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ABSTRACT 

The technological interest in a material depends very much on its electrical, 

magnetic, optical and/or mechanical properties. In carbon nanotubes the 

atoms form a cylindrical structure with a diameter of the order 1 nm, but the 

nanotubes can be up to several hundred micrometers in length. This makes 

carbon nanotubes a remarkable model for one-dimensional systems. A lot of 

efforts have been dedicated to manufacturing carbon nanotubes, which is 

expected to be the material for the next generation of devices. Despite all the 

attention that carbon nanotubes have received from the scientific community, 

only rather limited progress has been made in the theoretical understanding 

of their physical properties. In this work, we attempt to provide an 

understanding of the electron-phonon and electron-defect interactions in 

semiconducting zigzag carbon nanotubes using a tight-binding approach.  

 

The electronic energy dispersion relations are calculated by applying the 

zone-folding technique to the dispersion relations of graphene. A fourth-

nearest-neighbour force constant model has been applied to study the 

vibrational modes in the carbon nanotubes. Both the electron-phonon 

interaction and the electron-defect interaction are formulated within the tight-

binding approximation, and analyzed in terms of their quantum mechanical 

scattering rates. Apart from the scattering rates, their components in terms of 

phonon absorption, phonon emission, backscattering and forward scattering 

have been determined and analyzed. The scattering rates for (5,0), (7,0), (10,0), 

(13,0) and (25,0) carbon nanotubes at room temperature and at 10K are 

presented and discussed. The phonon scattering rate is dependent on the 

lattice temperature in the interval 0-0.17 eV. We find that backscattering and 

phonon emission are dominant over forward scattering and phonon 

absorption in most of the energy interval. However, forward scattering and 

phonon absorption can be comparable to backscattering and phonon emission 

in limited energy intervals. The phonon modes associated with each peak in 
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the electron-phonon scattering rates have been identified, and the similarities 

in the phonon scattering rates between different nanotubes are discussed.  

 

The dependence of the defect scattering rate on the tube diameter is similar to 

that of the phonon scattering rate. Both the phonon and the defect scattering 

rates show strong dependence on the tube diameter (i.e., the scattering rate 

decreases as a function of the index of the nanotube). It is observed that the 

backscattering and forward scattering for electrons interacting with defects 

occur with same frequency at all energies, in sharp contrast to the situation for 

phonon scattering. It is demonstrated that the differences in the scattering rate 

between different tubes are mainly due to the differences in their band 

structures.  

 

 

Keywords: Tight-binding, carbon nanotubes, electron-phonon scattering, 

backscattering, forward scattering 
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SAMMANFATTNING 

Det teknologiska intresset för ett visst material beror väldigt mycket på dess 

elektriska, magnetiska, optiska och/eller mekaniska egenskaper. I  kolnanorör 

bildar atomerna en cirkulär struktur med en diameter av storleksordningen 1 

nm, men med en längd som  kan vara upp till fler hundra mikrometer. Detta 

gör att kolnanorör utgör en utmärkt modell för en-dimensionella system. 

Mycket forskningsarbete har ägnats åt att tillverka kolnanorör, som förväntas 

utgöra det material som kommer att ingå i nästa generations elektroniska 

komponenter. Trots all uppmärksamhet som kolnanorör har rönt från ett 

vetenskapligt perspektiv, har den teoretiska förståelsen av dem endast 

utvecklats relativt begränsat. I detta arbete avser vi, att med användande av 

en ’tight-binding’ metod, utveckla en förståelse för växelverkan mellan 

elektroner och fononer, samt mellan elektroner och defekter, i halvledande 

kolnanorör som tillhör klassen ’zickzack’-kolnanorör.  

 

De elektroniska energidispersionsrelationerna beräknas genom att tillämpa en 

zon-vikningsteknik på dispersionsrelationerna för grafen. För att studera 

vibrationsmoderna i kolnanorör har en modell som baseras på 

kraftkonstanterna mellan en atom och dess fyra närmast grannar använts. 

Både elektron-fonon växelverkan och elektron-defekt växelverkan undersöks 

med hjälp av ’tight-binding’-approximationen, och dessa växel-

verkansmekanismer analyseras i termer av den kvantmekaniska 

spridningshastigheten. Vid sidan av spridningshastigheterna har även deras 

komponenter uttryckt i fononabsorption, fononemission, bakåtspridning och 

framåtspridning beräknats och analyserats. Spridningshastigheterna för 

kolnanorören (5,0), (7,0), (10,0), (13,0) och (25,0), både vid rumstemperatur och 

vid 10K, presenteras och diskuteras. Spridningshastigheten för elektron-fonon 

växelverkan beror på gittertemperaturen i intervallet 0-0.17 eV. Vi finner att 

bakåtspridning och fononemission dominerar över framåtspridning och 

fononabsorption i den största delen av elektronens energiintervall. Dock kan 

både framåtspridning och fononabsorption vara jämförbara med 

bakåtspridning och fononemission i begränsade energiintervall. De 

fononmoder som associeras med varje pik i elektron-fononspridnings-

hastigheterna har identifierats, och likheterna i spridningshastigheterna 

mellan de olika kolnanorören diskuteras. 

 

Defektspridningshastigheternas beroende på nanorörens diameter liknar den 

för fononspridning. Både fonon- och defekt-spridningshastigheterna uppvisar 

ett starkt beroende på nanorörens diameter (d.v.s. spridningshastigheterna 

avtar som funktion av kolnanorörets typindex). Det har observerats att 
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bakåtspridning och framåtspridning för elektroner som växelverkar med 

defekter inträffar med samma frekvens, något som står i skarp kontrast mot 

situationen för fononspridning.  Det visas att skillnaderna i spridnings-

hastigheterna mellan olika kolnanorör till största del härrör från skillnaderna i 

deras bandstrukturer. 
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1 INTRODUCTION 

The single-walled carbon nanotubes (SWCNTs) have been considered as a major 

nanostructure for future nano–scale electronics. The intensive research on carbon 

nanotubes has revealed a variety of properties which make them important in the 

evolution of the electronics industry. Carbon nanotubes exhibit both metallic and 

semiconducting behaviour depending on their diameter and chirality. Moreover, 

their electrical and magnetic properties can be modified by external agents, such as 

prolonged exposure to atmosphere, and radial strain. Many interesting 

phenomena, such as ballistic transport over several µm and the Kondo effect, have 

been observed. Utilizing these properties, carbon nanotubes have been used in 

devices such as field emitters in displays, memory devices, and various sensors. 

This makes nanotubes promising for many applications in many areas of industry.  

 

Computational studies based on the density-functional formalism have produced a 

wealth of information about the structure and properties of many materials. 

However, the computational costs of first principles techniques are very large 

when studying complex systems. In this work, a zone-folding approximation of the 

graphene π-bonding and π*-anti bonding electronic states, as obtained from a 

tight-binding Hamiltonian, is used to obtain the electronic structure of carbon 

nanotubes [1].  

 

Vibrational properties of carbon nanotubes are the focus of increasing attention for 

various reasons. Besides the basic interest in phonons, a detailed knowledge of the 

phonon spectrum of carbon nanotubes is a key ingredient for temperature 

dependent transport studies, optical characterization, and superconductivity 

studies. Indeed, transport measurements at high electric fields indicate current 

saturation with increasing electric field, which can be understood in terms of the 

electron-phonon interaction [2]. Furthermore, a way to determine the chiral indices 

for carbon nanotubes has been developed by studying the resonant Raman 

intensity and the frequency of radial breathing modes [3]. Even though phonon 

dispersion relations of carbon nanotubes have been calculated using realistic 

models, the use of simpler approaches has proved to be rather fruitful. For 

example, Jishi et al. [4] derived a widely used relation between the radial breathing 

mode (RBM) frequency and the inverse nanotube diameter using a zone-folding 

method, and Popov et al. [5] obtained the phonon spectrum of an armchair 

nanotube using a force constant model. Mahan et al. [6] have also studied the 

vibrational spectrum of carbon nanotubes with a spring and mass model, 

analyzing the symmetry rules which give the correct flexure modes at low 

frequencies.  
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Electron-phonon coupling for a (5,5) nanotube has been studied using the zone-

folded phonon eigenvectors by Sedeki et al. [7]. The main disadvantage of the 

zone-folding method based on graphene is that it cannot capture the radial 

breathing modes properly since RBM is a 3D effect, while graphene is a 2D system. 

However, the scattering rates obtained from a zone-folded phonon spectrum can 

give qualitative results as reported by Mahan et al. [8]. In this thesis we go beyond 

the zone-folded dispersion relations and include 3D effects like RBM and nanotube 

curvature in an approximate way.  

 

A realistic description of various scattering mechanisms is required in order to 

perform an accurate transport calculation and predict the electronic transport 

properties. In this thesis, we concentrate on the electron-phonon and electron-

defect interactions within a tight-binding description. To the best of our 

knowledge, calculations and analysis of the scattering rates due to electron-defect 

scattering in carbon nanotubes have not previously been published. 

 

Examples of earlier calculations of electron-phonon scattering rates can be 

found in the paper by Perebeinos et al. [2]. In Ref. [2] the main focus was on the 

calculation and analysis of the electron mobility in various carbon nanotubes and 

at different temperatures, rather than a thorough analysis of the scattering rates, 

although explicit results for the scattering rate in (25,0) were presented. In the 

paper by Popov et al. [9], the authors describe the electron-phonon interaction in 

terms of electron-phonon matrix elements, and not in terms of scattering rates as 

we do here. In Ref. [10], the authors demonstrate an experimental technique to 

identify point defects and confirm that high quality single-walled carbon 

nanotubes have a defect density of about 1 defect per 4 µm on average. 

 

 
1.1 ORGANIZATION OF THE THESIS 

This thesis is organised as follows: In chapter 2, both the structure of nanotubes 

(i.e., the atomic arrangement), and the electronic structure of nanotubes are being 

discussed. In chapter 3, we give a brief description of the lattice dynamics, of the 

fourth nearest-neighbour force constant model used to obtain the phonon 

dispersion relations of graphene, and of the application of this model to carbon 

nanotubes. In chapter 4, the electron-phonon interaction is derived within a tight-

binding framework, and the scattering rates are calculated. We also analyze the 

phonon scattering rates in terms of their components phonon absorption, phonon 

emission, backscattering, and forward scattering, identify the phonon modes 

associated with the peaks in the scattering rates, followed by a comparison with 

published results. In Chapter 5, we derive the electron-defect interaction within the 
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tight-binding formalism, and analyze the scattering rates for different nanotubes. 

We also give a comment on the effect of the defect scattering rate on the combined 

phonon and defect scattering rates at the end of Chapter 5. In Chapter 6 we 

summarize the conclusions and make suggestions for future work. 
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2 STRUCTURE OF GRAPHENE 

Graphite is one of the many forms in which carbon is found in nature. Graphite has 

a layered planar structure. In each layer, the carbon atoms are arranged in a 

hexagonal structure with a separation of 1.42C Ca Å  , and the distance between 

each planes is about 0.335 nm.  Carbon has four valence electrons occupying the 2s2 

and 2p2 orbitals. In graphite, the atoms are sp2 hybridized such that one of the two 

2s electrons mixes with the two 2p electrons. The covalent bonds between 

hybridized atoms in the graphite layer are called   bonds. The last electron 

occupies a zp - orbital and forms the weak interlayer π-bond perpendicular to the 

graphite layer, which is responsible for the interlayer bonding in graphite. A single 

layer of graphite is commonly referred to as graphene. The vectors used to define 

the real space lattice and the reciprocal lattice in graphene are shown in Fig. 2.1. 

The shaded areas in Fig. 2.1 are the primitive unit cell of  graphene containing two 

carbon atoms (left panel) and the (first) Brillouin zone (BZ) of graphene (right 

panel), respectively.  

 

The real space lattice in graphene is described by a two-atom basis with the real 

space primitive unit vectors 1a and 2a   given by  

 

1

3 1
,

2 2
a a

 
   

 
 , 

2

3 1
,

2 2
a a

 
   

 
,  (2.1) 

where 1 2 1.44 3 2.49a a a Å     is the lattice constant of the 2D graphite. 

Correspondingly, the primitive unit cell vectors 1b and 2b of the reciprocal lattice 

are given by  

 1

2 2
,

3
b

aa

  
 
 

,  2

2 2
,

3
b

aa

  
  
 

  (2.2) 

 

The BZ becomes hexagonal, but rotated with respect to the real space lattice. Some 

high symmetry points of the graphene BZ are shown in Fig. 2.1 (right panel).  The 

high symmetry points Γ, M and K are situated at the centre of the BZ, at the centre 

of the BZ edge, and at the corner, respectively.  

 
 

 

 



5 

 
 

Fig. 2.1  Real space (left panel) and reciprocal space (right panel) lattice vectors for 

graphene.  

 
Fig. 2.2   A single layer of graphite, also called graphene.  

 

 
2.1 STRUCTURE OF CARBON NANOTUBES 

Graphene is the starting point for understanding the electronic properties of 

carbon nanotubes (CNTs). The atomic configuration of a single layer of graphite, or 

graphene, is shown in Fig. 2.2. The vectors used to describe the geometry of a 

single-walled carbon nanotube (SWCNT) are indicated in Fig. 2.2.  
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Consider Fig. 2.2 and imagine the following operation: For any two lattice points O 

and A connected by the so-called chiral vector C , we cut the graphene sheet along 

two lines perpendicular to C  going through O and A. The strip thus obtained can 

be rolled into a seamless cylinder by rolling C end to end. In this way, a paper 

model of carbon nanotubes can be constructed. The vectors OA


 and OB


define 

the chiral vector C  and the translation vector T of a carbon nanotube, 

respectively. The chiral vector C  can be expressed in terms of the real space lattice 

vectors 1a and 2a as  

 

1 1 2 2 1 2( , ),C n a n a n n      ( 1n , 2n are integers, 2 1(0 )n n  ).           (2.3) 

 

Tubes with indices ( 1n , 1n ), (θ = 300) and ( 1n , 0) , (θ = 00) are rolled up along special 

symmetry axes of the graphene sheet, and therefore they posses special 

symmetries themselves, and are often called armchair and zigzag nanotubes, 

respectively. These nanotubes are so-called non-chiral (or achiral) nanotubes. From a 

more fundamental perspective, an achiral nanotube is defined as a carbon 

nanotube whose mirror image has an identical structure to the original one. The 

nanotube is characterized by its fundamental indices ( 1n , 2n ). An alternative way 

of characterizing the nanotube is by its diameter, td , and the chiral angle θ defined 

as the angle between 1a  and C . It is easily realized that the diameter and the 

chiral angle are expressed in terms of ( 1n , 2n ) in  the following way:  

 

2 2

1 2 1 2

1 2

1 2

3
tan

2

t

a
d n n n n

n

n n



 

  

 
    

                 (2.4a) 

The translational vector (defined by OB


 in Fig. 2.2) T  is parallel to the 

axis of the nanotube and normal to the chiral vector C  in an unrolled honeycomb 

lattice as shown in Fig. 2.2. The translational vector T  can be expressed in terms of 

the basis vectors as  

 

1 1 2 2 1 2( , )T t a t a t t    where 1 2,  t t
 
are integers.  

2 1 1 2
1 2

2 2
,

R R

n n n n
t t

d d

 
    
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Here Rd  is the greatest common divisor of 1n  and 2n . The above equation 

defining the integers 1t  and 2t  are obtained by using the relation 0C T  . The 

unit cell of a carbon nanotube in real space is given by a rectangle (OADB) 

generated by the chiral vector C  and the translation vector T  and it is shown in 

Fig. 2.2. The number of hexagons N  per unit cell of a carbon nanotube is given by  

 
2 2

1 2 1 22( )

R

n n n nArea of the nanotube unit cell
N

Area of a hexagon d

 
              (2.4b) 

 

We note that each hexagon contains two atoms. Thus, there are 2N  atoms in 

the unit cell of a carbon nanotube. Since there are 2N  carbon atoms in the unit 

cell, we will have N pairs of bonding (π) and anti-bonding (π*) electronic energy 

bands. The reciprocal space lattice vectors along the nanotube axis  2K  and 

along the chiral vector  1K  are given by,  

   1 2 1 1 2 2 2 1 1 2

1 1
,K t b t b K n b n b

N N
                 (2.4c) 

where 1b  and 2b  are the reciprocal lattice vectors of graphene.  

 

 
2.2 ELECTRONIC STRUCTURE OF GRAPHENE 

 

As described earlier in this chapter, each carbon atom has four valence electrons, 

three of which form  -bonds in the graphene plane. The last valence electron, 

occupying a zp -orbital on each atom, forms, together will all the other the zp -

orbitals, the so called  - bonds perpendicular to the graphene plane, and the 

dispersion relation for these electrons is called a  -band. The  - band electrons 

are free to move, and thus determine the electronic properties. In this section, we 

calculate the  - bands of graphene with the use of the tight-binding method. The 

two inequivalent carbon atoms A and B in the real space lattice are shown in Fig. 

2.3. We have only included the first nearest-neighbour interaction in our 

calculations.  Inclusion of next nearest-neighbour contributions to match ab initio 

electronic energies has been suggested by Reich et al. [11], but has not been 

implemented in this thesis. The time-independent Schrödinger equation is written 

as  

     , ,n n nH k r E k k r    (2.5) 
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where H denotes the electronic Hamiltonian for the graphene sheet, 

 nE k denotes the electronic eigen energies at wave vector k , n  refers to the 

band index, and  ,n k r denotes the wave function. The tight-binding 

approximation for calculating the approximate energies relies on the assumption 

that the wave function of the  - electron in the graphene sheet can be written as a 

linear combination of atomic-like zp basis functions centred on each carbon atom 

in the unit cell. The wave functions then can be written as  
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2

1 0

1
( , ) ( , ) ( )

z

N

ik R

n pk r C n k e r R
N





  
 

  




 

    , (2.6) 

where  ,C n k  are expansion coefficients, R  are the translational vectors for 

graphene, N  is the number of graphene unit cells in the normalizing volume, and  

  the positions of the atoms in the graphene unit cell relative to the origin in the 

unit cell. Inserting Eq. (2.6) into Eq. (2.5), we obtain 

                 
2 2

', ',

1 1

, , , =1,2nH k C n k E k S k C n k     
 


 

   (2.7) 

where         

 

 

* 3

', 2 2

* 3

', 2 2

( ) ( )

( ) ( )

z z

z z

ik R

p p

ik R

p p

H k e r H r R d r

S k e r r R d r





    


    


   

   













   

   

 

 
 (2.8) 

 

and where  ',H k   and  ',S k   are the matrix elements of the Hamiltonian 

and overlap matrices,  H k  and  S k , respectively. Equation (2.7) is a 

generalized eigenvalue problem where the band structure  nE k  is obtained as 

the eigenvalues and the expansion coefficients  ,C n k  are obtained from the 

eigenvectors  ,C n k . The integration in Eq. (2.8) is done over the normalizing 

volume of the graphene sheet. The carbon atoms in a graphene sheet can be 

divided into sub-lattices A and B. Thus the Hamiltonian matrix is a 2 2 matrix, 

and can be written as 
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x 

y 

  
 

 

2

*

2

p AB

BA p

H k
H k

H k





 
 
  
 

  (2.9) 

 

where          * 3

2 2 2z zp AA BB p pH k H k r H r d r      .  

The positions of the carbon atoms A and B1 in the unit cell are given by 
1 (0,0)   

and  2 1 2

1

3
a a   , respectively. The first nearest-neighbour atoms to atom A 

are at 1 2

1
,0

3
a 
 

  
 

(atom B1), 2 1 1

1 1
2 ,

22 3
a a 

 
    

 
 (atom B2), 

and 3 2 1

1 1
2 ,

22 3
a a 

  
    

 
 (atom B3). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2.3   Real-space lattice of graphene. Atoms A are denoted by solid red circles, and atoms 

B are denoted by solid blue circles. The three B-atoms are at equivalent positions in the unit 

cell (cf. Fig. 2.1).  

 

The matrix element connecting atom A to atom B is given by 

     

   

   

2

1

* 3

2 2 1

. * 3

2 2 1 2

. * 3

2 2 1 1

z z

z z

z z

AB p p

ik a

p p

ik a

p p

H k r H r d r

e r H r a d r

e r H r a d r

  

  

  





 

  

  







          (2.10) 

 

A B(B1) 

B(B3) 

 

B(B2) 
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By symmetry, all the integrals in Eq. (2.10) are the same, and equal to t (numerical 

value given latter in this section), also called the hopping integral. On substituting 

the integral value, Eq. (2.10) becomes,  

 

     1 2. .1 ik a ik a

ABH k t e e t f k    

         

            (2.11) 

 

where 

   1 2. .1 ik a ik af k e e                          (2.12) 

 

and    

   *

AB BAH k H k                       (2.13) 

 

Proceeding in the same way for the overlap matrix elements, one obtains 

    1AA BBS k S k   ,and      *

AB BAS k sf k S k  , where  

   * 3

2 2 1z zp ps r r d r    .  

Then the Hamiltonian matrix  H k  and the overlap matrix  S k  can be 

expressed as  

 
 

 
 

 

 

2

* *

2

1
,

1

p

p

tf k sf k
H k S k

tf k sf k





   
    
      
   

.            (2.14) 

 

The parameters are given by 2 0, 3.033 ,  0.129p t eV s      [1]. Then, the 

secular equation becomes 

    

    

2

*

2

( )
det 0

( )

p n n

n p n

E k t E k s f k

t E k s f k E k





  
 

 
  

 

                 (2.15) 
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       

      

 
 

 

2 2 2

2

2

2

0

1

p n n

p n n

p

n

E k t E k f k

E k t E k f k

t f k
E k

s f k







 
    

 

  






            (2.16) 

 

where,   

         

 

     *

23
1 4cos cos 4cos

2 2 2
x y y

f k f k f k

a a a
k k k



     
             

    (2.17) 

 

The energy dispersion relations for graphene along the high symmetry axes are 

shown in Fig. 2.4. The upper half of the energy dispersion curves describes the 

anti-bonding  *-band, and the lower half represents the bonding  -band. The 

upper π*-band and the lower π-band are degenerate at the high symmetry point K 

in the BZ, through which the Fermi energy passes. The energy dispersion relations 

in the case 0s  (overlap integral between nearest A and B atoms equl to zero, i.e., 

the single orbital basis being completely orthonormal) is a commonly used simple 

approximation for the electronic structure of graphene as well as for carbon 

nanotubes, and has been used in this thesis to obtain the band structure for the 

carbon nanotubes.  
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Fig. 2.4  Energy dispersion relations (energy vs. wave vector k ) of graphene along high 

symmetry axes. Cf. Fig. 2.1, right panel. 

 

2.3 ELECTRONIC STRUCTURE OF CARBON NANOTUBES 

The band structure of single-walled carbon nanotubes can be obtained from that of 

graphene through the zone-folding technique. We have already seen in Sec. 2.1 

how a graphene sheet can be rolled up into a seamless cylinder to form a nanotube. 

The fact that the nanotube is seamless forces periodic boundary conditions upon 

the wave function of an electron in the nanotube. By imposing periodic boundary 

conditions in the circumferential direction ( C ), the wave vector becomes 

quantized along the circumferential direction, whereas the wave vector associated 

with the direction of the translation vector T  (i.e., along the tube axis) remains 

continuous. The discrete allowed lines (quantized wave vectors along the 

circumferential direction) for armchair and zigzag nanotubes are shown in Fig. 2.5. 

The length of the first BZ of a carbon nanotube is given by the length of the line 

segments (red lines in Fig. 2.5). The length of all the parallel (red) lines in Fig. 2.5 is 

equal to 2 T , which is the length of the 1D BZ. Then the one-dimensional 

energy dispersion relations of the nanotube, ( )E k , are related to the two-

dimensional energy dispersion relations of graphene,  ,2g DE k , by [1] 
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  2
,2 1

1

,       ( 0,1,..., 1)g D

K
E k E k K N

K
  

 
    
 
 

,          (2.18) 

where the one-dimensional nanotube wave vector k  is a continuous variable in the 

interval kT T    . The N pairs of energy dispersion curves given by Eq. 

(2.18) correspond to the cross sections of the two-dimensional energy dispersion 

surface, where cuts are made on the lines  12 2k K K K . The 1D energy 

bands have a zero energy gap when the cutting line passes through a K-point in 

the 2D Brillouin zone, where π- and π*-bands are degenerate by symmetry. The 

figure below (Fig. 2.6) shows the energy dispersion relations for (10,10) nanotubes 

(armchair), and for (10,0) and (9,0) nanotubes (zigzag).  

 
Fig. 2.5 Illustrations of the orientation of allowed k lines for an armchair nanotube (left 

panel), and a zigzag nanotube (right panel), respectively. 

 

Calculations for the armchair nanotubes yields 2N energy bands, with N π-bands 

and N π*-bands. All the armchair nanotubes are metallic (zero gap semiconductors 

as in Ref. [1]), and the π- and π*-bands cross at a k-point that is two-thirds of the 

distance from k=0 to the zone boundary (as in Fig. 2.6 (a)). The energy dispersion 

curves show very high degeneracy at the zone boundary for all the armchair 

nanotubes. 
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The energy dispersion relations for zigzag nanotubes are shown in Fig. 2.6 (b) and 

(c). Figure 2.6 (b) shows the dispersion curves for a semiconducting (10,0) 

nanotube, whereas Fig. 2.6 (c) shows the dispersion curves for a metallic (9,0) 

nanotube. Most of the bands in a zigzag nanotube are doubly degenerate. In case 

of (10,0), there are dispersion-less energy bands. For a zigzag tube, when the tube 

index 1n
 
is a factor of 3, the energy gap at the Γ-point is zero, and these tubes 

exhibit metallic behaviour. All the remaining zigzag tubes exhibit semiconducting 

behaviour. The band gaps of semiconducting nanotubes are inversely proportional 

to the tube diameter. 

 

 
 

Fig. 2.6 Energy dispersion relations of achiral nanotubes (a) for a (10,10) nanotube, (b) for a 

(10,0) nanotube, and (c) for a (9,0) nanotube. The zone boundaries for armchair and zigzag 

nanotubes are at ka   , and 3ka  , respectively.  
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2.4 SUMMARY  

A prelude to nanotube geometry and tight-binding calculations of graphene is 

given in this chapter. From the electronic structure of graphene, dispersion 

relations for carbon nanotubes have been calculated and presented. All armchair 

nanotubes and those zigzag nanotubes whose tube index is a multiple of 3 exhibit 

metallic behaviour, whereas the rest of the zigzag nanotubes exhibit 

semiconducting behaviour.  
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3 PHONON DISPERSION RELATIONS IN ZIGZAG CARBON NANOTUBES 

Phonon scattering plays an important role in determining electronic, optoelectronic 

and heat conduction properties in carbon nanotubes. In order to model the 

electron-phonon interaction, one needs a suitable and reasonably accurate method 

for calculating phonon dispersion relations and phonon eigenvectors in carbon 

nanotubes. In this chapter, we concentrate on the model used to obtain phonon 

dispersion relations in zigzag nanotubes. However, the model used in this thesis 

can easily be extended to armchair, and even chiral, nanotubes.  

 

 
3.1 LATTICE DYNAMICS 

The equation of motion for the displacement of ith coordinate,  , ,i i i iu x y z , for 

the RN  atoms in the unit cell is given by   

 

 
( ) ( )ij

i i j i

j

M u K u u     (3.1) 

where iM is the mass of 
thi atom and 

( )ijK represents the 3 x 3 force constant 

tensor between the 
thi and the 

thj atoms. The sum over j in Eq. (3.1) is normally 

taken over only a few neighbour distances relative to the 
thi site. In a periodic 

system we can perform a Fourier transform of the displacement of the 
thi  atom 

with the wave vector 'k  to obtain the normal mode displacements 
( )i

k
u  

 

( '. ) ( )

'
'

1
ii k R t i

i k
k

u e u
N

 



  ,  (3.2) 

where the sum is taken over all N  wave vectors 'k  in the first BZ ( N is the 

number of unit cells in the macroscopic crystal), and iR denotes the original 

position of the ith atom. We look for solutions where all the atoms move with the 

same frequency  . Inserting Eq (3.2) into the equation of motion, Eq (3.1), we get  

 

'.'.( ) 2 ( ) ( ) ( )

' '
' '

ji
ik Rik Rij i ij j

i k k
j jk k

K M e u K e u


 
  

 
     (3.3) 
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Upon multiplying both sides of Eq. (3.3) with iik R
e


, taking a summation on iR , 

and using the relation 
( ').

, '

i

i

i k k R

k k
R

e N 

 , we get  

  .( )( ) 2 ( ) ( ) ( ) 0i jik R Rij i ij j

i k k
j j

K M k I u K e u
 

   
 
  , (3.4) 

where I is a 3 x 3 unit matrix. The sum over j is over those neighbours which are 

coupled to atom i through the force constant tensor 
( )ijK . The sum in Eq. (3.4) is 

over the positions of all equivalent atoms. Thus, if the positions of 
thi and 

thj atom 

differ by a lattice vector, we can shift the summation over the neighbours in Eq. 

(3.4) to atoms within the unit cell – still keeping the phase factors from outside the 

unit cell. If we define 
k

u as the column vector  
( )(1) (2) (3), , ,....., RN

k k k k
u u u u
 
 
 

 we can 

write Eq. (3.4) as  

 

  0
k

D k u  ,   (3.5) 

where  D k  is a 3 3R RN N  matrix called the dynamical matrix. Diagonalization 

of the dynamical matrix for each phonon wave vector k  yields 3 RN  

eigenvalues, which give the phonon frequencies/energies, and eigenvectors, which 

are the so-called polarization vectors.  
 

 
3.2 FORCE CONSTANT  MODEL 

The vibrational properties of carbon nanotubes in this thesis are investigated by 

the use of a well-established fourth nearest-neighbour force constant model 

described in Saito et al. [1]. This model consists of a direct parameterization of the 

forces between the atoms, including up to fourth nearest-neighbour interactions, 

when they are distorted from their equilibrium positions. This leads to a set of 12 

adjustable parameters. The truncation after fourth nearest-neighbours is justified 

by the rapid decay of the force constants. The force constant parameters given in 

the book by Saito et al. [1] are obtained by fitting to experimental data. For instance, 

the experimental data can be obtained either from electron loss spectroscopy or 

neutron scattering. An alternative choice for obtaining these parameters would be 

to fit to ab initio phonon dispersion relation calculations for graphene. This method 

has been suggested and implemented by Zimmermann et al. [12]. In this thesis, we 

use the force constant parameters proposed in Ref.  [12]. Here we give a brief 
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introduction of how to construct the dynamical matrix for carbon nanotubes. For a 

more detailed analysis, the reader is referred to Saito et al. [1].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.1 The positions of first to the fourth nearest neighbours to an A-atom in graphene. 

Atom A is denoted by black circle. 1st ,2nd , 3rd, and 4th nearest neighbours to atom A are 

shown in blue circles, black squares, red diamonds, and green triangles respectively. 

 

 

 
 

Fig. 3.2 Force constants between an A-atom and its three first nearest neighbours B1, B2, and 

B3. ,r ti   and to represent forces in radial, in in-plane tangential and in out-of-plane 

tangential directions, respectively. 

 

 

A 



19 

The method for constructing the dynamical matrix for carbon nanotubes is in 

principle the same as for graphene, the difference being the number of C-atoms in 

the unit cell and the curvature of the nanotube. Partial inclusion of nanotube 

curvature is achieved by rotating the force constant tensors corresponding to 

graphene through a series of coordinate transformations. 

 

 
3.2.1 Force constant model for graphene 

 

The first step towards understanding the phonon dispersion relations in carbon 

nanotubes is to construct the dynamical matrix for graphene. There are two carbon 

atoms, A and B, in the graphene unit cell. The dynamical matrix is thus a 6 6  

matrix. The dynamical matrix  D k for graphene is written in terms of 3 3  

matrices  DAA, DBB, DAB, and DBA for the A- and B-atoms within the unit cell, and the 

interactions between them: 

 ( )
AA AB

BA BB

D D
D k

D D

 
 
 

   (3.6) 

 

When we consider an A-atom, the three nearest neighbour atoms (see Fig. 3.1 and 

3.2) are B1, B2, and B3, whose contributions to  D k  are contained in DAB, 

whereas the six next-nearest neighbour contributions are contained in DAA, and so 

on. Figure 3.1 shows the nearest-neighbour atoms up to 4th nearest neighbours to 

an A-atom.  

 

In the fourth nearest-neighbour force constant model, the force constant tensor 

describing the interaction between an A-atom (A1) and its nearest neighbour 1B  on 

the x-axis (see Fig. 3.2) takes the diagonal form  

 

 

(1)

( 1, 1) (1)

(1)

0 0

0 0

0 0

r

A B

ti

to

K







 
 

  
 
 

,  (3.7) 

 

where 
(1)

r , 
(1)

ti , and 
(1)

to  represent the force constant parameters for the radial, 

for the in-plane tangential, and for the out-of-plane tangential directions of the first 

nearest-neighbour. For the interaction between an A-atom (A1) and another 

nearest-neighbour, say B2, that is not located on the x-axis, the corresponding force 

constant tensor can be obtained by a unitary rotation of the tensor in Eq. (3.7). The 
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force-constant tensor describing this interaction between the A1- and B2-atoms can 

thus be written as   

 

 
( 1, 2) 1 ( , 1)

2 2( ) ( )A B A B

z zK U K U  ,  (3.8) 

 

where 2( )zU   is a unitary rotation matrix around the z-axis: 

 

 

2 2

2 2 2

cos( ) sin( ) 0

( ) sin( ) cos( ) 0

0 0 0

zU

 

  

 
 

 
 
 

  (3.9) 

and where 2
2

3
   radians, the angle between the atoms, A1 and B2.  

 

 

Using this approach, one could obtain the force constant tensors describing the 

interactions between an A-atom and its 18 nearest neighbours (see Fig. 3.1). We 

have chosen both the in-plane and the out-of-plane tangential force constants to 

satisfy the equality
(1) (2) (3) (4)6 4 14 0t t t t       , where the superscripts in 

parentheses denote the nearest neighbour. This requirement stems from rotational 

symmetry [12]. It has been pointed out in the literature that the force constant 

parameters suggested by Saito et al. [1] do not fulfil this symmetry requirement 

[12-13]. A re-parameterization of the force constant parameters in Ref. [1] has been 

suggested in Ref. [12]. The authors to Ref. [12] have chosen the force constants to fit 

ab initio calculations. The same point has received some attention in Ref. [13]. The 

force constant parameters used in this thesis are those of Zimmermann et al. [12], 

and are given in Table 1. The phonon dispersion relations for graphene are shown 

in Fig. 3.3. The dispersion relation of graphene consists of three acoustic modes, 

and three optical phonon modes.  
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Fig 3.3 Phonon dispersion relations for graphene obtained with the parameterization 

suggested in Ref. [12].  

  

The three acoustic phonon branches originating from the Γ-point of the Brillouin 

zone in Fig. 3.3 correspond to an out-of-plane (solid blue line), to an in-plane 

tangential (solid green line), and to an in-plane radial mode (solid red line), 

respectively. The remaining three branches correspond to optical phonon modes. 

The out-of-plane acoustic mode shows a branch with a quadratic dispersion 

around the Γ-point. This observation is reported in the literature [6]. The phonon 

dispersion relations obtained are in good agreement with, and provide a 

remarkable fit to ab initio phonon dispersion relations. The ab initio phonon 

dispersion relations are not presented in this thesis, but the interested reader is 

referred to Ref. [12].  

 
3.2.2 Force constant model for carbon nanotubes 

 

In the previous chapter, the zone-folding technique was used to obtain the 

electronic energy dispersion relations of carbon nanotubes from those of 2D 

graphene. The same technique can be used for phonon dispersion relations. The 

phonon spectrum for a (10,0) nanotube obtained with the zone-folding technique, 

and with the parameters in Zimmermann et al. [12], is presented in Fig. 3.4. The 

zone-folding dispersion relations cannot reproduce the radial breathing mode, 

since RBM is essentially a 3D phenomenon. All the high-energy optical modes are 

reproduced correctly. In a graphene sheet, the in-plane and out-of-plane modes are 
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decoupled from each other. However, when a graphene sheet is rolled onto a 

nanotube, the in-plane and out-of-plane modes do couple to each other.  

 

 

 
 

Fig. 3.4 Phonon dispersion relations for a (10,0) carbon nanotube obtained with zone-folding 

method. The X-point marks the 1D BZ boundary.  

 

The procedure described above for constructing the dynamical matrix is valid for 

the interactions in a plane, i.e., for a 2D system. But nanotubes are 3D structures, 

and to describe for instance the radial breathing modes, a 3D description is 

necessary. To start with, it is important to choose a coordinate system such that x- 
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y 

x 

z 

x 

z 

z 

and y-axes are parallel to the chiral vector C  and the 1D translational T  vector, 

respectively. Using the procedure outlined in Ref. [1] it is possible to generate 

approximate force-constant tensors for the atoms of the 3D nanotube unit cell by 

rotation of the chemical bond from 2D graphene to the 3D coordinates of the 

nanotube. The approximate inclusion of the curvature of the nanotube is achieved 

by rotatating the force constant tensors by an angle φ/2 (defined in Fig. 3.5(b)) 

around the y-axis , i.e.,  along the tube axis. With the application of the 

aforementioned procedure, one can generate the force constant tensors describing 

the interaction of an A-atom with its 18 nearest neighbours. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.5 The geometry used for constructing force constant tensors of the 3D carbon 

nanotubes. This figure is similar to Figure 9.6 in Ref. [1].  

 

For instance, the force constant tensor describing the interction between an A-atom 

and its nearest neighbour B2 is then given by   

  

Ψ 

A1 

AP 

B1 

B3 

B2 

Bq 

A1 B3 

B2 

ϕ 

ϕ/2 

y 

(a) 
(b) 

B1 



24 

   

   

 
   

   

( 1, 2)

1 ( 1, 1)

cos 2 0 sin 2 cos 2 0 sin 2

0 1 0 ( ) ( ) 0 1 0

sin 2 0 cos 2 sin 2 0 cos 2

A B

A B

z m z m

K

U K U

t
   

 

   




 

   
   
   
   
   

                (3.10) 

where the expression within the curly brackets in Eq. (3.10) describes the planar 

interaction between the A-atom and its nearest neighbour B2. It is possible to 

generate the force constant tensors for all the (
i

A ,
j

B ) atom pairs in the unit cell 

from those related to a single (A,B) atom pair of the unit cell. This is achieved by 

rotatating the tensor in Eq. (3.10) by an angle 2 / N (defined in Fig. 3.5 (a)), 

where N is the number of hexagons in the nanotube unit cell. The dynamical 

matrix is obtained by multiplying the force-constant tensors obtained above by 

zik Te , where zk  is the 1D wave vector, and T T  is the length of translational 

vector described in the previous chapter. Equation (3.5) has to be solved in order to 

obtain eigenvalues and eigenvectors at zk . The eigenvalues thus obtained are 

2

iM  , and have to be converted into preferred units, either cm-1 or eV. The energy 

conversion is trivial. The force constant parameters for graphene in the units of 

N/m, in the radial, in-plane tangential, and out-of-plane tangential directions are 

given below in Table. 1. 

 

 

Neighbour 

shell 

Parameters from Ref. [1] Parameters from Ref. [12] 

( )n

r  
( )n

ti  
( )n

to  
( )n

r  
( )n

ti  
( )n

to  

 

First  365 245 98.2 418 152 102 

Second  88 -32.3 -4.0 76 -43.5 -10.8 

Third 30 -52.5 1.5 -1.5 33.9 10.0 

Fourth -19.2 22.9 -5.8 -6.9 -1.9 -5.5 

Table 1. Force constant parameters given in N/m.  1 N/m = 104 dyn/cm. 

 

Figure 3.6 compares the phonon dispersion relations obtained with the 

parameterization of Ref. [1] with the phonon dispersion relations obtained with the 

parameterization of Zimmermann et al. [12]. With the parameterization suggested 

in Ref. [12], one can see some differences in the lower energy region compared to 
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when the parameters in Ref. [1] are used, whereas high-energy optical phonons do 

not vary significantly. The force constant parameters described in Ref. [1] lead to 

four (including degeneracies) linear acoustic modes  q , whereas the 

parameters given in Ref. [12] lead to two linear modes and two quadratic 

 2q  acoustic phonon modes. These quadratic phonon modes are referred to 

as flexure modes [6], [12], and this phenomenon is reported in the literature. The 

energy of the Raman active RBM (Raman modes are those modes whose 

vibrational amplitudes 
2z or  2 2x y  are invariant under any operation of the 

group [1]) coincides with the values reported in the literature [1], [12]. The radial 

breathing mode arises from expansion and contraction of the entire tube. The 

diameter of a given nanotube (regardless of fundamental indices), can be 

determined by the use of RBM on the basis of Raman spectroscopic measurements. 

The RBM energy is strongly dependent on the tube’s diameter [3]. In Fig. 3.7, we 

compare the low-energy phonon modes obtained with the two parameterizations. 

 

Close to the Γ-point, there are four acoustic phonon modes in contrast to three 

acoustic phonon modes that are commonly observed in a 3D-solid. The lowest 

energy phonon mode, also known as the flexure mode (i.e., an acoustic phonon 

mode with a quadratic dispersion as in the right panel of Fig. 3.7), is doubly 

degenerate. The fourth acoustic phonon mode has non-zero energy at the Γ-point, 

and it is referred to as twisting mode in the literature [1], [12]. In Fig. 3.7 the twisting 

mode at Γ has a frequency around 24 cm-1. It arises due to the rotation of the entire 

system (a single carbon nanotube of infinite length) around the axis of the 

nanotube.  This finite energy of the twisting mode is an artefact due to not taking 

into account the proper force constant parameters corresponding to the curved 

surface of the cylindrical nanotube. To obtain the correct energy (i.e., zero energy 

at the Γ-point) for the twisting mode, some modifications of the graphene force 

constant parameters are thus necessary, and a procedure has been suggested both 

by Saito et al. [1] and by Zimmermann et al. [12]. 
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Fig. 3.6 Phonon dispersion relations of a (10,0) carbon nanotube. Left panel shows the results 

from the parameterization of Ref. [1], whereas the right panel shows the results from the 

parameterization of Ref. [12].  
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Fig. 3.7   Comparison of low-energy phonon modes for a (10,0) carbon nanotube. Left panel 

shows the results from Saito’s parameterization [1], and the right panel shows the results 

from Zimmermann’s parameterization [12]. 

 

According to the procedure suggested in Ref. [12], the modifications of the 

graphene force constants are applied to the out-of-plane tangential force constants 

as follows:  ( ) ( ) ( )1n n n

to to    , where the superscript in the parentheses denote 

the nearest neighbour. For a (10,0) nanotube, the modifications to the out-of-plane 

tangential force constants are given by 
(2) 3 (3) 29.5 10 , 10 ,   and 

(4) 24.88 10  . This procedure of modification is here referred to as ‘rescaling’ 

of the parameters.  

 

In Fig. 3.8, we show the effect of a rescaling of the parameters as suggested in 

Zimmermann et al. [12]. The energy of the twisting mode tends to go to zero, as a 

result of the rescaling. This is evident from Fig. 3.8. Even though such small 

modifications of the force constants are important for a correct description of the 

acoustic branches in the vicinity of the Γ-point, we do not expect them to be 

important for the calculation of scattering rates and they have therefore not been 

implemented here. There is also a downward shift in the low-energy phonon 

spectrum. Furthermore, the low energy phonon modes have a slight dependence 
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on the nanotube diameter, but not as a strong dependence as one sees in a Raman 

active RBM.   

 

 

 
 

Fig. 3.8 Comparison of low energy phonon modes obtained with rescaling of parameters 

denoted by red dotted line, to the original parameterization.  

 

The computer time consumption for the calculation of the full dynamical matrix 

increases as the square of the number of atoms in the unit cell. To calculate the 

electron-phonon matrix elements, one needs phonon eigenvectors. The phonon 

eigenvectors, or the polarization vectors as they are also called, can be obtained 

from either the full dynamical matrix or by folding the eigenvectors corresponding 

to graphene. The latter method is much faster than a full diagonalization of the 

dynamical matrix, but has the disadvantage of not reproducing the RBM since it is 

only valid in 2D. This will be discussed in the next chapter.  

 
3.3 SUMMARY 

The fourth nearest-neighbour force constant model has been applied to solve the 

phonon secular equation. The phonon spectrum for a zigzag carbon nanotube has 

been calculated and compared with published results. The parameterization 

suggested in Ref. [12] captures the flexure mode.   
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4 ELECTRON-PHONON SCATTERING RATES IN SEMICONDUCTING 
ZIGZAG CARBON NANOTUBES 

The charge carrier (electron or hole) movement due to the electric field is 

interrupted by scattering events, which are handled as instantaneous events 

changing the energy and the wave vector. The most important interaction in a 

defect-free nanotube is due to phonons, and we give a brief description of how 

such an interaction is modelled in this thesis. This chapter is organized in the 

following way: in Sec 4.1 we give an introduction to the theory behind electron-

phonon interaction. Then a very brief summary of the results is given in Sec 4.2. In 

Sec. 4.3, we compare our results with the results published in the literature [2], [13].  

 

 
4.1 THEORY BEHIND ELECTRON-PHONON INTERACTION 

To describe the electron-phonon interaction we have used the method introduced 

by Pietronero et al. [14], which is based on the tight-binding model for electrons. In 

summary, the method is based on an electron-phonon interaction Hamiltonian 

given by 

 

† †

, , , , ,

, ,

1
( , ) ( )el ph n n k q n k n q q

n n k q

H G k q k c c b b
L



 


   


    (4.1) 

 

where L is the length of the nanotube, n, n´ are electronic band indices, k is the 

electron wave vector inside the first Brillouin zone (BZ),   is a phonon branch 

index, q is the phonon wave vector, 
†c  and c  are electron creation and 

annihilation operators, and 
†b  and b  are phonon creation and annihilation 

operators. Within the framework of the tight-binding approximation, the coupling 

coefficients in Eq. (4.1) can be expressed as 

3
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 

 

     (4.2) 

 

where g is the electron-phonon tight-binding coupling constant (g = 5.3 eV/Å),   is 

the mass density of the nanotube, i.e., mass per unit length, ( )q  is the phonon 

angular frequency (radians per second) in mode   for phonon wave vector q, d is 
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the nearest neighbour C distance ( 1.44Å ), and RN  is the number of C atoms 

per primitive unit cell in the nanotube. Furthermore, ˆ
p pT T z  , where ẑ  is a 

unit vector along the nanotube axis, denotes the primitive translation vectors for 

the nanotube with p as an enumeration index, sd  is the vector position in 

equilibrium for the s:th C atom inside the 3D primitive unit cell of the nanotube, 

ê  is the unit vector in the x- (α = 1), y- (β = 2) and z- (γ = 3) directions, , ( )s q

  is 

the (s,α)-component of the phonon polarization vector (eigenvector to the 

dynamical matrix) for a phonon with wave vector q in branch (mode)  , , ( )s nU k  

is the s-component of the eigenvector of the electron Hamiltonian for an electron 

with wave vector k and band index n: ( ) ( ) ( )el n n nH U k k U k  where ( )n k  is 

the band structure energy. The meaning of the symbol ( , , )s s p  is 

                        

0 if ,
( , , )

1 if .

                        

s s p

s s p

d d T d
s s p

d d T d





   


  
  

  (4.3) 

Note that ( , , )s s p  drastically limits the summation in Eq. (4.2) over the three 

summation indices s’, s and p: For each of the 
R

N  values of s’, there will be only 

three values of s that contribute in the summation, and only one value of p (either 

the central unit cell, which can be defined as ˆ0.pT z , or one of the unit cells on 

either side of this). In these expressions it is assumed that the 
R

N -dimensional 

eigenvectors ( )nU k  to the electronic Hamiltonian are normalized such that 

 
† *

, ,

1

( ) ( ) ( ) ( ) 1
RN

n n s n s n

s

U k U k U k U k


     (4.4) 

for all n and k, and that the 3
R

N -dimensional polarization vectors ( )q , which 

are the eigenvectors to the dynamical matrix with frequencies ( )q , are 

normalized such that 

   
3

*

, ,

1 1

[ ( )] ( ) 1
RN

s s

s

q q 

 


 
 

   (4.5) 

 

for all α and q. As indicated above, Eqs.(4.2) and (4.3) are obtained (after some 

rather lengthy algebra) by applying the method of Pietronero et al. [14] to 

nanotubes. In Ref. [14] the method was originally derived for a graphite layer. 
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To calculate the scattering rates we apply Fermi’s Golden Rule using the 

interaction Hamiltonian in Eq. (4.1) to first calculate the transition probability per 

unit time, 
, ( )n n

kW q


, for an electron transition ( , ) ( , )n k n k q  . Allowing for 

both phonon absorption and phonon emission, the result is 

 
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2
,

, ,

,

2 1
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             ( 1) ( ) ( ) ( )

n n
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q n n

W q G k q k n k q k q
L

n k q k q



 
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 
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     


,

     (4.6) 

where ,qn   is the Bose-Einstein occupation number for a phonon with wave vector 

q in mode   in equilibrium with a lattice at absolute temperature T. The total 

scattering rate 
1

( )n k
 for an electron with wave vector k in band n is then given by  

1 1

( ) ( )nn n nk k  

  ,   (4.7) 
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In Eq. (4.8), a summation over the phonon wave vector q  has been converted into 

an integration over q . Substituting Eq. (4.6) into Eq. (4.8) we get  
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where,   
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Using the property of delta function, 





i xx

i

i

xg

xx
xg

)('

)(
))((


 , where  ix  are 

the roots of the equation ( ) 0ig x  , we can simplify Eq. (4.9) as 
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In Eqs. (4.11) and (4.12), iq  and jq  are the roots of the equations  

( ', , , ; ) 0
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g n n k q
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which guarantee that energy is conserved in the transitions.  

 

 
4.2 ANALYSIS OF THE ELECTRON-PHONON SCATTERING RATE 

With the use of equations derived in the previous section, the electron-phonon 

scattering rates for (5,0), (7,0), (10,0), (13,0) and (25,0) carbon nanotubes have been 

calculated using the electronic structure obtained by applying the zone-folding 

method in Chapter 2 and with the phonon dispersion relations calculated using the 

3D force constant model described in Section 3.2.2. The reader is referred to Ref. 

[15], which is the same as paper I in this thesis, for a more detailed analysis of the 

electron-phonon scattering rate. A brief summary of the results for the phonon 

scattering rates is presented here.  

 

We found that the phonon scattering rate is strongly dependent on the nanotube 

diameter: the scattering rate decreases with increasing tube index. This is evident 
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from the Fig. 4.1.  The lattice temperature is 300K (regarded as room temperature), 

and only transitions from the lowest conduction subband are included in Fig. 4.1.  

 

It is also found that the phonon scattering rates show a clear temperature 

dependence in the energy interval 0-0.17 eV.  The peaks in the scattering rates 

generally reflect the high density-of-states around the electron’s final state. Thus, 

the peaks in the scattering rates occur when an electron with an energy ( )n k  in a 

subband n  scatters to the minimum of a subband, either to the same subband n  

as in the electron’s initial state or to another subband 'n , by either absorbing or 

emitting a phonon with an energy ( )q  and wave vector q . The phonon 

modes associated with each peak in a (10,0) tube has been identified and presented 

in Fig. 4 in paper I (Ref. [15]). The energy of the Raman active RBM is in excellent 

agreement with the literature [1-2], [9], [12-13].  
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Fig. 4.1  Phonon scattering rate for a (5,0) carbon nanotube (solid blue line),  (7,0) 

nanotube (dashed red line), (10,0) nanotube (dotted black line), (13,0) nanotube (dash-dotted 

magenta line), and a (25,0) nanotube (solid green line).  

 

We define backscattering as a process in which the electron changes (reverses, 

since in 1D) the direction of motion. Forward scattering is defined as a process in 

which the electron does not change the direction of motion, but it may change, or 

not change, its speed depending on the band structure.  We found that 

backscattering and phonon emission processes are usually far more frequent than 

the forward scattering and phonon absorption processes in the entire energy 
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interval. In certain energy intervals, though, the probability of forward scattering 

and phonon absorption processes are comparable to the probability of 

backscattering and phonon emission processes. The contribution to the scattering 

rate at a given initial state (n,k) comes from only a few of all the available phonon 

bands in the entire spectrum, which is also reported in Ref. [13]. The contribution 

from the remaining phonon bands is negligible. 

 

There are 6N  phonon modes in carbon nanotubes, where N  is the number of 

hexagons in the nanotube unit cell. The phonon dispersion relation of the carbon 

nanotube in the zone-folding approximation is related to that of graphene by,   
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         (4.14) 

 

where m  is an enumeration index used to label the six phonon bands in graphene, 

  is the enumeration index for the red lines in Fig. 2.5 (and the same as used in 

Eq. (2.18)), and k  is the 1D wave vector. In Eq. (4.14), 1 ( )m

D k and 2

m

D  denote the 

dispersion relations of the carbon nanotube and of graphene, respectively. The 

eigen frequencies obtained for each of the red lines shown in Fig. 2.5 form a set of 

subbands [13], enabling one to classify the entire phonon spectrum into sets of 

phonon subbands directly coupled to the dispersion relation for graphene. This 

kind of classification is possible with dispersion relations obtained through the use 

of the zone-folding method, as opposed to with the model used in this thesis, 

which incorporates the effects of nanotube curvature as explained in Chapter. 3. 

The author of Ref. [13] has modified the force constant model given in Ref. [1], 

enabling one to classify the entire phonon spectrum into sets of phonon subbands. 

Such a classification could reduce the computational complexity and time 

consumption. The latter is more essential when running transport calculations.  
 
 
4.3 COMPARISON WITH PUBLISHED RESULTS 

In this section, we compare the results obtained in this chapter with some 

published results. Figure 4.2 shows the scattering rate of a (13,0) and a (25,0) 

carbon nanotube at room temperature. The reader is referred to the following 

references in order to make the comparison. Figure. 2.15 in Ref. [13] shows the 

scattering rate of a (13,0) nanotube. The phonon model used in Ref. [13] is different 

compared to the one in this thesis. The author has implemented a phonon model 

that allows one to classify the entire phonon spectrum into subbands. This 

classification is useful in running transport calculations, since only few phonon 

bands contribute to the scattering process. The force constant parameters used are 



35 

similar to those of Ref. [1], with the in-plane force constant for the fourth nearest-

neighbour altered to obey the sum rule discussed in Chapter 3 (below Eq.(3.9)). 

The position of the RBM, and the high energy optical phonon peaks are in excellent 

agreement with the results presented in this chapter.   

 

Next, the reader is referred to Perebeinos et al. [2]. In this article, the author 

presents the scattering rate for a (25,0) nanotube, but the phonon model used is not 

presented. On comparing the results from the article with Fig. 4.2 above, we find 

that the results in this thesis are in good agreement with those of Ref. 

[2].
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Fig. 4.2 Phonon scattering rate for a (13,0) nanotube (solid blue line) and for a (25,0) 

nanotube (dashed red line) at room temperature.  

 

 
4.4 SUMMARY 

The electron-phonon scattering rates for semiconducting zigzag carbon nanotubes 

have been calculated within tight-binding approximation. The results for (5,0), 

(7,0), (10,0), (13,0) and (25,0) nanotubes have been presented. We also find that our 

results are in good agreement with the results published in literature [2], [13].  
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5 ELECTRON-DEFECT SCATTERING RATES IN SEMICONDUCTING 
ZIGZAG CARBON NANOTUBES 

Carbon nanotubes can display both structural and chemical defects, which affect 

the electronic states near the Fermi level. This is further complicated by the fact 

that the concentration of defects depends upon the method of synthesis. The defect 

Hamiltonian in this thesis constitutes primarily electron scattering against isolated 

(mono-) vacancies.  

  

The calculation of the scattering rates for electrons interacting with isolated 

vacancies is also modelled within the tight-binding scheme. Using the  -orbital 

nearest-neighbour tight-binding Hamiltonian elH  for the unperturbed nanotube, 

the Schrödinger equation for the carbon nanotube is given by 

 

   , ,( ) ( ) ( )el m k m m kH r E k r  ,  (5.1) 

 

where the Bloch eigenfunctions , ( )m k r  with energies ( )mE k  are given by 
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and where N  (some very large number of the order (1023)1/3) is the number of unit 

cells in the normalizing volume of the nanotube, ( , )C m k  are the elements of the 

eigenvectors ( , )C m k  to the Hamiltonian matrix for wave vector k, ˆT T z    , 

0,1,2,..., 1N    are the nanotube translation vectors along the tube axis unit 

vector ẑ , T is the length of the primitive translation vector, m is the electron band 

index and )( 


r  denotes a π-orbital centred at atomic position  , 

1,2,..., RN  , relative to the origin of the unit cell.  

 

If u  represents a single vacancy potential (i.e., the extra potential experienced by 

an electron due to the presence of the vacancy relative to the potential experienced 

by an electron in the vacancy-free nanotube), we can calculate the transition 

probability per unit time, ( , , )w m k m k  , for a transition from the initial state 

 ,m k  to the final state  ,m k  , using Fermi’s Golden rule: 

2

'

2
( , ', ') ', ' , ( ( ') ( ) )m mw m k m k m k u m k E k E k


     (5.3) 
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If the vacancy is situated at position ˆ( , )
oo o oR Tz      the matrix element 

can be written as 
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where the integration is performed over the normalizing volume. Assuming on-

site interactions only, the integral can be expressed as  
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        

,       (5.5) 

 

where the on-site matrix element is expressed as a product of a reduction factor   

and an atomic p-orbital energy 
( )a

ph  (see Ref. [16]). Appropriate values of these 

parameters are 0.85   and 
( ) 11.7868 a

ph eV [16]. The matrix element can 

then be expressed as 

 

( )( ) *1
, , ( , ) ( , ) o

o o

i k k Ta

pm k u m k h C m k C m k e
N



 
         (5.6) 

 

so that  

222 ( ) *

2

1
, , ( , ) ( , )

o o

a

pm k u m k h C m k C m k
N

         . (5.7) 

 

To treat the scattering from several identical scattering centres, it is standard 

procedure in electron transport physics to consider the scattering from one isolated 

centre and then multiply the transition probability per unit time with the number 

of such centres [17]. We will follow that procedure here. Thus, if there are VN  

vacancies in the normalizing volume, the total electron-defect scattering rate for an 

electron in band m and with wave vector k is approximately given by 
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where W  is the transition probability per unit time due to the presence of all the 

vacancies. Using a well-known property of delta functions, i.e., 


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


i xx

i

i

xg

xx
xg

)('

)(
))((


 , where  ix  are the roots of the equation  ( ) 0ig x  , 

we can rewrite Eq. (5.8) as  
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          (5.9) 

 

Here Vn  is the density of vacancies per unit length of the nanotube, 

( , ; , )ig m k m k   is the derivative of the function ( , ; , ) ( ) ( )m mg m k m k E k E k
     

with respect to the electron wave vector k  , evaluated at ik k   where  ik  are 

the roots of the equation ( , ; , ) 0ig m k m k  . If the initial state  ,m k  is 

degenerate, for instance, if the states  1,m k  and  2 ,m k  have the same energy 

(two-fold degenerate electronic energy bands is very common in carbon 

nanotubes), we explicitly form an average value of the scattering rate over the two 

degenerate initial states, 

 

1 2

1 1 1 1

( ) 2 ( ) ( )m m mk k k  

 
  

 
 

                            (5.10) 

 

It turns out that the scattering rate in Eq. (5.10) is independent of the exact value of 

o , i.e., on the position of the vacancy in the lattice, as is also expected from 

symmetry arguments. 

In the model just described we have included only on-site interactions (defined 

in Eq. (5.5)). One can easily generalize the model to include various off-site 

contributions to the matrix element in Eq. (5.4). When including also first-nearest 

neighbour contributions using parameter values from Ref. [16], the value of the 
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scattering rate changed with only a few percent at most. We therefore regard the 

off-site contributions to the present model inessential. 
 
5.1 ANALYSIS OF ELECTRON-VACANCY SCATTERING RATE 

In this section, we present a brief analysis of the electron-vacancy scattering rate. A 

detailed analysis of the vacancy scattering rate can be found in Ref. [19], which is 

the same as paper II in this thesis. Our model for the electron-vacancy interaction 

assumes a temperature independent vacancy concentration. The interaction of a 

charge carrier (for instance, an electron) with a vacancy causes the carrier to scatter, 

and end up in a final state. Since the vacancy scattering process is elastic in nature, 

the carrier can remain either in the initial state (which we define as forward 

scattering), or it can backscatter (i.e., reverse its direction of motion). The forward 

scattering process can also cause the electron to end up in a state (i.e., through an 

interband transition) with a different speed, depending on the details of the band 

structure. However, this type of scattering event is possible only when an electron 

in the lowest subband has high enough energy to make a transition to another 

(higher) conduction subband. We found that forward and backward scattering 

processes occur with equal probability at all energies. The peaks in the vacancy 

scattering rate occur only when an electron’s final state is around a subband 

minimum.  

 

The vacancy scattering rates for (5,0), (7,0), (10,0), (13,0), and (25,0) nanotubes are 

calculated and presented in Fig. 4 in Ref. [19]. The vacancy scattering rate has a 

strong dependence on nanotube diameter (i.e., the scattering rates go as 11/ n , 

where 1n  is the index of the zigzag nanotube). In Fig. 5.1, we show the effect of 

first nearest-neighbour off-site interaction on the scattering rate for a (10,0) 

nanotube at a vacancy concentration of about 1 vacancy per 1000 C-atoms. The 

inclusion of off-site interaction into the matrix elements causes a slightly upward 

shift of the scattering rate. The peak at 0.626 eV in Fig. 5.1 marks the onset of 

interband transitions (i.e., electron scatters from the first conduction subband to the 

second conduction subband, see Fig. 2.6(b) or Fig. 1 in paper I (Ref. [15])).  

 

The combined electron-phonon and electron-defect scattering rate for a (10,0) 

nanotube at different vacancy concentrations is shown in Fig. 5 in paper II (Ref. 

[19]). The effect of the vacancy scattering on the combined scattering rate is more 

important than the phonon scattering in the energy intervals 0-0.17 eV and 0.62-

0.79 eV, whereas in the remaining energy windows the relative importance of the 

vacancy scattering is less pronounced. Transport calculations at low electric fields 

could obviuosly be affected by the inclusion of the vacancy scattering rate.  
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Fig. 5.1  Effect of first nearest-neighbour off-site matrix elements on the vacancy 

scattering rate for a (10,0) carbon nanotube at a vacancy concentration of about 1 vacancy 

per 1000 C-atoms. Red dotted line shows the situation when both off-site and on-site 

interactions are included in the matrix elements, and blue solid line shows the situation 

when off-site interactions are excluded. 
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6 PAPERS SUMMARY 

 
6.1 PAPER I 

In this paper, the electron-phonon interaction is modelled within a tight-binding 

approximation and the corresponding quantum mechanical scattering rates are 

calculated for different semiconducting zigzag carbon nanotubes. The phonon 

modes associated with absorption and emission peaks, the relative contributions of 

phonon emission, phonon absorption, forward scattering and backscattering at 

room temperature, the effect of lattice temperature on phonon scattering and 

similarities between different nanotubes were analyzed in this paper.  
 
6.2 PAPER II 

In this paper, the electron-defect interaction is modelled within tight-binding 

formalism. The term defect in this paper specifically describes the isolated mono 

vacancies. The main theme of this paper is to identify at what vacancy 

concentrations; the electron-phonon scattering rate is comparable to electron-

vacancy scattering rate.  
 
6.3 AUTHORS CONTRIBUTIONS 

The exact contributions of the authors of the two papers included in this thesis are 

summarized in Table 2. In the table M and C represent the main author and co-

author respectively. 

Table 2. Authors’ Contributions 

Paper # KT UL Contributions 

I M C KT: Developed the programming scripts, analysis. 

UL: Supervisor, analysis and discussions, writing of  the 

article  

 

II M C KT: Developed the programming scripts, analysis, and 

writing of the article. 

UL: Supervisor 

 

 

 

 

KT - Kannan Thiagarajan 

UL - Ulf Lindefelt 
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7 THESIS SUMMARY 

The following has been done in this thesis. 

 

A fourth nearest-neighbour force constant model has been applied to obtain the 

phonon dispersion relations and polarization vectors of zigzag carbon nanotubes. 

With the application of this model, partial inclusion of the curvature of the 

nanotube has been achieved. The results have been compared, and found to be in 

good agreement with, ab initio calculations. 

 

The electron-phonon interaction has been modelled within the tight-binding 

approach, and the quantum mechanical scattering rates for electrons interacting 

with the lattice vibrations are calculated. The results for a (10,0) tube have been 

analyzed in detail. The phonon modes responsible for the peaks in the scattering 

rate have been identified. Backscattering and phonon emission are clearly 

dominant over forward scattering and phonon absorption for most energies, 

although forward scattering and phonon absorption are comparable in limited 

energy intervals. Phonon scattering shows both diameter and the temperature 

dependence. The energy of the Raman active radial breathing mode is in excellent 

agreement with the values reported from ab initio calculations and experiments. 

The differences in the scattering rates between different nanotubes are, to a very 

large extent, due to the differences in electronic band structure.  

  

The electron-vacancy interactions have also been modelled using the tight-binding 

method, and the corresponding scattering rates have been calculated using Fermi’s 

Golden rule. It is found that the combined electron-phonon and electron-vacancy 

scattering rates indicate that vacancies have a strong influence on the scattering 

rate in the electron energy interval 0 – 0.17 eV from the bottom of the lowest 

conduction subband, or when the electron, still in the lowest subband, has an 

energy in the interval 0 - 0.17 eV measured from the energy minimum of the 

second subband. For other electron energies, the relative importance of electron-

defect scattering compared to electron-phonon scattering seems to be clearly 

smaller. The vacancy scattering rates go as  
1

1 n  as a function of 1n  where 1n  is the 

chiral index of the zigzag nanotube.  
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8 FUTURE WORK 

The following are suggestions for future work: 

  

Phonon scattering, as well as defect scattering, plays an important role in 

determining the transport properties, such as the electron (or hole) mobility. We 

suggest to study the mobility, as a function of temperature, the diameter of the 

carbon nanotube, and the vacancy concentration, using the Monte-Carlo 

simulation method, which corresponds to calculating the mobility from the 

solutions to Boltzmann’s transport equation.  We also suggest to calculate the 

scattering rates in metallic carbon nanotubes, and to generalize the existing 

programs  to all types of carbon nanotubes.  
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