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Abstract

This thesis investigates the mechanics in two nanosized system. Paper I investigates
a size effect in a cantilever nanowire affecting its resonance frequency. Paper II re-
veals a threshold field for the formation of a mound by the diffusion of surface atoms
on a substrate under a STM-tip.

Paper I: Using a one dimensional jellium model and standard beam theory we
calculate the spring constant of a vibrating nanowire cantilever. By using the asymp-
totic energy eigenvalues of the standing electron waves over the nanometer sized
cross section area, the change in the grand canonical potential is calculated and hence
the force and the spring constant. As the wire bends, more electron states fits in its
cross section. This has an impact on the spring ”constant” which oscillates slightly
with the bending of the wire. In this way we obtain an amplitude dependent reso-
nance frequency of the oscillations that should be detectable.

Paper II: By applying a voltage pulse to a scanning tunneling microscope tip, the
surface under the tip will be modified. In this paper we have taken a closer look at
the model of electric field induced surface diffusion of adatoms including the van
der Waals force as a contribution in formations of a mound on a surface. The dipole
moment of an adatom is the sum of the surface induced dipole moment (which is
constant) and the dipole moment due to electric field polarisation which depends on
the strength and polarity of the electric field. The electric field is analytically mod-
elled by a point charge over an infinite conducting flat surface. Based on this we
calculate the force that cause adatoms to migrate. The calculated force is small con-
sidering the voltage used, typical 1 pN, but due to thermal vibration adatoms are
hopping about the surface and even a small net force can be significant in the drift of
adatoms. In this way we obtain a novel formula for a polarity dependent threshold
voltage for mound formation on the surface for positive tip. Knowing the voltage of
the pulse, we are then able to calculate the radius of the formed mound. A threshold
electric field for mound formation of about 2 V/nm is calculated. In addition, we
found that van der Waals force is of importance for shorter distances and its contri-
bution to the radial force on the adatoms has to be considered for distances smaller
than 1.5 nm for commonly used voltages.
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Sammanfattning

I denna avhandling undersöker vi mekaniken i två system av nanostorlek. I Artikel I
finner vi en effect av den lilla storleken hos en bladfjäder av nanometerstorlek vilken
påverkar dess egensvängningsfrekvens. I Artilel II finner vi ett tröskelvärde hos det
pålagda elektriska fältet för att det genom diffusion ska bildas en nanometerstor
kulle på substratet under spetsen i ett sveptunnelmikroskop.

Artikel I: Genom att använda en endimensionell fri elektronmodell där vi bortser
från atomstrukturen i metallen och vanlig balkteori beräknar vi fjäderkonstanten
hos en vibrerande nanotråd inspänd i ena änden. Vi använder de asymptotiska
egenvärdena hos de stående elektronvågorna med vilkas hjälp vi beräknar den stor-
kanoniska (dvs med variabelt elektronantal) potentialen hos elektrongasen. Från
denna potential beräknar vi kraften som måste användas för att böja tråden och
därmed fjäderkonstanten. När nanotråden böjs ökar dess tvärsnittyta enligt den
vanliga balkteorin och fler elektrontillstånd passar i ytan. Detta påverkar ”fjäderkon-
stanten” vilken oscillerar något med hur mycket tråden är böjd. På detta sätt erhåller
vi en amplitudberoende egensvängningsfrekvens hos tråden som borde vara mätbar.

Artikel II: Genom att lägga på en spänningspuls mellan spetsen på ett sveptun-
nelmikroskop och substratet under den kan man modifiera substratets yta. I denna
artikel har vi tittat närmare på elektrisk fältinducerad ytdiffusion samt också van der
Waals inducerad diffusion. Dessa två mekanismer kan skapa en liten kulle på sub-
stratet under mikroskopspetsen. Dipolmomentet för en ytadsorberad atom, adatom,
på substratets yta är summan av det ytinducerade dipolmomentet (som är oberoende
av pålaggd spänning) och det elektriskt inducerade dipolmomentet som beror på
styrkan och polariteten hos det pålaggda elektriska fältet. Det elektriska fältet är an-
alytiskt modellerat som fältet av en punktladdning över en oändlig platt elektriskt
ledande yta (substratet). Från detta beräknar vi kraften som leder till att adatomerna
börjar vandra. Den beräknade kraften är liten, typiskt av storleken pN, men tack
vare att adatomerna hoppar omring på substratet på grund av den termiska rörelsen
hos kristallen de sitter på kan även en liten nettokraft leda till en drift av adatomer
på ytan. På detta sätt erhåller vi en ny formel för en polaritetsberoende tröskel-
spänning för bildning av en kulle under mikroskopspetsen för positiv spets. Vi
erhåller även en formel för radien på kullen. Ur modellen kan vi beräkna ett tröskel-
fält på 2 V/nm för att en kulle ska bildas. Om fältet är svagare bildas ingen kulle. Vi
finner vidare att van der Waalskraften mellan en adatom och spetsen måste tas med
i beräkningen för spets-substratavstånd mindre än 1.5 nm.
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Chapter 1

Introduction

The physical backgrounds for the two papers in this thesis is given below. First for
Paper I and then for Paper II.

1.1 Nonharmonic oscillations of nanosized cantilevers

The electrons in a metal can either be bound to individual atoms or be delocalised
and free to move in the entire volume of the metal. These free electrons form the
gas that makes electrical conduction possible in a metal. An electron in motion has
a wavelength associated with it. In a given direction, this wavelength depends on
the electron velocity component in this particular direction. The higher the velocity
of the electron, the shorter the associated wavelength becomes. Because an electron
in a volume is described by standing waves between the walls of the volume, only
wavelength of certain sizes will fit, and hence there is a minimum energy it can have
when it is confined to move between the walls. The smaller the volume, the larger
is the minimum energy. If one dimension is significantly smaller than the other two,
this distance determines the electrons minimum energy.

Electrons have a maximum energy depending on the metal used. This maximum
energy is called the Fermi energy. If we then make a wire of the metal and reduce
its diameter, then the minimum energy of the electrons will increase. When this
minimum energy exceeds the Fermi energy of the metal, the wire will no longer be
able to contain any free electrons. The total energy of all free electrons increases with
their number. If we know the change in energy when we are deforming the wire, we
will be able to calculate the force required and so the spring constant.

Nanoelectromechanical systems (NEMS) are usually still in the macroscopic regime
in the sense that quantum effects do not play a large role. This is due to the smallness
of the quantum energy of a mechanical structure even if it is of nanometer dimen-
sions. For example, ~ω for a cantilever with a large resonance frequency of 1 GHz
will only have an energy of 4 µeV, which is much smaller than the termal energy at
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2 Introduction

normal conditions. The corresponding amplitude A of such quantum oscillations,
given by 1

2kA
2 = ~ω, where k is the transverse spring constant, will be very low and

hard to detect [6].

However, in certain circumstances, quantum size effects are important [7]. For
example, Stafford et al. [8] and others [9, 10, 11], calculate the tensile force in a
nanowire during its elongation. They found jumps in the force corresponding to
different numbers of electron states that fits in the wire cross section when the wire
was stretched. This effect has been measured [12, 13]. The canonical component in
NEMS is the cantilever, which is used in a large number of systems including atomic
force microscopes and cantilever based sensors. It is not obvious that bending a can-
tilever will give the same effect as in the Stafford system where the diameter of the
nanowire could be reduced to a fraction.

Here, we show that quantum size effects should be included for thin cantilevers,
and even if the effect is small; at resonance the effect will be detectable due the the
high accuracy [14] at which frequency of oscillation can be measured: down to tenth
of mHz. We use the same kind of free electron model as in earlier studies to calculate
the spring constant of the cantilever.

1.2 Surface modifications by field induced diffusion

If a voltage is applied between a scanning tunneling microscope tip and a substrate
plane, a mound or a pit will be formed on the plane if the voltage is high enough.
Many explanations of this effect has been proposed. In this paper we explain the
formation of the mound (another explanation for the pit) as a result of electric field
induced diffusion of free surface atoms, so called adatoms, towards the tip forming
the mound under it.

The force that attracts the adatoms are the electrostatic force on a neutral particle
with dipole moment in an inhomogenous (position dependent) electric field. This
force is the same as the one which deflects a thin water ray when holding an electric
charged hair brush close to the ray. This happens because the water molecule has a
dipole moment and the electric field around the hair brush is inhomogenous, that is
the field is stronger near the brush and weaker further away from it. If the adatom or
molecule is free to rotate or the dipole moment is induced by to the electric field, the
dipole force is always attractive. But for the adatoms on the plane substrate surface a
part of the dipole moment is surface induced. This component of the dipole moment
of the atom always points away from the surface that it sits on. The total dipole force
on the adatoms may, in this case, be either attractive or repulsive depending on the
strength of the electric field, that is, on the applied voltage.

A voltage pulse between a scanning tunneling microscope (STM) tip and a sur-
face will modify the surface under the tip creating either a mound or a pit on the
surface, see ref. [15, 16] and Table 1.1. The surface atoms on the tip or sample are
subjected to an electrostatic force and this can lead to two different scenarios: ei-
ther field evaporation [17, 18, 1, 19, 20, 21, 22, 23, 24, 2] or field enhanced diffusion
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[18, 25, 26, 27, 28] of atoms. However, field evaporation as Tsong [18] and others [3]
has pointed out, is less likely compared to diffusion for the low voltages used in the
experiments. In field evaporation an electric field of 20 to 50 V/nm is required [5]
while typical voltages used in these experiments are 1 to 5 V/nm. In field enhanced
diffusion, surface atoms (adatoms) are hopping between equivalent equilibrium po-
sitions due to lattice vibrations [29, 30], and if they possess dipole moments they
may be attracted towards the tip by the inhomogeneous electric field between the
tip and the surface making a mound. At tunneling distances the van der Waals force
is also of importance because it grows as the inverse fourth power of distance [31],
see equation (2.70). However, this contribution has been little discussed in the liter-
ature [4].

The situation is complicated by the proximity between tip and sample, which is
only about one nanometer when tunneling occur, this might lead to the formation
of a neck between tip and sample [32, 33, 19]. At larger distances, however, we can
neglect the neck formation mechanism [2]. The experimental results, summarized
in Table 1.1, seem to be somewhat contradictory but can be understandable if the
complexity of the system is considered: different sets of parameters make different
mechanisms dominate. We have several parameters to take into consideration: 1)
tip-to-surface distance, 2) tip radius, 3) applied voltage polarity and magnitude and
4) material in the tip and sample. The phase diagram in fig 1.1 is a schematic of the
formation of mounds and pits using the tip-surface distance and the voltage as pa-
rameters. It is mainly constructed using ref. [1, 2] and ref. [3]. A positive tip results
in a mound, area A in the phase diagram of fig 1.1. A negative tip results in a mound
if the tip-to-surface distance is small, area B, but results in a pit for larger distance,
area C. This diagram is consistent with the references in Table 1.1, except for ref. [23].
However, that it is possible to transport positive as well as negative ions may likely
explain this disagreement. Negative ions are transported from negative to positive
electrode and vice versa [18].

In area A, with positive tip, we obtain a mound, made up of sample material most
likely created by field enhanced surface diffusion of adatoms. The mounds created
using positive tip are unstable, lasting only an hour in the experiment of ref. [1].
Mayer et al. [26] made a computer simulation of such a field enhanced diffusion of
adatoms under an STM tip. Based on our model (see below) on electric field induced
diffusion, we can calculate the threshold electric field for mound formation for area
A: inserting equation (2.65) for the threshold voltage U0 into equation (2.58) for the
electric field E yields the threshold field for mound formation E0 = µ/α ≈ 2 V/nm.

In area B, at short distances and negative tip voltage, mounds made of tip materi-
als are formed as found by Hsiao et al [1]. The transport of tip material is due to field
enhanced diffusion on the tip toward the gap, leading to a neck formation, which
results in a mound when retracting the tip [1]. If the voltage applied is increased
high enough, field evaporation of tip material will occur instead [1].

In area C, the experiments by Kondo et al. [3, 34], show a strong correlation be-
tween the threshold voltage for pit formation and the binding energy for ten different
materials: for example Au with a binding energy of 3.8 eV, has a threshold voltage of
U = 3.5 V, while W with a binding energy of 8.8 eV has U = 8.7 V. Their explanation
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for this mechanism is sublimation induced by tunneling electrons.

In area D, for short distances and low electric fields, Erts et al. [4] measured the
force between a gold coated atomic force microscope (AFM) tip and a gold tip us-
ing an AFM cantilever placed inside a transmission electron microscope (TEM). In
this way, they were able to image the system while manipulating it. They found an
anomalous high value of the jump-to-contact distance indicating a larger force than
expected from the distance between the tips using the van der Waals force. Closer
inspection revealed a thin neck formed between the tip and sample. Their interpreta-
tion was that the van der Waals force caused field induced surface diffusion leading
to a shorter gap which in turn increased the van der Waals force, and this avalanche
of adatoms quickly formed the neck.

In this paper, we describe a field enhanced surface diffusion model (area A) and
also a model for short distances and low electric fields where van der Waals forces
are contributing (area D). We develop a simple analytical model to calculate the static
electric forces from the tip governing the motion of the adatoms. We extend the
model of Mayer et al. [26] by including the surface induced dipole moment intro-
ducing a force on the adatoms, which depend on the polarity of the applied voltage
between the tip and the surface. We find a novel formula for the threshold voltage
for mound formation for positive tip, and also that there is a relation between the
mound radius and the applied voltage. In addition we include the van der Waals
force described in ref [4, 31]. We find that its contribution to the radial force on the
adatoms is small for distances larger than 1.5 nm for commonly used voltages.

Table 1.1: Mound or pit formation for different tip and surface materials and tip polarity.
Reference Tip Surface Negative tip Positive tip
Mamin (1990)[17] Au Au Mound Mound
Hsiao (1994)[1] Au or Cu Si Au or Cu mound1 Non-metal mound
Bessho (1994)[22] PtIr Au Pit Mound
Mascher (1994) [21] Au Au Pit2 Mound2

Chang (1995)[33] Au, W, PtIr Au Mound, Crater3 Mound, Crater3

Kondo (1995)[3] W or Pt Various4 Pit -
Ohi (1995)[2] Au Au Pit, Mound5 Mound
Hu (1998) [20] Al Si Mound Mound
Mayer (1999)[26] W Au Mound -
Zhang (2001)[19] Au Au Mound, Crater Mound, Crater
Park (2002)[23] Al Si Erasure of mound Enlarged mound
Park (2002)[23] Au Si Enlarged mound Erasure of mound
Fujita (2003)[24] Ag Si Mound Mound

Note 1: Element determination by scanning Auger microprobe spectra.
Note 2: For triangular voltage pulse. Rectangular pulse used elsewhere.
Note 3: Nonconducting liquid between tip and surface.
Note 4: Au, Ag, In, Si, Pt, W, C, SiO2, MoS2 or Bi2Sr3CaCu2Ox

Note 5: Pit created at larger tip-surface distance, mound at smaller.
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D

Figure 1.1: Phase diagram showing STM induced surface modifications at different tip voltage
U and different tip-to-surface distance D mainly constructed using ref. [1, 2] and ref. [3].
In drawing the lines for mound formation, we have assumed that it is the electric field E =

U/D which decides if a particular kind of mound will be formed. Mounds will form at positive
voltages, area A. Based on our model assuming field induced diffusion of adatoms we are able
to calculate the threshold electric field for mound formation for area A to E0 = µ/α ≈ 2 V/nm.
In area B we have transfer of tip materials to the surface making a mound of tip material on the
surface. For pits, area C, we have assumed that they are formed at constant U independently
of the tip-to-surface distance D in agreement with Kondo et al. [3]. At short distances and low
electric fields, area D, the van der Waals force will contribute in creating a mound [4]. Close to
the U-axis (not shown) at electrical fields above 20 to 50 V/nm field evaporation will occur [5].
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Chapter 2

Theory

Because neither Paper I nor Paper II involves any experiments this thesis is mainly
theoretical.

2.1 Nonharmonic oscillations of nanosized cantilevers

In Paper I we apply a perpendicular force at the end of a nanowire cantilever, causing
it to bend down a distance Z at the free end. Because the cross section is small, about
1 to 10 nm, but the wire may be at least ten times its diameter in length, we use the
one dimensional free electron model. We have

Ntot =
∑
n

∫ L

0

∫ ∞
En

g (E − En) f (E) dE dx, (2.1)

Etot =
∑
n

∫ L

0

∫ ∞
En

g (E − En) f (E)E dE dx, (2.2)

where En is the energy of the n:th energy level for waves that fits the cross section,
Ntot is the total number of free electrons in the wire and Etot is their total energy. L
is the wire length. g (E) is the one dimensional density of states given by ref. [11]:

g (E) =

√
2m
π2~2

1√
E
. (2.3)

f (E) is the Fermi-Dirac distribution function:

f (E) =
1

e(E−µ)/kBT + 1
. (2.4)

We have at finite temperature T the grand canonical potential of the electron gas

Ω (µ, T, Z) = Etot (Ntot, Stot, Z)− µNtot − TStot, (2.5)

7
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using Legendre transforms [35] of the energy to get Ω were Stot is the entropy of the
electron gas. We have for the electron gas the heat capacity Cv [36]

Cv =
π2

2
NtotkB

T

TF
, (2.6)

where EF = kBTF . By using dStot = dQ/T = CvdT/T and integrating we obtain

Stot =
π2

2
NtotkB

T

TF
, (2.7)

so using µ ≈ EF at room temperature we find

TStot = µNtot
π2

2

(
T

TF

)2

. (2.8)

Because T/TF ≈ 1/100 at room temperature, the contribution from the entropy term
TStot to Ω may be neglected and we obtain using (2.5) the grand canonical potential
given by [8, 11] for the T = 0 case

Ω = −
∑
n

∫ L

0

4
3

√
2m
π2~2

(EF − En (x))3/2 dx, (2.9)

where L is the length of the wire. This equation is the starting point of Paper I. We
then need an expression for the energy eigenvalues En (x) of the waves that fits the
cross section. For a wire with quadratic cross section we have

En =
~2π2

2md2
0

(n2
1 + n2

2), (2.10)

where n1 and n2 is the quantum numbers = 1, 2, 3, . . . . d0 is the side in the square
and m is the electron mass. The degeneration is twofold (not counting spin) unless
n1 = n2. We bend a nanowire which initially has a square cross section. This leads
to the deformation of the nanowire cantilever cross section as shown in fig 2.1.

To calculate Ω we must sum over all energy levels, from the ground level up to
just below the Fermi level EF . The dependency of the two quantum numbers are
somewhat complicated because their sum n2

1 + n2
2 is restricted so that the energy of

the wave is not exceeding EF . Also, after its deformation due to the wire bending,
the shape of the cross section is no longer square. To be able to proceed analytically
we use the formula for the asymptotic eigenenergies for high eigenvalues of confined
waves on a two-dimensional flat surface of area S, which may have any shape. We
have [37]

En (x) =
~2

2m
4π
S (x)

n, (2.11)

where n is now the only ”quantum number” in this approximation. The higher n
becomes, the better the approximation. The number of energy levels below the Fermi
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Figure 2.1: A cross section S of the cantilever before and after a perpendicular force is applied
on the wire’s end. Inset: Side view and top view of the cantilever nanowire. The expansions
and contractions of the cross sections are larger nearer the fixed end if the cross section is
allowed to contract and expand freely.

level is dependent of d0. Using Eq. (2.11), for gold we have 11 energy levels (with
one electron each, not counting spin) below EF at d0 = 1 nm and 183 levels below
EF at d0 = 4 nm. Using Eq. (2.10) and the program in the appendix, we instead
obtain 8 and 172 electrons respectively. S (x) is given in Paper I by

S (x) = d2
0

(
1 +

9ν2d2
0 (L− x)2 Z2

8L6

)
, (2.12)

where ν is the Poisson’s ratio of the metal in the wire. S thus varies along the wire: if
the cross section is allowed to expand and contract freely, the most deformed part of
the cross section is closer to the fixed end at x = 0. At the free tip at x = L it assumes
its undeformed value S = d2

0. Calculating, this leads to a bending dependent spring
constant given by

k =
N∑
n=1

√
EF −

E0n

1 + 9ν2d2
0Z

2

8L4

√
2m
π2~2nE0

6d2
0ν

2

4L3[
1 + 9ν2d2

0Z
2

8L4

]2 , (2.13)

using E0 = 2π~2/(md2
0) and

N =
EF
E0

(
1 +

9ν2d2
0Z

2

8L4

)
. (2.14)
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Figure 2.2: Example of spring constant k variation as a function of bending Z′ =

3νd0Z/(
√

8L2) obtained from an equation (2.13) or (2.15). The three curves show the shapes
of the curve obtained for EF /E0 below, at and above an integer. We see that (2.13) is inde-
pendent of the sign of Z as is to be expected by symmetry so the k-axis always intersects the
curve at a local maxima or minima. For small Z we have approximately k = k0 +K × Z2 for
the upper and lower curve. For the middle curve we have approximately k = k0 + const×|Z|.

To illustrate the changes in equation (2.13) with different values of N = EF /E0 we
made plots. The function to be plotted is

k′ (Z) =
N(1+CZ2)∑

n=1

√
N − n

1 + CZ2
× n

(1 + CZ2)2
, (2.15)

where C = 9ν2d2
0/(8L

4), which has the same type of dependency on n and Z as
equation (2.13) has. Then we obtain curves as in fig 2.2. For small bending Z, (2.15)
becomes

k′ (Z) =
N∑
n=1

n
√
N − n + CZ2

N∑
n=1

(
5n2 − 4Nn
2
√
N − n

)
+ . . . . (2.16)

Because of the weak non-linearity the resonance frequency of the oscillation is shifted

from ω0 to
√
ω2

0 + 3
4βA

2 , see ref. [38]. A shift in the amplitude maximum is obtained,
towards a higher frequency for positive β and towards a lower frequency for nega-
tive β as shown in fig 2.3. For small Z we have that k = k0 + K × Z2 except for the
case when N = integer.
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Figure 2.3: The amplitude response of a driven, weakly nonlinear harmonic oscillator. β = 0

corresponds to the harmonic case where the resonance frequency is ω0. The resonance
frequency is shifted towards higher values for positive β and towards lower values for negative

β, from ω0 to
q
ω2

0 + 3
4
βA2.

The constant K may be positiv as in the upper curve in fig 2.2, or negative as
in the lower curve. The middle curve corresponds to N = integer where we have
k = k0 + const×|Z|. We may then rewrite the harmonic equation with a bending
dependent spring constant. The Duffing equation reads

d2Z

dt2
+ ω2

0Z + βZ3 + 2γ
dZ

dt
= F sin (ωt) , (2.17)

where ω2
0 = k0/M and the effective mass M is about 0.24 of the cantilever mass for

an evenly thick cantilever, see [39, 40]. Calculating f0 and ∆f in the table in Paper I
we approximated M with the cantilever mass. The amplitude A and phase φ of the
stationary solution to the linear (β = 0) differential equation is given by

A =
F√

(ω2
0 − ω2)2 + (2ωγ)2

, (2.18)

tanφ = − 2ωγ
ω2

0 − ω2
. (2.19)
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Figure 2.4: β/(Cω2
0) as a function of N = EF /E0 obtained from equation (2.20). C =

9ν2d2
0/(8L

4). We note the singularities at integer numbers, corresponding to when we have
k = k0 + const×|Z| instead of k = k0 + const×Z2 which is the normal behaviour near Z = 0.

From (2.17) and (2.16) we are able to calculate β/(Cω2
0) in equation (2.16). This yields

ξ =
β

Cω2
0

=

∑N
n=1

(
5n2−4Nn
2
√
N−n

)
∑N
n=1 n

√
N − n

, (2.20)

A plot of equation (2.20) is shown in fig 2.4. Because of the weak non-linearity, the

resonance frequency is shifted from ω0 to
√
ω2

0 + 3
4βA

2. Using (2.20) we can replace
β with ξCω2

0 . From this, we obtain the relative frequency shift at amplitude A:

∆f
f0

≈ 27
64
ξν2

(
d0

L

)2(
A

L

)2

. (2.21)

Using equation (2.15) for Z = 0 and replacing the sum by an integral we found

N∑
n=1

n
√
N − n ≈ 4

15

(
N5/2 −N

)
. (2.22)

The spring constant k and hence Young’s modules E in our model is proportional to
this sum yielding a size effect loweringE for small cantilevers. E is found to have the
ability to increase as well as decrease with diameter depending on the temperature
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[41]. Setting the sum equal to zero using N = EF /E0 and E0 = 2π~2/(md2
0) we find

using D0 = d0(E = 0)

D0 =

√
2π~2

mEF
. (2.23)

For wires with diameter less than this the Young’s modulus is zero in the model. For
gold we obtain from this formula D0 = 0.3 nm. We then obtain the spring constant
of the unbent wire including the size effect as

k0 =
√

2ν2

5π2

√
d2
0m

3E5
F

~6

(
d0

L

)3(
1− D3

0

d3
0

)
. (2.24)

We see that if ν = 0 this formula yields k0 = 0. This because of that the cross
sectional area then does not change when the wire bends. A beam of length L with a
perpendicular force F applied at the end bends the distance Z:

Z =
FbendL

3

3EbendI
=

k0ZL
3

3EbendI
, (2.25)

where Ebend is the Young’s modulus for the cantilever and I is the moment of inertia
of the beams cross section. I = d4

0/12 for a beam of square cross section. F = k0Z,
and k is in turn the transverse spring constant of the wire. Equation (2.24) and (2.25)
yields an expression for Ebend:

Ebend =
4
√

2ν2

5π2

√
m3E5

F

~6

(
1− D3

0

d3
0

)
. (2.26)

This formula yields a value of Young’s modulus for a cantilever wire which may
differ from the value obtained by pulling the wire due to the different mechanisms
that changes the cross sectional area. Because D0 is very small, the size effect may be
neglected for most nanowires.

Blom et al. [11] calculated the force using a free electron model when pulling out
a wire with the same cross sectional area along the wire using Poisson’s ratio ν = 1

2 .
For such a wire but with an arbitrary ν we have the volume V at length L (and cross
sectional area S) starting from the volume V0 at length L0 (and area S0):

V = V0

(
L

L0

)1−2ν

. (2.27)

To obtain this we have used V/V0 = LxLyLz/(Lx0Ly0Lx0) and taking the logarithm.
Using the strain ε = ln(L/L0) for every component and εx = εy = −νεz we obtain
(2.27). Starting from equation (2.9) using F = ∂Ω/∂L and performing the calcula-
tions in Blom et al. for an arbitrary ν we find (for voltage U = 0 over the wire, see
ref. [42] when U is not zero)

Fpull = −
N∑
n=1

√
2m
π2~2

(
4
3

(EF − En)3/2 − 4νEn
√
EF − En

)
, (2.28)
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Table 2.1: Poisson’s ratio ν, Fermi energy EF and calculated Young’s modulus for different
metals. Using ν and EF in the table, we calculate using the free electron model Young’s mod-
ulus when pulling the wire Epull and Ebend when bending the cantilever wire, from equations
(2.33) and (2.26) respectively. Free electron bulk values Ebulk from equation (2.35).

ν EF (eV) Epull (GPa) Ebend (GPa) Ebulk (GPa)
Ag 0.37 [43] 5.48 [44] 3.94 8.41 26.6
Al 0.35 [43] 11.6 [44] 28.0 49.1 200
Au 0.44 [43] 5.51[44] 2.20 12.1 12.5
Be 0.032 [43] 14.3 [36] 13.5 0.692 1054
Bi 0.33 [43] 1.58 [36] 0.205 0.299 1.56
Ca 0.31 [43] 4.68 [44] 3.25 3.98 26.2
Cd 0.30 [43] 7.46 [44] 10.7 12.0 88.9
Cu 0.34 [43] 7.00 [44] 8.22 13.1 60.4
Fe 0.29 [43] 11.1 [36] 29.2 30.2 251
Mg 0.29 [43] 7.13 [44] 9.64 9.98 83.1
Nb 0.40 [43] 5.32 [36] 1.83 9.13 19.0
Pb 0.44 [43] 9.37 [44] 8.27 45.5 47.0
Sn 0.36 [43] 10.0 [44] 18.6 35.8 129
Sr 0.28 [43] 3.95 [44] 2.23 2.13 19.9
Tl 0.45 [43] 8.15 [36] 4.98 33.6 27.7
Zn 0.25 [43] 9.39 [44] 19.7 14.8 197

where we have used the asymptotic energy eigenvalues

En =
~2

2m
4π
S
n =

~2

2m
4π
S0

(
L

L0

)2ν

n. (2.29)

Replacing the sums in (2.28) by integrals for not too small N we find

Fpull = − 4
√

2
15π2

S0

(
L0

L

)2ν

(1− 2ν)

√
m3E5

F

~6
. (2.30)

We see that Fpull decreases when L increases. The strain ε = ln(L/L0) yields

L = L0e
ε ≈ L0e

∆L
L0 ≈ L0

(
1 +

∆L
L0

)
, (2.31)

for small strain. We have σ = Epullε and Fpull = σS, so for a small ∆L

Fpull ≈ F0 + EpullS0
∆L
L0

. (2.32)

Using (2.30) and (2.32) we identify the Young’s modulus for the Blom wire

Epull = 2ν
4
√

2
15π2

(1− 2ν)

√
m3E5

F

~6
. (2.33)

Comparing (2.26) with (2.33) we see that the dependency on EF are the same in
the two formulas but the dependency on Poisson’s number ν are different. In the
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cantilever case Young’s module increases as ν2, but in the elongation due to pulling
case Young’s modulus is proportional to ν (1− 2ν). Dividing (2.26) with (2.33) we
have

Ebend
Epull

=
3ν

2 (1− 2ν)
. (2.34)

When deriving the results (2.24) and (2.26) we neglected the axial elongation of
the wire due to bending (∂L/∂Z = 0) as one usually do in beam theory. Macroscopi-
cally we have Epull = Ebend. For metal in bulk we have the well known free electron
bulk modulus B, see ref. [36, 44]. We then obtain

Ebulk =
4
√

2
3π2

(1− 2ν)

√
m3E5

F

~6
, (2.35)

using Ebulk = 3B (1− 2ν), see ref. [45]. Note the large differences in E for beryllium
(Be) in Tab 2.1 due to the metal’s low Poisson’s ratio ν = 0.032.

What is the effect of a finite temperature? From equation (2.5) we have

Ω (µ, T, Z) = Etot (Ntot, Stot, Z)− µNtot − TStot, (2.36)

Neglecting the entrophy term TStot and approximating the chemical potential µ ≈
EF at room temperature and inserting

Ntot =
∑
n

∫ L

0

∫ ∞
En

g(E − En)f(E) dE dx, (2.37)

Etot =
∑
n

∫ L

0

∫ ∞
En

g(E − En)f(E)E dE dx, (2.38)

into (2.36) where g(E) is the one dimensional density of states, f(E) is the Fermi-
Dirac distribution function and En is the energy of the state n that fits the cross
section, we obtain an expression for Ω (µ, T, Z). Using F = −∂Ω/∂Z = kZ and
equation (2.13) we argue that the generalised expression for the spring constant k
valid for any temperature should be given by

k =
N ′∑
n=1


√

2m
π2~2nE0

6d2
0ν

2

4L3[
1 + 9ν2d2

0Z
2

8L4

]2 ×

×
∫ Ecut

E′n

1/2√
E − E0n

1+
9ν2d2

0Z
2

8L4

dE(
e

(E−µ)
kBT + 1

)
 , (2.39)

where

N ′ =
Ecut
E0

(
1 +

9ν2d2
0Z

2

8L4

)
, (2.40)

E′n =
E0n(

1 + 9ν2d2
0Z

2

8L4

) , (2.41)
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Figure 2.5: Example of spring constant as a function of different bending Z′ = 3νd0Z/(
√

8L2)

for four different temperatures using equation (2.39). Curve a: kBT = 0.0001 eV, curve b: kBT
= 0.01 eV, curve c: kBT = 0.025 eV (room temperature) and curve d: kBT = 0.05 eV. The
plot is made using µ = 2.9 eV, E0 = 0.47 eV (i.e. d0 = 1 nm) and the upper energy limit
of integration is taken to be Ecut = 5.0 eV. Increasing Ecut to 7.0 yields no visible change
in the curves. For Ecut > µ the contribution to the expression decreases rapidly due to the
Fermi-Dirac distribution function.

and the upper integration limit Ecut → ∞. Equation (2.39) reduces to (2.13) when
T → 0. A plot of equation (2.39) for different temperature is shown in fig 2.5. Due
to the finite temperature, more states becomes available for the electrons from EF
up to about EF + kBT ; decreasing the number of available states between EF and
about EF − kBT . This effect tends to make the transition at integer numbers in
fig 2.4 (where a new energy level is added) less sharp, smoothing the spikes in ξ =
β/(Cω2

0). Fig 2.5 demonstrates that at room temperature the curve follows the zero
temperature curve well, except around the minima where a new state is added due
to bending. Here the room temperature curves are smoothed. The condition that
temperature is not important other than when N is close to being an integer must be
that kBT � E0 where E0 is the difference in energy between two energy levels. We
obtain this condition as

kBT

E0
=

kBTmd
2
0

2π~2
� 1. (2.42)

Room temperature corresponds to kBT/E0 = 5.3 % in fig 2.5. This means that even
for a diameter of 1 nm the system needs to be cooled [46] if one wants to use the zero
temperature result. See fig 2.5 for different temperatures.
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Frequency can be be measured at great accuracy [14]. It is even possible to ac-
curately measure the position of a nanowire [47]. To measure the resonance fre-
quency, different methods can be used. One method is applying an alternating volt-
age between the nanowire cantilever and an electrode [48]. By applying a constant
voltage over the nanowire-electrode system, wire self-oscillations may occur. This
self-oscillation can be understood in terms of position dependent capacitance and
variation in the field emission current due to change in electrode gap in a feedback
loop [49]. In a piezoelectric nanowire, an electric field is created across the cross sec-
tion when bent [50]. This field affects the electron waves fitting the cross section and
may change the energy levels. However, in our case we assume there is a metal in
the nanowire so this effect can be neglected here.

When calculating the frequency of oscillation of the cantilever above we assume
quasi-static condition i.e. that the oscillation is so slow so that we can use the time-
independent Schrödinger equation to calculate the spring ”constant”. The time-
dependent Schrödinger equation reads

− ~2

2m
∇2Ψ(r, t) + V (r)Ψ(r, t) = i~

∂Ψ(r, t)
∂t

, (2.43)

Assuming Ψ(r, t) = Ψ(r)A(t) we obtain

− 1
Ψ(r)

~2

2m
∇2Ψ(r) + V (r) = i~

1
A(t)

∂A(t)
∂t

= const. = E. (2.44)

From this we find A(t) = A0 exp(−iEt/~) where A0 is a constant. This time de-
pendency does not imply any time varying probability density because |Ψ(r, t)|2 =
Ψ(r)∗Ψ(r)|A0|2 exp(−iEt/~) exp(+iEt/~) =|A0|2Ψ(r)∗Ψ(r). But if we have an elec-
tron that is in the superposition of two states a and b we have

Ψab(r, t) = ca exp(−iEat/~)Ψa(r) + cb exp(−iEbt/~)Ψb(r). (2.45)

This means that the probability density distribution in this case is time-varying:

|Ψab(r, t)|2 = |ca|2|Ψa(r)|2+|cb|2|Ψb(r)|2

+ 2|c∗aΨa(r)∗cbΨb(r)| cos(E0t/~− θab), (2.46)

where E0 = Ea − Eb and θab = arg(caΨa(r)c∗bΨb(r)∗) see ref. [51]. The probability
density in the cross section oscillates with the frequency

ωlimit =
E0

~
, (2.47)

and using E0 = 2π~2/(md2
0) and ω = 2πf we obtain

flimit =
~

md2
0

. (2.48)

To be able to use the quasi-static approximation, the frequency f of oscillation of
the cantilever must be much smaller than flimit. The frequency of oscillation of the
wires in the table in Paper I is typically about 100 MHz. Using the largest wire in the
table in Paper I, d0 = 4 nm, we obtain flimit of about 10 THz, that is, the quasi-static
approximation is good and the time-independent Schrödinger equation can be used.
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2.2 Surface modifications by field induced diffusion

In this section we will calculate the static electric dipole force on an adatom when
a voltage is applied between the tip and the surface. To obtain a simple model we
approximate the field as given by a point charge q located at a distance d over an
infinite flat conducting surface. The midpoint of the adatom is located at the distance
z over the surface, see fig 2.6. The potential Φ at a point is then given by

Φ =
q

4πεr1
+
−q

4πεr2
, (2.49)

where we have r1 =
√

(d− z)2 + r2 and r2 =
√

(d+ z)2 + r2. The first term is the
potential from the charge q and the second term is the potential from the mirror of
the charge q in the conducting surface. ε = εrε0 is the permitivity of the medium
between the charge and the surface. To obtain a useful model we must find an ex-
pression for the charge q as a function of the applied voltage U between the tip and
the conducting surface. On the line connecting the charge q and its mirror −q (i.e.
r = 0) we have at the distance r1 from q:

Φ(r1) =
q

4πεr1
+

−q
4πε(2d− r1)

. (2.50)

Equation (2.50) demonstrates that if r1 = d, that is we are in the surface, we have
Φ(d) = 0. The voltage between the tip apex, at a distance R from q, and the surface
is then given by U = Φ(R)− Φ(d). So

q

4πε
=

U

2D
(
R2 + 2DR

)
, (2.51)

using d = D + R. As a model, it is assumed that the equivalent charge q is fixed at
the center of curvature of the tip independent of the tip-to-surface distance D. This
is only approximately true but leads to equation (2.58) that is true both in the limit
of D � R where we obtain E = U/D and in the limit R � D where we obtain
E ≈ 0. We are now able to calculate q if we know U , D and R. Ez = −∂Φ/∂z and
Er = −∂Φ/∂r yields

Ez = −q(d− z)
4πεr31

− q(d+ z)
4πεr32

, (2.52)

Er =
qr

4πεr31
− qr

4πεr32
, (2.53)

Eφ = 0. (2.54)

It is interesting to study the field close to the surface, that is when z � D (implying
z � d). To do so we expand equation (2.52) and (2.53) in Taylor series around z = 0.
We then obtain

Ez ≈ − q

4πε

[
2d

(d2 + r2)3/2
+

15d3z2

(d2 + r2)7/2

]
, (2.55)

Er ≈ 6qdr
4πε(d2 + r2)5/2

z. (2.56)
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At r = 0 we have Er = 0 because on the surface right under the charge by symmetry
the only field component that exists is Ez . E =

√
E2
z + E2

r . Dividing equation (2.56)
with (2.55) neglecting the z2 - term in (2.55) we obtain

Er
Ez

≈ − 3rz
d2 + r2

. (2.57)

Because r may be of about the same order as d and because we in the Taylor expan-
sion have assumed that z � d, this quota is small compared to unity. Thus we may
neglect Er compared with Ez when calculating E. Using equation (2.51) in equa-
tion (2.55) for the z-component of the electrostatic field we then obtain in the surface
(where z = 0) using E ≈| Ez | the electric field:

E ≈
(

1− D2

d2

)
U/D(

1 + r2

d2

)3/2 . (2.58)

The dipole moment p for an adatom in an electric field E is given by Tsong and
Kellogg [30]:

p = µ+ αE +
1
6
γE

3
+ · · · , (2.59)

where µ is the surface-induced dipole moment of the adatom, α is its polarizability
and γ is its hyperpolarizability. µ always points away from the surface that it sits on,
see ref. [52, 53], so µ is always positive in our calculations regardless of the polarity
of the voltage U . We have for the z− and r−components of the dipole moment p,
neglecting the hyperpolarizability term:

pz = µ+ αEz, pr = αEr, (2.60)

where µ is positive. pz and pr may therefore be positive or negative. The force on a
dipole in an electric field is

F = (p · 5)E. (2.61)

Using equation (2.51), (2.60) and (2.55) - (2.56) and their derivatives into equation
(2.61) we obtain to order z

Fz ≈ α

[
U

2D
(
R2 + 2DR

)]2 60d4 + 36d2r2

(d2 + r2)5
z

− µ

[
U

2D
(
R2 + 2DR

)] 30d3

(d2 + r2)7/2
z, (2.62)

Fr ≈ −α
[
U

2D
(
R2 + 2DR

)]2 12d2r

(d2 + r2)4

+ µ

[
U

2D
(
R2 + 2DR

)] 6dr
(d2 + r2)5/2

. (2.63)

where z is the height over the surface for the center of the adatom, about one adatom
radius. The distance z only affects Fz , not Fr, as can be seen in equations (2.62)
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Figure 2.6: Adatoms with dipole moments on the surface for U > U0. The dipole moment
p = µ + αE are tending to align to the strong field inside r0 on the surface and points away
from the surface outside r0 where the field is weaker, see equation (2.60). The radial force on
the dipole on the surface is due to this effect, attractive inside r0 and repulsive outside, tending
to create a mound made of surface material with maximum radius r0.

and (2.63). We are now able to calculate the electrostatic forces on the adatom on
the surface under the tip. The calculation above is valid for the first step in the
mound formation where the surface still may be considered as flat. Setting Fr = 0 in
equation (2.63) then yields

r0 = (D +R)

√(
U

U0

)2/3

− 1, (2.64)

where

U0 =
µD(D +R)2

αR(2D +R)
. (2.65)

Inserting equation (2.65) for the threshold voltage U0 into equation (2.58) for the
electric field E, yields for r = 0 (a small mound with radius zero is barely formed
according to the definition of threshold voltage, equation (2.64)) the threshold field
for mound formation E0 = µ/α ≈ 2 V/nm.
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Figure 2.7: Calculation of van der Waals force on an adatom by a massive paraboloid tip with
radius of curvature R at the apex. For a adatom sitting off-axis on the surface the distance to
the tip is Dθ. The letters denoting distances, D, `,Dθ, s and R are placed at the midpoint of
the distances they represent.

In this section we will calculate the van der Waals interaction energy of an adatom
with a parabolic tip, representing an STM tip, and thereafter the force. The (non
retarded) van der Waals interaction energy between two atoms at distance s from
each other is given by [31, 44]

W (s) = −C
s6
. (2.66)

Following Israelachvili [31] we have for a ring-shaped element in the tip around the
z-axis at radius r the volume dV = 2πrdrdz, see fig 2.7. The number of atoms in the
ring is then dN = 2πrρdrdz where ρ is the number density of the tip material. The
interaction energy between the ring and an adatom on the surface at r = z = 0 is
then

dW = − 2πCρr
(r2 + z2)3

drdz, (2.67)

using s2 = r2+z2. If the ring is a segment in a parabolic tip given by r =
√

2R(z −D)
with apex at z = D and extending into infinity, the interaction energy for the adatom
at r = z = 0 with the tip is

W = −
∫ z=∞

z=D

∫ r=
√

2R(z−D)

r=0

2πCρr
(r2 + z2)3

drdz. (2.68)
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Integrating we obtain

W = −πCρ
6D3

[
1− 3Dd

2B
− 3D3

4B3/2
ln

(
d−
√
B

d+
√
B

)]
, (2.69)

where d = D + R and B = d2 − D2. A plot of W as a function of R shows that
it varies monotonically from W = 0 at R = 0 to W = −πCρ/(6D3) as R → ∞.
The force on the adatom right under the tip is then F = ∂W/∂D, so that the force is
directed towards the tip. Using this equation (2.69) yields

F =
πCρ

2D4

[
1− 3Dd

2B
+
DR(2D2 + d2)

2B2

− 3D3

4B3/2

(
1− Rd

B

)
ln

(
d−
√
B

d+
√
B

)]
=

=
πCρ

2D4
ξ (D,R) . (2.70)

This equation can be used to calculate the van der Waals force on a adatom right
under the tip. Plotting ξ in equation (2.70) as a function of D shows that it decreases
monotonically from ξ = 1 at D = 0 towards zero as D approaches infinity. A plot of
ξ as a function of R yields ξ = 0 at R = 0 and then increases monotonically towards
ξ = 1 as R approaches infinity.

We now consider the van der Waals forces on the adatom when it is located on
a conducting surface under the tip. The van der Waals force on an adatom by the
surface is always perpendicular to the surface balancing the z-component of the force
from the tip. To see how the adatom is moving it is consequently more interesting
to study the r-component. If we have the force F (Dθ) directed towards the center
of the sphere approximating the parabolic tip, the force components on an adatom
sitting off-axis on the surface are

Fz = F (Dθ) cos(θ) = F (Dθ)
d√

d2 + r2
, (2.71)

Fr = −F (Dθ) sin(θ) = −F (Dθ)
r√

d2 + r2
, (2.72)

where θ is the off-axis angle counted from the center of the sphere, see fig 2.7. F (Dθ)
is obtained from equation (2.70) by replacingD with the expressionDθ =

√
d2 + r2−

R. This is the radial distance `− R from the tip to the surface for an off-axis angle if
the tip is approximately considered spherical seen from a point on the surface.



Chapter 3

Conclusions

In this thesis we have investigate the mechanics of two nanosized systems and we
have found interesting effects. The conclusions from the two papers on which this
thesis is based is given below.

Paper I: Using a one dimensional jellium model and standard beam theory we
calculate the spring constant of a vibrating nanowire cantilever. By using the asymp-
totic energy eigenvalues of the standing electron waves over the nanometer sized
cross section area, the change in the grand canonical potential is calculated and
hence the force and the spring constant. As the wire is bent more electron states
fit in its cross section. This has an impact on the spring ”constant” which oscillates
slightly with the bending of the wire. In this way we obtain an amplitude dependent
resonance frequency of the oscillations that should be detectable. Because the weak
non-linearity the resonance frequency becomes amplitude dependent. We obtain the
relative frequency shift

∆f
f0

≈ 27
64
ξν2

(
d0

L

)2(
A

L

)2

, (3.1)

where A is the amplitude of the oscillation, d0 is the side in the square cross-section
area, L is the wires length and ν is the Poisson’s ratio. ξ is given by

ξ =

∑N
n=1

(
5n2−4Nn
2
√
N−n

)
∑N
n=1 n

√
N − n

, (3.2)

see fig 2.4. Here N = EF /E0 where EF is the Fermi energy of the metal in the
nanowire and E0 = 2π~2/(md2

0) is the energy difference between two levels for an
electron with mass m.

Paper II: By applying a voltage puls U to a scanning tunneling microscope tip the
surface under the tip will be modified. We have in this paper taken a closer look at
the model of electric field induced surface diffusion of adatoms including the van
der Waals force as a contribution in formations of a mound on a surface. The dipole

23
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Figure 3.1: Radial dipole force on an adatom obtained from equation (2.63) using D = 1.5 nm
and R = 3.0 nm and our values of µ and α for two different voltages U , one above and one
below U0 = 3.7 V. The van der Waals force has been calculated using equation (2.72) and
plotted in the figure using D = 1.5 nm. For D < 1.5 nm the van der Waals force becomes
important for the radial force on the adatoms.

moment of an adatom is the sum of the surface induced dipole moment µ (which is
constant) and the dipole moment due to electric field polarisation α which depends
on the strength and polarity of the electric field. The electric field is analytically
modelled by a point charge over an infinite conducting flat surface. From this we
calculate the force that causes adatoms to migrate. The calculated force is small for
voltage commonly used, typical 1 pN, but due to thermal vibration adatoms are
hopping on the surface and even a small net force can be significant in the drift of
adatoms. In this way we obtain a novel formula for a polarity dependent threshold
voltage U0 for mound formation on the surface for positive tip. Knowing the voltage
of the pulse we are then able to calculate the radius r0 of the formed mound. We
obtain

r0 = (D +R)

√(
U

U0

)2/3

− 1, (3.3)

where

U0 =
µD(D +R)2

αR(2D +R)
. (3.4)

R is the radius of the scanning tunneling microscope tip and D is the tip to surface
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distance. A threshold electric field E0 = µ/α for mound formation of about 2 V/nm
is also calculated. In addition, we found that van der Waals force is of importance
for shorter distances and its contribution to the radial force on the adatoms has to be
considered for distances smaller than 1.5 nm for commonly used voltages.

3.1 Future works

Using simplified models, interesting new effects can be found and their magnitude
estimated. In the future, better models will be able to improve accuracy. In deriving
the result in Paper I we assume that the cross-section of the unbent wire is square-
shaped. Future work to carry out, following Paper I, may be to calculate the fre-
quency shift for other cross-sections than the square one. We also use the asymptotic
energy eigenvalues in order to proceed analytically instead of the exact eigenvalues
that can be calculated numerically. Calculating the eigenvalues numerically would
improve the accuracy. It is important to measure the predicted frequency shift. Nu-
merical calculations of the electric field in Paper II would improve the model. We see
from the simulation in figure 8 in Paper II that the attractive force is larger than the
calculated one, however, the simulated equilibrium mound radius agree well with
the analytical solution. Important work to be carried out in the future is to measure
the mound radius for different geometries and applied voltages.
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Appendix A

Number of electrons in square
cross-section

For a wire with quadratic cross section, like in Paper I, we have standing waves in
the cross section with eigenenergies

En =
~2π2

2md2
0

(n2
1 + n2

2) = E0(n2
1 + n2

2), (A.1)

where n1 and n2 is the quantum numbers = 1, 2, 3, . . . , and d0 is the side in the square
cross section. m is the electron mass. The degeneration is twofold (not counting spin)
unless n1 = n2. Note that E0 here is not the same as the one used in Paper I.

To obtain the number of electrons under the Fermi level EF from this equation
we use the Matlab/Octav code shown below.

We will in the code let both n1 and n2 go from 1 to Nmax >
√
EF /E0. The

double loop then gets all possible energy levels the correct number of times so that
we obtain the correct number of electrons below Fermi level directly and no special
care must be taken in the program to account for different degeneration of different
energy levels. We can see this by making a table with n1 = 1, 2, 3, . . . horizontal
and n2 = 1, 2, 3, . . . vertical. Every position in the matrix can then ad one electron to the
sum, if En < EF . The of-diagonal elements like E(1, 2) and E(2, 1) then each give
one electron to the sum so we have here twofold degeneracy of this energy value
E(1, 2) = E(2, 1). This in contrast to an on-diagonal element like E(2, 2) which only
yields one single electron.

If we instead would have made the outer loop for n1 go from 1 to Nmax but
letting the inner loop for n2 go from 1 to n1, care would have to be taken to get the
degeneration right.
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32 Number of electrons in square cross-section

% ********************************************************
% * The program calculates the number of electrons
% * below Fermi level EF for standing electron waves on
% * a square cross section d0 x d0 with energy
% * E = E0*(n1^2 + n2^2) where n1,n2 = 1,2,3,... and E0
% * is given by E0 = hstreck^2 Pi^2/(2 m d0^2).
% ********************************************************

Nmax = 50; % Nmax > sqrt(EF/E0)
N = 0; % The number of electrons
E0 = 0.02348; % 4 x 4 nm cross section
%E0 = 0.3757; % 1 x 1 nm cross section
EF = 5.5; % Fermi energy for gold in eV

% Sum over all energy levels that can contribute:
for n1=1:Nmax

for n2=1:Nmax
% Calculate energy using n1 and n2:
E = E0*(n1*n1+n2*n2);
% Add electrons only if energy is below EF:
if (E < EF)

% Add one electron at this level:
N = N + 1;

end
end

end

% Print the result:
N

Using d0 = 1 nm in the program we obtain N = 8 electrons below Fermi level and
from d0 = 4 nm we obtain N = 172 electrons. This is to be compared with the more
simple asymptotic formula used in Paper I:

En =
~2

2m
4π
S
n, (A.2)

where S = d2
0. This one yields N = 11 and N = 183 electrons respectively.


