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Abstract
This paper concerns multiscale convergence and G-convergence for cer-

tain evolution problems including characteization of limits for gradients
of sequences of functions under certain a priori estimates.

1 Introduction
In this paper we collect some general results on the convergence of functions and
operators for evolution problems with multiple scales. We prove compactness
results of multiscale type for sequences of functions and their gradients and
characterize limits in the sense of parabolic G-convergence for certain sequences
of parabolic operators.

Notation 1 Ω is an open bounded set in RN and T and r are positive constants.
Furthermore ΩT = Ω× (0, T ), Y = Y1 × Y2 × (0, 1) and Y1 = Y1 × (0, 1), where
Y1 = Y2 = (0, 1)

N .

2 Two-scale convergence
In [Ng], Nguetseng presented a result on compactness with respect to a con-
vergence of two-scale type. The exact contemporary definition of two-scale
convergence is as follows.

Definition 2 A sequence {uε} in L2(Ω) is said to two-scale converge to a limit
u0 ∈ L2 (Ω× Y ) if

lim
ε→0

Z
Ω

uε (x) v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u0 (x, y) v (x, y) dydx

for all v ∈ L2 (Ω;C` (Y )). This is written

uε (x)-- u0 (x, y) .
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A corresponding compactness result holds.

Theorem 3 Let {uε} be a bounded sequence in L2 (Ω). Then it possesses a
two-scale convergent subsequence.

Using two-scale convergence for the purpose of homogenization requires in-
formation about the two-scale limit of the gradient of uε. One can show (see
[Ng], [Al] and [LNW]) that for a sequence {uε} bounded in H1 (Ω), there is a
function u1 in L2(Ω;H1

` (Y )/R) such that, for a subsequence, it holds that

∇uε (x)-- ∇u (x) +∇yu1 (x, y) ,

where u ∈ H1 (Ω) is the strong L2 (Ω)-limit, and hence the two-scale limit, of
{uε}.

3 Multiscale convergence
For the reiterated homogenization, when we are dealing with multiple scales of
periodic oscillations, a generalization of two-scale convergence can be applied.
The so-called multiscale convergence was first introduced by Allaire and Briane
in [AlBr].

Definition 4 A sequence {uε} in L2 (Ω) is said to (n+ 1)-scale converge to
u0 ∈ L2 (Ω× Y1 × ...× Yn) if

lim
ε→0

Z
Ω

uε (x) v

µ
x,

x

ε1
, ...,

x

εn

¶
dx = (1)Z

Ω

Z
Y1

...

Z
Yn

u0 (x, y1, ..., yn) v (x, y1, ..., yn) dyn...dy1dx

for all v ∈ L2 (Ω;C` (Y1 × ...× Yn)). We write

uε (x)
n+1
- u0 (x, y1, ..., yn) .

All εk are supposed to be functions depending on the common variable ε.
The way in which the scales are related to each other is of significance e.g.
for the proof of Theorem 8. Apart from the assumption that the scales are
microscopic, i.e.

lim
ε→0

εk = 0

for k = 1, 2, ..., n, we assume henceforth that the scales εk are separated, that
is,

lim
ε→0

εk+1
εk

= 0

for k = 1, 2, ..., n−1. This means that even though they are all microscopic, they
can be distinguished from one another, making it meaningful to refer to different
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scales. We will also use the notion of well-separated scales, which means that
there exists an integer d > 0 such that, for k = 1, 2, ..., n− 1,

lim
ε→0

1

εk

µ
εk+1
εk

¶d
= 0.

A similar compactness result as in the two-scale case holds true, namely
that a bounded sequence {uε} in L2 (Ω) has a subsequence which (n+ 1)-scale
converges to some limit u0 ∈ L2 (Ω× Y1 × ...× Yn).

A corresponding compactness result on the multiscale convergence of se-
quences of gradients is found in [AlBr].

Theorem 5 Let {uε} be a bounded sequence in H1 (Ω). Then, up to a sub-
sequence, there exist n functions uk ∈ L2(Ω × Y1 × . . . × Yk−1;H

1
` (Yk)) such

that
uε (x)

n+1
- u (x)

and

∇uε (x) n+1- ∇u (x) +
nX

k=1

∇ykuk (x, y1, . . . , yk) ,

where u ∈ H1 (Ω) is the strong L2 (Ω)-limit of {uε}.

We give the following definition which includes l spatial scales and m time
scales where Yl,m = Y1 × Y2 × ...× Yl−1 × (0, 1)m−1.

Definition 6 A sequence {uε} in L2 (ΩT ) is said to l,m-scale converge to
u0 ∈ L2 (ΩT ×Yl,m) if

lim
ε→0

Z
ΩT

uε (x, t) v

µ
x, t,

x

ε1
, ...,

x

εl−1
,
t

ε01
, ...,

t

ε0m−1

¶
dxdt =Z

ΩT

Z
Yl,m

u0 (x, t, y1, ..., yl−1, s1, ..., sm−1) ·

v (x, t, y1, ..., yl−1, s1, ..., sm−1) dyl−1...dy1dsm−1...ds1dxdt

for all v ∈ L2 (ΩT ;C` (Yl,m)) . This is denoted by

uε (x, t)
l,m
- u0 (x, t, y1, ..., yl−1, s1, ..., sm−1) .

The compactness result below, for a special case with three spatial scales
and two time scales, that is, for l = 3 and m = 2, holds true.

Theorem 7 Let {uε} be a bounded sequence in L2 (ΩT ) and assume that ε1 = ε,
ε2 = ε2 and ε01 = εr, r > 0. Then there exists a function u0 ∈ L2 (ΩT ×Y) such
that, up to a subsequence, {uε} 3,2-scale converges u0.
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Proof. This follows immediately from Theorem 2.4 in [AlBr].

We give the following theorem which involves 3, 2-scale convergence of gra-
dients.

Theorem 8 Let {uε} be a sequence bounded in L2
¡
0, T ;H1

0 (Ω)
¢
with {∂tuε}

bounded in L2
¡
0, T ;H−1 (Ω)

¢
and assume that ε1 = ε, ε2 = ε2 and ε01 = εr,

r > 0. Then it holds that

uε (x, t)→ u (x, t) in L2 (ΩT ) ,

and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s) ,

where u ∈ L2
¡
0, T ;H1

0 (Ω)
¢
, u1 ∈ L2(ΩT × (0, 1) ;H1

` (Y1) /R) and
u2 ∈ L2(ΩT ×Y1;H1

` (Y2) /R).

For the proof of Theorem 8 we need some lemmas from [AlBr].

Lemma 9 Let H be the space of "generalized" divergence-free functions in
L2(Ω;L2` (Y1 × Y2)

N ) defined by

H =

½
v ∈ L2

¡
Ω;L2` (Y1 × Y2)

N
¢¯̄
∇y2 · v = 0,

Z
Y2

∇y1 · v (x, y1, y2) dy2 = 0

¾
.

The subspace H has the following properties:

(i) D(Ω;C∞` (Y1 × Y2))
N ∩H is dense in H.

(ii) The orthogonal of H is

H⊥ =
©
∇y1u1 +∇y2u2|u1 ∈ L2(Ω;H1

` (Y1)), u2 ∈ L2(Ω× Y1;H
1
` (Y2))

ª
.

Proof. See Lemma 3.7 in [AlBr].

Lemma 10 Let φ ∈ D(Ω;C∞` (Y1 × Y2)) be a function such thatZ
Y2

φ (x, y1, y2) dy2 = 0

and assume that the scales ε1, ε2 are well-separated. Then

1

ε2
φ

µ
x,

x

ε1
,
x

ε2

¶
is bounded in

¡
H1 (Ω)

¢0
.
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Proof. See Corollary 3.4 in [AlBr].

We can now give the proof of Theorem 8.

Proof of Theorem 8. From the fact that {uε} is bounded in L2
¡
0, T ;H1

0 (Ω)
¢

we know by Theorem 7 that {uε} and {∇uε} both possesses a 3, 2-scale limit,
i.e. there exist u0 ∈ L2 (ΩT ×Y) and w0 ∈ L2 (ΩT ×Y)N such that

uε (x, t)
3,2
- u0 (x, t, y1, y2, s)

and
∇uε (x, t) 3,2- w0 (x, t, y1, y2, s) .

Moreover, according to the assumptions {∂tuε} is bounded in L2
¡
0, T ;H−1 (Ω)

¢
,

which means that {uε} is bounded in H1
¡
0, T ;H1

0 (Ω) , L
2 (Ω)

¢
. In Lemmas 8.2

and 8.4 in [CoFo] it is proven that for a suitable subsequence it holds that

uε (x, t)→ u (x, t) in L2(ΩT ).

Furthermore the a priori estimates gives that, still up to a subsequence,

uε (x, t)- u (x, t) in L2(0, T ;H1
0 (Ω)).

We get Z
ΩT

uε (x, t) v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt→Z

ΩT

u (x, t)

µZ
Y
v (x, y1, y2) c1 (t) c2 (s) dy2dy1ds

¶
dxdt =Z

ΩT

Z
Y
u (x, t) v (x, y1, y2) c1 (t) c2 (s) dy2dy1dsdxdt

for all c1 ∈ D (0, T ), c2 ∈ C∞` (0, 1) and v ∈ D(Ω;C∞` (Y1 × Y2))
N , since the

oscillating test functions converge weakly to the average over Y, see [AlBr], [Pa]
and [Do].

Our next aim is to characterize the limit w0. For this purpose we choose
functions v belonging to the set D(Ω;C∞` (Y1 × Y2))

N ∩H defined in Lemma 9.
We know that Z

ΩT

∇uε (x, t) v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt→Z

ΩT

Z
Y
w0 (x, t, y1, y2, s) v (x, y1, y2) c1 (t) c2 (s) dy2dy1dsdxdt

and we carry out the characterization by studying the limit process forZ
ΩT

∇uε (x, t) v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt.
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For t fixed integration by parts over Ω gives

−
Z
Ω

uε (x, t) (∇+ ε−1∇y1 + ε−2∇y2) · v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dx =

−
Z
Ω

uε (x, t) (∇+ ε−1∇y1) · v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dx

due to the definition of H. We will now show that the contribution from the
term Z

Ω

uε (x, t) ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dx

tends to zero. By Lemma 10 ε−2φ(x, xε ,
x
ε2 ) is bounded in (H

1(Ω))0 ifZ
Y2

φ(x, y1, y2) dy2 = 0

and hence ¯̄̄̄Z
Ω

ε−2φ
³
x,

x

ε
,
x

ε2

´
ρ (x) dx

¯̄̄̄
≤ C kρkH1(Ω)

for all ρ ∈ H1(Ω). Since ∇y1 · v fulfills the condition on φ above we get¯̄̄̄Z
Ω

ε−2∇y1 · v
³
x,

x

ε
,
x

ε2

´
ρ (x) dx

¯̄̄̄
≤ C kρkH1(Ω)

and hence ¯̄̄̄Z
Ω

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
ρ (x) dx

¯̄̄̄
≤ Cε kρkH1(Ω) .

For t fixed and ρ = uε we have¯̄̄̄Z
Ω

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
uε (x, t) dx

¯̄̄̄
≤ Cε kuεkH1(Ω)

and it follows that¯̄̄̄Z
ΩT

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
uε (x, t) dxdt

¯̄̄̄2
≤

C1

Z T

0

¯̄̄̄Z
Ω

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
uε (x, t) dx

¯̄̄̄2
dt ≤

C2ε
2

Z T

0

kuε (x, t)k2H1(Ω) dt ≤ C2ε
2 kuε (x, t)k2L2(0,T ;H1(Ω)) ≤ C3ε

2 → 0

as ε→ 0. We have proven that

−
Z
ΩT

uε (x, t) (∇+ ε−1∇y1 + ε−2∇y2) · v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt→
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−
Z
ΩT

Z
Y
u (x, t)∇ · v(x, y1, y2)c1 (t) c2(s) dy2dy1dsdxdt =Z

ΩT

Z
Y
∇u (x, t) v(x, y1, y2)c1 (t) c2(s) dy2dy1dsdxdt

for all v ∈ D(Ω;C∞` (Y1 × Y2))
N ∩H and all c1 ∈ D(0, T ), c2 ∈ C∞` (0, 1). Thus

we have Z
ΩT

Z
Y
w0(x, t, y1, y2, s)v(x, y1, y2)c1 (t) c2(s) dy2dy1dsdxdt =

Z
ΩT

Z
Y
∇u (x, t) v(x, y1, y2)c1 (t) c2(s) dy2dy1dsdxdt

for every such v, c1 and c2. By the Variational LemmaZ
Ω

Z
Y1

Z
Y2

w0(x, t, y1, y2, s)v(x, y1, y2) dy2dy1dx =Z
Ω

Z
Y1

Z
Y2

∇u (x, t) v(x, y1, y2) dy2dy1dx

for all v ∈ D(Ω;C∞` (Y1 × Y2))
N ∩H and by density, see (i) in Lemma 9, this

holds for all v ∈ H. Hence, w0 and ∇u can only differ by elements in H⊥, i.e.
we have

w0(x, t, y1, y2, s)−∇u (x, t) = ∇y1u1(x, t, y1, s) +∇y2u2(x, t, y1, y2, s)

for almost all s and t, that is

w0(x, t, y1, y2, s) = ∇u (x, t) +∇y1u1(x, t, y1, s) +∇y2u2(x, t, y1, y2, s),

where u1 ∈ L2(ΩT × (0, 1);H1
` (Y1)/R) and u2 ∈ L2(ΩT ×Y1;H1

` (Y2)/R).

4 Regularity and G-convergence
In this section we formulate some general results concerning the convergence of
sequences of monotone parabolic problems. We identify conditions which ensure
the existence of unique weak solutions to sequences of equations

∂tu
h (x, t)−∇ · ah

¡
x, t,∇uh

¢
= f (x, t) in Ω× (0, T ) ,

uh (x, 0) = u0 (x) in Ω, (2)

uh (x, t) = 0 on ∂Ω× (0, T ) ,

that obey certain a priori estimates and hence results of G-convergence type
can be concluded.
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4.1 Preliminaries

We start out with the monotone problem

∂tu (t) +A (t)u (t) = f (t) , (3)

u (0) = u0 ∈ H.

Here H is a real, separable Hilbert space, f ∈ L2 (0, T ;V 0) and

A (t) : V → V 0

is a monotone operator acting on the Banach space V .

To begin with we introduce the concept of evolution triples, which is asso-
ciated with the set where we seek our solution. See [Ze IIA] and [Ze IIB] for
notations.

Definition 11 Let V be a real, separable and reflexive Banach space and as-
sume that H is a real, separable Hilbert space. Also, let V be continuously
embedded in H, that is, V ⊆ H and

kukH ≤ C1 kukV
for all u ∈ V , and let V be dense in H. We then say that

V ⊆ H ⊆ V 0

forms an evolution triple.

Now we have the tools needed to study (3). This should be understood as
that we are searching for u ∈ H1(0, T ;V,H), where V ⊆ H ⊆ V 0 forms an
evolution triple, such that for almost every t ∈ (0, T ), the operator equation

(∂tu, v)V 0,V + (A (t)u, v)V 0,V = (f (t) , v)V 0,V ,

u (0) = u0 ∈ H,

holds for all v ∈ V, where f ∈ L2 (0, T ;V 0). It is worth noting that the way we
choose V may include that we receive boundary conditions indirectly.

Our next step is to state the conditions that our operator A must satisfy to
ensure the existence of a unique solution to (3); see Section 30.2 in [Ze IIB].

(Q i) The operator A (t) : V → V 0 is strongly monotone, i.e.

(A (t)u−A (t) v, u− v)V 0,V ≥ C0 ku− vk2V
for all u, v ∈ V and some C0 > 0.

(Q ii) A (t) : V → V 0 is hemicontinuous; that is, the function

α (r) = (A (t) (u+ rv), w)V 0,V

is continuous on [0, 1] for every u, v, w ∈ V.
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(Q iii) A (t) : V → V 0 satisfies

(A (t)u, u)V 0,V > C1 kuk2V
for every u ∈ V and some C1 > 0; that is, the operator is coercive.

(Q iv) There exists a non-negative function β ∈ L2(0, T ) and a constant C2 > 0
such that

kA (t)ukV 0 ≤ β (t) + C2 kukV
for every u ∈ V and t ∈ (0, T ).

(Q v) The function
γ (t) = (A (t)u, v)V 0,V

is measurable on (0, T ) for all u, v ∈ V.

According to the following theorem, the five conditions above guarantee the
existence of a unique solution to (3).

Theorem 12 Let A (t) : V → V 0 satisfy the conditions (Q i)-(Q v), where
V ⊆ H ⊆ V 0 forms an evolution triple. Then (3) will possess a unique solution
for every choice of f ∈ L2(0, T ;V 0) and any u0 ∈ H.

Proof. See Theorem 30.A in [Ze IIB].

4.2 Parabolic equations with multiple scales

Now we are prepared to investigate a periodic homogenization problem with
multiple scales associated to (2) in a very general setting including oscillations
in both space and time. The system of equations reads

∂tu
ε (x, t)−∇ · a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
= f (x, t) in Ω× (0, T ) ,

uε (x, 0) = u0 (x) in Ω, (4)

uε (x, t) = 0 on ∂Ω× (0, T ) .

We identify conditions on a that are sufficient to ensure the existence of a unique
weak solution to (4). These conditions are also sufficient to prove appropriate
a priori estimates and hence to obtain G-convergence up to a subsequence. For
the linear case (4) is treated in [HSW]. The corresponding elliptic case is found
in [LLPW].

We study the so-called weak form of (4), i.e. the problem of finding a unique
solution uε ∈ H1

¡
0, T ;H1

0 (Ω) , L
2 (Ω)

¢
such that for f ∈ L2 (ΩT ) and

uε (x, 0) = u0 ∈ L2 (Ω)Z
ΩT

−uε (x, t) v (x) ∂tc (t) + a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
∇v (x) c (t) dxdt = (5)Z

ΩT

f (x, t) v (x) c (t) dxdt,

9



holds for all v ∈ H1
0 (Ω) and c ∈ D (0, T ), where a agrees with the conditions

(q i)− (q vi) below. We have chosen H = L2 (Ω) and V = H1
0 (Ω), which yields

the evolution triple
H1
0 (Ω) ⊆ L2 (Ω) ⊆ H−1 (Ω) .

Remark 13 A solution uε ∈ H1
¡
0, T ;H1

0 (Ω) , L
2 (Ω)

¢
to (5) is called a weak

solution to (4). In what follows, all solutions to partial differential equations
which appear in this article are solutions in this weak sense.

We assume that a satisfies the following structure conditions:

(q i) a : R2N+1 ×RN → RN ,

(q ii) a (·, ·, ·, k) is continuous and Y-periodic for any k ∈ RN ,

(q iii) a (y1, y2, s, ·) is continuous for any (y1, y2, s) ∈ R2N+1,

(q iv) |a (y1, y2, s, k1)− a (y1, y2, s, k2)| ≤ c1 (1 + |k1|+ |k2|)1−α |k1 − k2|α
for any (y1, y2, s) ∈ R2N+1, all k1, k2 ∈ RN , and some c1 > 0, where
0 < α ≤ 1,

(q v) (a (y1, y2, s, k1)− a (y1, y2, s, k2) , k1 − k2) ≥ c2 |k1 − k2|2
for any (y1, y2, s) ∈ R2N+1, all k1, k2 ∈ RN and some c2 > 0,

(q vi) a (y1, y2, s, 0) = 0 for any (y1, y2, s) ∈ R2N+1.

According to the following theorem the weak form of (4) possesses a unique
solution uε ∈ H1

¡
0, T ;H1

0 (Ω) , L
2 (Ω)

¢
for every fixed ε > 0.

Theorem 14 Assume that a : R2N+1 × RN → RN agrees with (q i)-(q vi).
Then, for every ε > 0, the operators

(Aε (t)u, v)H−1(Ω),H1
0 (Ω)

=

Z
Ω

a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
∇v (x) dx

fulfil (Q i)-(Q v) and hence, for any f ∈ L2 (ΩT ) and u0 ∈ L2 (Ω), the problem
(5) have a unique solution uε ∈ H1

¡
0, T ;H1

0 (Ω) , L
2 (Ω)

¢
for each such ε.

Proof. To show that the first condition (Q i) is satisfied, we make use of the
fact that our operator fulfills the condition (q v), which means thatZ

Ω

µ
a

µ
x

ε
,
x

ε2
,
t

εr
,∇u

¶
− a

µ
x

ε
,
x

ε2
,
t

εr
,∇v

¶¶
∇ (u (x)− v (x)) dx ≥

c2

Z
Ω

|∇u (x)−∇v (x)|2 dx = c2 ku− vk2H1
0 (Ω)

,

that is,

(Aε (t)u−Aε (t) v, u− v)H−1(Ω),H1
0 (Ω)
≥ c2 ku− vk2H1

0 (Ω)
(6)
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for all u, v ∈ H1
0 (Ω). Condition (Q ii) follows directly from (q iv).

For condition (Q iii), we take benefit of the monotonicity property (q v).
Choosing v = 0 in (6) and using (q vi), we get

(Aε (t)u−Aε (t) 0, u− 0)H−1(Ω),H1
0 (Ω)

=Z
Ω

µ
a

µ
x

ε
,
x

ε2
,
t

εr
,∇u

¶
− a

µ
x

ε
,
x

ε2
,
t

εr
, 0

¶¶
∇u (x) dx =Z

Ω

a

µ
x

ε
,
x

ε2
,
t

εr
,∇u

¶
∇u (x) dx ≥ c2 kuk2H1

0 (Ω)
,

that is,
(Aε (t)u, u)H−1(Ω),H1

0 (Ω)
≥ c2 kuk2H1

0 (Ω)

and hence our operator is coercive.

Aε (t) also satisfies condition (Q iv). We have

kAε (t)ukH−1(Ω) = sup
kvkH1

0(Ω)
≤1

¯̄̄
(Aε (t)u, v)H−1(Ω),H1

0 (Ω)

¯̄̄
≤

sup
kvk

H1
0(Ω)
≤1

Z
Ω

¯̄̄̄
a

µ
x

ε
,
x

ε2
,
t

εr
,∇u

¶
∇v (x)

¯̄̄̄
dx

and since it follows from the structure conditions that

|a (y1, y2, s, k)| ≤ c1 (1 + |k|) ,

we get

sup
kvk

H1
0(Ω)
≤1

Z
Ω

¯̄̄̄
a

µ
x

ε
,
x

ε2
,
t

εr
,∇u

¶
∇v (x)

¯̄̄̄
dx ≤

sup
kvk

H1
0(Ω)
≤1

Z
Ω

c1 (1 + |∇u (x)|) |∇v (x)| dx.

By the Hölder inequality, we haveZ
Ω

c1 (1 + |∇u (x)|) |∇v (x)| dx ≤ c1 k1 + |∇u|kL2(Ω) k∇vkL2(Ω)N

and finally, by the triangle inequality,

c1 k1 + |∇u|kL2(Ω) k∇vkL2(Ω)N ≤³
kc1kL2(Ω) + c1 k∇ukL2(Ω)N

´
kvkH1

0 (Ω)
= c3 + c1 kukH1

0 (Ω)

since kvkH1
0 (Ω)

= 1 and c1 is a non-negative constant. Methods to prove con-
dition (Q v) are found in Lemma 30.2 and Problem 30.1 in [Ze IIB]. Finally,
since all the conditions (Q i)-(Q v) are fulfilled, Theorem 12 applies, i.e. the
theorem is proven.
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4.3 G-convergence

We will now study G-convergence for sequences of equations of the type (2).
This means that we investigate in which sense and under which conditions the
solutions to (2) converges to the unique solution to a similar kind of system
characterized by a limit operator b with suitable properties.

To formulate G-convergence for the monotone parabolic case, in the mean-
ing of [Sv] by Svanstedt, we need to define a certain class of operators. Let
S (c0, c1, c2, α) be the set of functions a : ΩT × RN → RN , which satisfy the
conditions

(S i) |a (x, t, 0)| ≤ c0 a.e. in ΩT ,

(S ii) a (·, ·, k) is Lebesgue measurable for every k ∈ RN ,

(S iii)
¯̄
a
¡
x, t, k1

¢
− a

¡
x, t, k2

¢¯̄
≤ c1

¡
1 +

¯̄
k1
¯̄
+
¯̄
k2
¯̄¢1−α ¯̄

k1 − k2
¯̄α

a.e. in ΩT for all k1, k2 ∈ RN ,

(S iv)
¡
a
¡
x, t, k1

¢
− a

¡
x, t, k2

¢
, k1 − k2

¢
≥ c2

¯̄
k1 − k2

¯̄2
a.e. in ΩT for all k1, k2 ∈ RN ,

where c0, c1 and c2 are positive constants and 0 < α ≤ 1. This class of functions
enables us to define G-convergence for monotone parabolic operators.

Definition 15 We say that a sequence
©
ah
ª
in S (c0, c1, c2, α) G-converges to

b if, for every f ∈ L2
¡
0, T,H−1 (Ω)

¢
and u0 ∈ L2 (Ω), the solutions uh to the

sequence of problems

∂tu
h (x, t)−∇ · ah

¡
x, t,∇uh

¢
= f (x, t) in ΩT ,

uh (x, 0) = u0 (x) in Ω,

uh (x, t) = 0 on ∂Ω× (0, T )

satisfy

uh (x, t) - u (x, t) in L2
¡
0, T ;H1

0 (Ω)
¢
,

ah
¡
x, t,∇uh

¢
- b (x, t,∇u) in L2 (ΩT )

N
,

where u is the unique solution to

∂tu (x, t)−∇ · b (x, t,∇u) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) .

The following compactness result holds true.

Theorem 16 Let
©
ah
ª
be a sequence in S (c0, c1, c2, α). Then there exists a

subsequence, still denoted by
©
ah
ª
, such that

©
ah
ª
G-converges to b ∈ S (c̃0, c̃1, c2, γ),

where c̃0 and c̃1 are positive constants depending only on the constants c0, c1,
c2 and α and where γ = α/(2− α).

12



Proof. See Theorem 3.1 in [Sv].

We prove that the operators aε corresponding to (5) belongs to the set
S (c0, c1, c2, α), which not only gives G-convergence up to a subsequence, but
also certain a priori estimates.

Theorem 17 Consider the problem (5). It holds that

(i) the corresponding solutions uε will be uniformly bounded in L∞
¡
0, T ;L2 (Ω)

¢
and H1

¡
0, T ;H1

0 (Ω) , L
2 (Ω)

¢
, i.e. for some positive constant C it holds

that
kuεkL∞(0,T ;L2(Ω)) ≤ C

and
kuεkH1(0,T ;H1

0 (Ω),L
2(Ω)) ≤ C.

(ii) the sequence of operators aε G-converges, up to a subsequence, to a limit
b ∈ S (c̃0, c̃1, c2, γ).

Proof. We define

ah(x, t, ·) = a

µ
x

ε
,
x

ε2
,
t

εr
, ·
¶

with ε = ε (h) > 0 such that ε (h)→ 0 for h→∞. Immediately from (q vi) we
get

a

µ
x

ε
,
x

ε2
,
t

εr
, 0

¶
= 0,

which means that condition (S i) is satisfied. We have that

a
³ ·
ε
,
·
ε2
,
·
εr
, k
´

is measurable for every fixed k ∈ RN because a(·, ·, ·, k) is continuous and
Y-periodic for every such k. Hence condition (S ii) is satisfied. Furthermore¯̄̄̄

a

µ
x

ε
,
x

ε2
,
t

εr
, k1

¶
− a

µ
x

ε
,
x

ε2
,
t

εr
, k2

¶¯̄̄̄
≤ c1

³
1 + |k1|+ |k2|1−α

´
|k1 − k2|α

holds for all (x, t) ∈ ΩT if a satisfies (q iv) for all k1, k2 ∈ RN with arbitrary
fixed y1, y2 ∈ RN and s ∈ R and 0 < α ≤ 1. Finally,µ

a

µ
x

ε
,
x

ε2
,
t

εr
, k1

¶
− a

µ
x

ε
,
x

ε2
,
t

εr
, k2

¶
, k1 − k2

¶
≥ c2 |k1 − k2|2

for all (x, t) ∈ ΩT if (q v) is satisfied for all k1, k2 ∈ RN and arbitrary fixed
y1, y2 ∈ RN and s ∈ R. Hence a(xε ,

x
ε2 ,

t
εr , ·) belongs to S (c0, c1, c2, α), and thus

Proposition 2.3 and Corollary 2.1 in [Sv] and Theorem 16 applies.
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