lipschitz continuous
if ∃C > 0 such that x, y ∈ K, |f(x)− f(y)| < C‖x− y‖.

When M ⊂ Cn is a C∞-smooth hypersurface and γ ⊂ M a real-analytic
curve, then any Lipschitz continuousCR function that vanishes to infinite or-
der along γ, vanishes on an M -open neighborhood of γ. This result is due to
Baouendi & Treves [8] (see Treves [72], Theorem II.8.1, together with Corol-
lary II.8.1, p.118, for a textbook version). Let 0 ∈ γ and U 3 0 open in M
such that U ∩ M = {yn = h(z1, . . . , zn−1, xn)} for a real-analytic graphing
function h. The unique continuation result of Baouendi & Treves [8] in this
real-analytic case, is a consequence the so called compact cocycle property
(see Treves [72], p.115) for {yn = h(0, xn)}.

The following theorem can be found in Baouendi & Rothschild [10] (see also
Shapiro [68]).

Theorem A.5.9. Let U be an open neighborhood of x0 ∈ ∂B0(1).
(i) If f is a harmonic function in U ∩ B0(1) and continuous on U ∩B0(1) (where
it is assumed that U ∩ B0(1) is connected) such that f vanishes to infinite order
in the normal direction at x0 and f(x) ≥ 0, x ∈ U ∩ {x ∈ Rn : |x| = 1} =
U ∩ ∂B0(1), then f ≡ 0 on a neighborhood of x0 in U ∩ ∂B0(1). Furthermore f
vanishes identically in the normal direction at x0 i.e., f(tx0) = 0,∀t ≤ 1 such that
the segment [tx0, x0] is contained U ∩B0(1).
(ii) If f vanishes to infinite order at x0, f(x) ≥ 0, x ∈ U ∩ ∂B0(1), then f ≡ 0 on
U ∩B0(1).

Definition A.5.10 (see Baouendi & Rothschild [10]). Let U ⊂ Rn be a neigh-
borhood of some point x0 ∈ {x ∈ Rn : |x| = 1} and set Ω = U ∩B0(1). a con-
tinuous function, u, is said to vanishing to infinite order if limΩ3x→x0

u(x)

|x−x0|N
=

0. f is said to vanish of infinite order in the normal direction at x0 if limt→0, 0<t<1
u(tx0)

|1−t|N
=

0.

These results where followed up, and we should mention the following.

Theorem A.5.11 (Baouendi & Rothschild [9]). If f(z) is a holomorphic function
in a domain of the upper half plane with 0 on the boundary, continuous up to the
boundary, vanishing to infinite order at 0 and Ref(x) ≥ 0, x :=Rez, then f must
vanish identically.



52 Appendix

Theorem A.5.12 (Huang et al. [37]). If f = u+ iv is holomorphic in H+ := {z ∈
C : Imz > 0}, and continuous up to (−1, 1) ⊂ ∂H+, such that |v(t)| ≤ |u(t)| for
t ∈ (−1, 1), and if f vanishes to infinite order at 0 (in the sense that f(z) = O(|z|k),
for all k ∈ N), then f ≡ 0.

Remark A.5.13. Let ω ⊂ C be a domain and let f be a function continuous on
ω (by which we mean continuous on ω with continuous extension up to the
boundary). Assume f vanishes to infinite order at a point p ∈ ω, in the sense
of Theorem A.5.12, i.e. f(z) = O(|z − p|k), ω 3 z → p, ∀k ∈ N. Note that
for any p ∈ M , we have (sufficiently near p), |f(z)| · |z − p|−(k+1) ≤ Ck+1 ⇒
|f(z)| · |z − p|−k ≤ Ck+1 |z − p|, thus letting z → p, we see that,

lim
ω3z→p

f(z)

|z − p|k
= 0, k ∈ N, (A.32)

(where the case k = 0 is due to the fact that |f(z)| ≤ C1 |z − p| → 0 as z → p).

Rosay [59] solves a version of our problem is in an elegant manner us-
ing a version of the so called jump theorem. The proof also uses a result of
Andreotti & Hill [3]. The theorem proved is the following.

Theorem A.5.14. Let M ⊂ Cn be a hypersurface containing the origin, and let
γ be the intersection of M with a one-dimensional complex plane L such that L is
transverse to T c0M (by this we mean that the tangent space of L and T c0M generate
the ambient tangent space at the origin). If f ∈ CR(M) such that f vanishes to
infinite order on γ (which is formulated as f(z) = O(dist(z, γ)k), ∀k ∈ N), then
f ≡ 0 in a neighborhood of γ in M.

Definition A.5.15. Let M be a real manifold in a neighborhood of the origin
in Cn, n > 1, of codimension d < n. M is called generating if the differentials
of the coordinate functions are independent on M , i.e., dz1 ∧ · · · ∧ dzn|M 6= 0.
AssumeM has defining functions ρ1, . . . , ρd. Then being generating at a point
p is equivalent (see Chirka [24], p.105) to ∂ρ1∧· · ·∧∂ρd|p 6= 0. If this equation
holds for all sets of local defining functions and for every point then M is
generic (see Boggess [21], p.102).

Theorem A.5.16 ( Baouendi & Treves [8], Theorem 3.1). Let M ⊂ Cn+d be a
generic C1 submanifold of codimension d ≥ 1, and let γ be a d dimensional sub-
manifold of M , which is equal to the holomorphic-transverse intersection of M with
a holomorphic submanifold H of Cn+d, H of complex dimension d (by holomorphic-
transverse we mean that the tangent space of H at the origin generates together with
T c0M the ambient tangent space as a direct sum). Assume that M satisfies the fol-
lowing condition, denoted by (A) : Given any open neighborhoodW of 0 ∈ γ there is
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a holomorphic function F in an open subset of H containing W , such that F (0) 6= 0
and the connected component of 0 in the set {p ∈ W : F (p) 6= 0} has compact
closure contained in W.
Then if f ∈ CR(M) is Lipschitz and vanishes to infinite order on γ, then given any
open neighborhood U of the origin in M there is an open neighborhood V ⊂ U of 0
on which f ≡ 0.

Theorem A.5.17 (Grachev [31]). Let M ⊂ Cn be a smooth generating CR man-
ifold of codimension d < n containing the origin, and let L be a d dimensional
complex plane transverse to T0M ∩ JT0M , and let γ = M ∩ L. If f ∈ CR(M)
and Lipschitz and such that f vanishes to infinite order on γ, which is formulated by
saying that as z approaches γ, we have

|f(z)| ≤ Ck
(

dist(z, γ))k
)
, ∀k ∈ N, (A.33)

then f ≡ 0 in a neighborhood of γ in M.

Hill & Nachinovich [35] prove a unique continuation theorem for CR
functions on abstract weakly pseudoconcave CR manifolds (by abstract is
meant a formally integrable structure (M,L) with Lp ∩ Lp = 0). Regarding
L1-distributions we have the following theorem, see Berhanu & Hounie [17].

Theorem A.5.18. Let L be a locally integrable structure defined on a connected open
set Ω ⊂ Rn. Assume that Ω can be decomposed into Ω = o ∪ Z, where o, is an open
a.e. minimal orbit of L, and Z is a set of zero measure. Then any solution u ∈ L1

loc

of Lu = 0, which vanishes on a set of positive measure, vanishes identically.

Berhanu & Mendoza [18] prove a uniqueness result for distributions in
L1
locCR(N) where N is an immersed CR submanifold.


