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G-convergence and Homogenization of
some Sequences of Monotone
Differential Operators

Liselott Flodén
Department of Engineering and Sustainable Development
Mid Sweden University, SE-831 25 Östersund, Sweden

Abstract

This thesis mainly deals with questions concerning the convergence
of some sequences of elliptic and parabolic linear and non-linear oper-
ators by means of G-convergence and homogenization. In particular,
we study operators with oscillations in several spatial and temporal
scales. Our main tools are multiscale techniques, developed from the
method of two-scale convergence and adapted to the problems stud-
ied. For certain classes of parabolic equations we distinguish different
cases of homogenization for different relations between the frequen-
cies of oscillations in space and time by means of different sets of local
problems. The features and fundamental character of two-scale con-
vergence are discussed and some of its key properties are investigated.
Moreover, results are presented concerning cases when the G-limit can
be identified for some linear elliptic and parabolic problems where no
periodicity assumptions are made.
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Notation

For the convenience of the reader, we list some symbols and sets used in this
thesis.
X : Any linear space

X 0 : The dual space of X

kukX : The norm of u ∈ X, where X is a normed space

H : Any Hilbert space

V : Any Banach space such that the embedding
V ⊆ H is continuous

V ⊆ H ⊆ V 0 : An evolution triple©
uh
ª
: A sequence of functions uh

uh → u :
©
uh
ª
converges strongly to u

uh - u :
©
uh
ª
converges weakly to u

uh
∗
- u :

©
uh
ª
converges weakly* to u

uh -- u :
©
uh
ª
two-scale converges to u

{ε} : A sequence {ε (h)} such that ε = ε (h)→ 0 as h→∞
O : Any open bounded subset of RM with

smooth (at least Lipschitz) boundary

∂O : The boundary of O
Ō : The closure of O
Ω : Any open bounded subset of RN with

smooth (at least Lipschitz) boundary

ΩT : The set Ω× (0, T )
Ω̄T : The set Ω̄× [0, T ]
Y∗ : Unit cube in RM

Y, Y1, Y2, ..., Yn : Unit cubes in RN

Y n : The set Y1 × ...× Yn

Yn,m : The set Y n × (0, 1)m
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a · b : The scalar product of two vectors a and b in RN

(u, v)H : The inner product of u and v in a Hilbert space H

h·, ·iX0,X : The duality pairing between X 0 and X

Below is a list of function spaces. All functions u are assumed to be measur-
able.

F (O) : Any space of functions u : O→ R

Floc

¡
RM

¢
: All functions u : RM → R such that their restriction to
any open bounded subset O of RM belongs to F (O)

F` (Y∗) : All functions in Floc

¡
RM

¢
that are the periodical

repetition of some function in F (Y∗)

F (O) /R : All functions in F (O) with integral mean value zero over O

Lp (O) : All functions u : O→ R such that
kukLp(O) =

¡R
O |u (x)|

p dx
¢1/p

<∞, p ≥ 1

Lp (O)N : All functions u : O→ RN such that

kukLp(O)N =
µ

NP
i=1

R
O |ui (x)|

p dx

¶1/p
<∞, p ≥ 1

L∞ (O) : All functions u : O→ R such that
kukL∞(O) =ess supx∈O |u (x)| <∞

W 1,p (O) : All functions u in Lp (O) such that their first-order
distributional derivatives belong to Lp (O)
kukW 1,p(O) =

³
kukpLp(O) + k∇uk

p

Lp(O)M

´1/p
<∞

W 1,p
0 (O) : All functions u in W 1,p (O) such that u = 0 on ∂O

kukW 1,p
0 (O) = k∇ukLp(O)M

W−1,q (O) : The dual space of W 1,p
0 (O), 1

p
+ 1

q
= 1

C (O) : All continuous functions u : O→ R

x



C
¡
Ō
¢
: All continuous functions u : Ō→ R

kukC(Ō) = supx∈Ō |u (x)|

C∞ (O) : All infinitely differentiable functions u : O→ R

D (O) : All infinitely differentiable functions u : O→ R with
compact support in O

D0 (O) : All distributions in O

C` (Y∗) : All continuous and Y∗-periodic functions u : RM → R
kukC`(Y∗) = supy∈Y∗ |u (y)|

C∞` (Y∗) : All infinitely differentiable and Y∗-periodic functions
u : RM → R

W 1,2
` (Y∗) : All Y∗-periodic functions in W 1,2

loc

¡
RM
¢

W 1,2
` (Y∗) /R : All functions u in W 1,2

` (Y∗) with integral
mean value zero over Y∗
kukW 1,2

` (Y∗)//R = k∇ukL2(Y∗)M

L2 (O;X) : All functions u : O→ X such that
kukL2(O;X) = (

R
O ku (x, ·)k

2
X dx)1/2 <∞

L∞ (O;X) : All functions u : O→ X such that
kukL∞(O;X) =ess supx∈O ku (x)kX <∞

C
¡
Ō;X

¢
: All continuous functions u : Ō→ X

kukC(Ō,X) = supx∈Ō ku (x, ·)kX

D (O;X) : All infinitely differentiable functions u : O→ X with
compact support in O

W 1,2 (0, T ;V, V 0) : All u ∈ L2 (0, T ;V ) such that ∂tu ∈ L2 (0, T ;V 0)
kukW 1,2(0,T ;V,V 0) = kukL2(0,T ;V ) + k∂tukL2(0T ;V 0)
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1 Introduction

Heterogeneous materials such as paper, concrete, nylon and plastic exist
everywhere around us and new species are constantly being invented. Since
they have almost infinitely many methods of application, the demand for a
mathematical understanding of these materials is huge. Although we may ex-
perience a heterogeneous material as being homogeneous at the macroscopic
level, its exact behavior depends on the properties of the component materi-
als: how they are arranged and what proportions they have. So, to be able
to describe the properties of a heterogeneous material, we must investigate
it at the microscopic level.

If we are studying a certain phenomenon, for example heat conduction,
elasticity or fluid dynamics, we can use a partial differential equation that
describes the process, and try to solve it with some suitable method. The
main difficulty with this arises from the character of the material. Due to
the fine microstructure, the physical parameters describing the material will
oscillate rapidly. If we try to solve the corresponding partial differential
equations, these oscillations may cause major difficulties.

An alternative way of dealing with the issue is to approximate the solution
to the equation in question. Say that we have a material consisting of two
different materials and a partial differential equation describing the process
in the material. Imagine that we study the material for, first, a rather rough
microstructure but then for a successively more complicated one.

Figure 1. Materials with successively more complicated microstructure.

When the microstructure changes, for every step, we get a corresponding
equation depending on the properties of the material. We get a sequence of
equations, each one governed by a coefficient ah together with a corresponding
sequence of solutions uh. The question is, will we get a stabilization? Do
we obtain a limit problem describing the properties of a corresponding less
complex material and whose solution u in some sense is a limit to the sequence

1
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uh
ª
, and which gives a good approximation to the solution we are searching

for?

Under certain assumptions on the equations, especially on the coefficients
ah, one can prove that such a limit problem exists where the governing coef-
ficient b has suitable properties. We may obtain cases where b is a constant,
and for other cases b can vary between different sections of the material.

Figure 2. Two possible limits for distribution of materials.

Moreover, important conclusions, such that the coefficient b depends only on
the material distribution and not on e.g. source term or boundary conditions,
can be drawn.

1.1 Convergence for differential operators

The discussion above illustrates the idea behind a type of convergence for
operators, so-called G-convergence. For a sequence of partial differential
equations

−∇ ·
¡
ah (x)∇uh (x)

¢
= f (x) in Ω, (1)

uh (x) = 0 on ∂Ω,

depending on a parameter h ∈ N, we have corresponding sequences {ah}
of matrix functions, and solutions {uh}. An important question is: what
criteria must {ah} fulfill in order to guarantee that the sequence {uh} of
solutions to (1) converges to a unique solution u to some limit problem, as
h→∞?

In the late 1960s, Spagnolo introduced the concept of G-convergence. A
sequence of symmetric matrices {ah} is said toG-converge to the limit matrix
b if the sequence {uh} of solutions to (1) converges weakly in W 1,2

0 (Ω) to u,
the solution to the limit problem

−∇ · (b∇u (x)) = f (x) in Ω,

u (x) = 0 on ∂Ω.

2



Spagnolo proved that under certain boundedness conditions on {ah}, it holds
that {ah}G-converges up to a subsequence; see [Sp1], [Sp2], [DeSp] and [Sp3].
By introducing an additional condition, namely that

ah (x)∇uh (x)- b (x)∇u (x) in L2(Ω)N ,

Tartar and Murat generalized this result to be valid for sequences of problems
including non-symmetric matrices; see [Ta2] and [Mu1]. They called this
approach H-convergence, where H stands for homogenization.

From the G-convergence, we know that a well-posed limit equation exists
but we do not obtain any explicit formula for the G-limit b and, moreover,
the conditions that guarantee G-convergence usually yield convergence only
up to a subsequence.

For a periodic material the G-limit can be obtained by means of periodic
homogenization, which is the most well-studied case of G-convergence. A
key assumption here, apart from the periodicity requirement, is that the size
of the repetitive units building up the material shrinks to zero. A good deal
of this thesis is devoted to this type of problem, starting in the next section.

1.2 Homogenization and periodic media

The idea behind the method of periodic homogenization is to describe how
a material behaves at the macroscopic level, from its microscopic structure.

To illustrate our way of thinking, we study how heat is distributed in a
piece Ω of a heterogeneous material, which we can think of as being built up
of identical cubes with side length ε where ε is a small positive number; see
Figure 3.

Figure 3. A periodic heterogeneous material.

We let a : Y → RN×N be the heat conductivity matrix that describes how
the different kinds of materials included conduct heat over the unit cube Y .

3



The matrix a (y) repeats itself with period Y over RN . Substituting y by x
ε

in a, and denoting
aε (x) = a

³x
ε

´
, x ∈ Ω,

we shorten the course of events so that it agrees with the side-length of the
cubes making up the material.

Imagine that we place our piece of material Ω in an environment with
temperature 0◦C, and that it is warmed up by an inner heat source described
by a function f defined on Ω. After a while, the temperature distribution has
stabilized and for a fixed ε > 0 we get a temperature distribution uε, which
is the unique solution to the stationary heat equation

−∇ ·
³
a
³x
ε

´
∇uε (x)

´
= f (x) in Ω, (2)

uε (x) = 0 on ∂Ω,

an equation controlled by the heat conductivity matrix above. Imagine that
the side-length of the cubes making up the material becomes successively
smaller, i.e., let ε tend to zero.

Figure 4. The material for successively smaller ε.

For every value of ε there is a corresponding equation, and as ε goes to
zero we obtain a sequence of equations and a corresponding sequence {uε}
of solutions, which yields the temperature at each point x in Ω. We search a
limit equation. For this purpose, we study the convergence of the solutions
uε as ε tends to zero. The limit u turns out to be the unique solution to

−∇ · (b∇u (x)) = f (x) in Ω, (3)

u (x) = 0 on ∂Ω,

the homogenized equation, where b is the effective heat conductivity matrix

4



that describes a corresponding homogeneous limit material.

Figure 5. A limit material.

Together with certain partial differential equations, governed by a (y) and
defined over the unit cube Y , we have the information needed to compute b
and the corresponding temperature distribution u.

Is the solution u obtained in (3) a good approximation of uε? In Figures
6-9 below, we have plotted the exact solution uε, and our approximative
solution u computed from (3) for some different values of ε, see Remark 1
and 2 for details. For ε = 0.1, we get the following result (Figure 6).

Figure 6. uε for ε = 0.1 together with u.

The approximation improves as we let ε get smaller. In Figure 7, we have
chosen ε = 0.07 and note that the difference between u and uε has been
reduced,

Figure 7. uε for ε = 0.07 together with u.
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and for ε = 0.04, the approximation u connects even better to uε (Figure 8).

Figure 8. uε for ε = 0.04 together with u.

In Figure 9, we have plotted the result when ε = 0.04 for a shorter interval.

Figure 9. uε for ε = 0.04 and u.

We see that uε connects with u, but we do not capture the oscillations. The
difference between ∇u and ∇uε remains. To cope with this problem, we can
add a so-called corrector to u; see e.g. [Al1] or [CiDo].

For the case of the periodic homogenization, different techniques have
been developed to find equations from which the G-limit b can be computed.
An effective and flexible method, which we will use and develop further in this
thesis, is two-scale convergence, first introduced by Nguetseng in [Ng1]. Two-
scale convergence deviates from usual weak convergence, in the sense that
the micro-oscillations, which the weak limit does not reflect, are captured by
the two-scale limit in an extra variable.

The sequence {uε} is said to two-scale converge to u0 if

lim
ε→0

Z
Ω

uε (x) v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u0 (x, y) v (x, y) dydx

6



for all functions v, Y -periodic in the second variable and smooth enough. The
method is applicable to the weak formulation of the homogenization problem
in question. Usually in this process, the convergence of the gradient is crucial.
We have that, if {uε} is bounded in W 1,2 (Ω), there is a subsequence such
that

lim
ε→0

Z
Ω

∇uε (x) · v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

(∇u (x) +∇yu1 (x, y)) · v (x, y) dydx.

If uε solves (2) u is the solution to the homogenized problem (3) while the
term u1 is of decisive importance to determine the G-limit b. Special choices
of test functions give the so-called local problem from which u1 can be ob-
tained, and thereby the G-limit b and the solution u.

For the homogenization of an equation of the form

−∇ ·
³
a
³x
ε
,
x

ε2

´
∇uε (x)

´
= f (x) in Ω,

uε (x) = 0 on ∂Ω

with two rapid spatial scales, we need a correspondence to two-scale conver-
gence for several scales. In [AlBr], Allaire and Briane generalized the two-
scale convergence concept to the case of multiple (more than two) spatial
scales under the name of multiscale convergence. Here also, the cornerstone
is local variables in the limit, one for each scale in the problem, capturing
the rapid oscillations. With Y 2 = Y1 × Y2, 3-scale convergence yields

lim
ε→0

Z
Ω

uε (x) v
³
x,

x

ε
,
x

ε2

´
dx =

Z
Ω

Z
Y 2

u0 (x, y1, y2) v (x, y1, y2) dy2dy1dx

where v is smooth and Y1-periodic in y1 and Y2-periodic in y2. In the char-
acterization of {∇uε}, we need one gradient per rapid scale. We get

lim
ε→0

Z
Ω

∇uε (x) · v
³
x,

x

ε
,
x

ε2

´
dx =Z

Ω

Z
Y 2

(∇u (x) +∇y1u1 (x, y1) +∇y2u2 (x, y1, y2)) · v (x, y1, y2) dy2dy1dx,

and for this case two local problems are needed to determine u1 and u2.
Multiscale convergence is studied and developed further in Chapter 4 and
applied to a number of homogenization problems in Chapter 5.
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The distinction between G-convergence and homogenization is that
G-convergence provides us with some fundamental qualitative properties of
b which are enough to guarantee e.g. a unique solution to the limit problem,
while homogenization also makes it possible to compute b. Moreover, since b
is uniquely determined, the entire sequence G-converges. Proving a number
of such results and illustrating their theoretical and physical background are
the main contributions of this thesis.

Remark 1 A number of figures and computations intended to illustrate our
ways of thought can be found in this thesis. These were carried out in MAT-
LAB and COMSOL MULTIPHYSICS. Some of the figures are also found in
[FHOP2].

Remark 2 For the example illustrated in Figures 6-9 we have used

a (y) =
1

2 + sin(2πy)
,

f (x) = x2, Ω = (0, 1) and b = 1
2
.

1.3 Outline of the thesis

In Chapter 2, fundamental ideas for the concept of monotone operators are
presented. We begin the chapter by studying a simple example and show
how some of the most essential abstract concepts used in this thesis can be
traced back to elementary mathematics. The main objective in this chapter
is to prepare our study of sequences of equations of the type

∂tu
ε (x, t)−∇ · aε

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇uε

¶
= f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω, (4)

u (x, t) = 0 on ∂Ω× (0, T ) .

We prove that under certain assumptions on a, we have the existence and
uniqueness of the solution to (4). See also [FlOl2].

Homogenization of different special cases of the parabolic equation (4) is
one of the main contributions in this thesis. A first characterization of the
limit problem can be done in a uniform way by means of G-convergence.

8



In Chapter 3, we define and discuss G-convergence for both elliptic and
parabolic operators. We prove a G-compactness result for (4). A result of
this type can also be found in [FlOl2].

In Chapter 4, two-scale convergence is defined and its typical properties
are discussed and analyzed elaborately. The concept of multiscale conver-
gence is introduced and generalizations adapted to certain evolution prob-
lems are developed. We define 3,2 -convergence and 2,3 -convergence and
provide corresponding compactness results, which are applied in homoge-
nization procedures of parabolic equations in Chapter 5. See [FlOl2] and
[FlOl3].

Periodic homogenization is the topic of Chapter 5. In Section 5.1, we
investigate the connection between two-scale convergence and the asymp-
totic expansion for a linear elliptic homogenization problem and discuss how
the first terms in the expansion can be understood as limits of two-scale
convergence type. Parts of this discussion is also found in [FlOl3].

The homogenization is carried out in different ways for different types of
problems. In Section 5.2 we discuss homogenization of problems with several
spatial scales, and present a homogenization result for a parameter-dependent
monotone parabolic problem with oscillations in two spatial scales. Applying
comparison techniques and benefitting from the corresponding elliptic case,
we obtain the G-limit. This result was first presented in [FHOSv].

To include rapid oscillations in time requires special techniques. Section
5.3 is devoted to homogenization by means of evolution multiscale conver-
gence. Firstly, we perform the homogenization of a linear parabolic problem
with rapid oscillations in one spatial and two temporal scales. Here, we dis-
tinguish three different cases for how the frequencies in the temporal scales
are related to each other. This problem is more complicated in the sense
that it involves time oscillations in two different rapid scales, but on the
other hand it is linear and has only one spatial micro scale. These results
can be found in [FlOl3].

Secondly, we study a homogenization problem for a monotone parabolic
equation that involves oscillations in two spatial and one temporal scale.
Here, we consider three different cases for the speed of the temporal oscil-
lations relative to oscillations in the spatial scale. To this end the results

9



for the characterization of the corresponding multiscale limit, developed in
Chapter 4, are applied. See also [FlOl2].

Depending on how a sequence of coefficients converges, sometimes the
G-limit coincides with some traditional type of limit. In Chapter 6, we in-
vestigate this phenomenon for a certain kind of integral operators where no
periodicity assumptions are made. Theoretical results yielding cases where
we can use the weak L2-limit of

©
ah
ª
to determine b, illustrated with numer-

ical experiments, are presented. Similar results can be found in [FHOSi1].

The papers [FHOSv], [FlOl2] and [FlOl3] have been published in refereed
international journals, and [FHOSi1] is included in the proceedings of an
international conference. In addition, most of the contributions in this thesis
have been presented at international scientific conferences.
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2 Monotone operators

We consider problems based on monotone operators of the type

Au = f

that can be interpreted as a balance between a cause f and an effect u, which
is governed by A in an unambiguous way. For these kinds of problems, we
stipulate conditions that ensure the existence of a unique solution u for every
choice of f . In particular, we study existence and uniqueness of solutions to
certain parabolic partial differential equations.

The idea of the quite abstract notion of monotone operators can be traced
back to elementary calculus. We let a simple example lay foundation for an
understanding of the much more advanced and general concepts introduced
later in this chapter.

2.1 The concept of monotone operators

Consider the real equation
A(u) = f, (5)

where u, f ∈ R, and A satisfies the following conditions:

(R i) A : R→ R is strictly monotone.

(R ii) A is continuous.

(R iii) A(u) → ±∞ when u → ±∞.

The aim of the following discussion is to clarify that under the three condi-
tions (R i)-(R iii), it is obvious that (5) will possess a unique solution and
to show what could happen if any of these conditions is violated. We will
only study functions that are strictly increasing, since the case with strictly
decreasing functions can be treated similarly.

A function that satisfies all three of these conditions is A (u) = u3.

11



Figure 10. The function A (u) = u3.

This function is strictly increasing and continuous, and when u tends to
plus or minus infinity, so does A (u). In Figure 10, by inspection we can see
that for every possible value of f , there is one and only one corresponding
value of u, i.e., a unique solution for every choice of f . Obviously, the three
conditions above are sufficient to ensure the existence of a unique solution to
equation (5).

What can happen if the conditions are not satisfied? In Figure 11 we can
see an example of a function that satisfies (R ii) and (R iii) but violates the
monotonicity condition (R i).

Figure 11. A non-monotone function.
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For some f -values, we get more than one solution to (5); we lose the
uniqueness. Moreover, the solutions can, in the cases where there are more
than one, be spread over the whole u-axis. Would it be enough with only
monotonicity together with the conditions (R ii) and (R iii)?

Figure 12. A monotone function.

It would ensure us of a solution but not necessarily a unique one, since
again some values of f could correspond to several u-values. If we do have a
function that is monotone and receives more than one solution, at least they
would belong to an interval I, in contrast to the case with the non-monotone
function; see Figures 11 and 12.

What would happen if we remove the second condition? In Figure 13 we
have plotted a function for which we do not have any demand on continuity.

Figure 13. A discontinuous function.

It is evident that we can choose values of f in such a way that (5) will have
no solution.

13



Finally, would it be possible to reject the last condition (R iii)? If a func-
tion is strictly increasing, would it not then automatically tend to positive
infinity when u does? The answer is obviously no; the function could have a
limit H that it cannot exceed. By electing an f > H, once again (5) would
have no solution; see Figure 14.

Figure 14. A bounded function.

2.2 Monotone operators on Banach spaces

Now we will extend our discussion to be valid for Banach spaces. Let X be
a Banach space and consider the equation

Au = f (6)

for u ∈ X and Au, f ∈ X 0, where X 0 is the dual space of X. Under certain
conditions on A, for every choice of f , we can find a unique u in such a way
that Au becomes identical to f . Note that as we now study (6), we have an
equality between linear functionals Au and f in X 0 where Au is capable of
acting on any v ∈ X as

F (v) = hAu, viX0,X .

This means that we understand the nature of Au ∈ X 0 through its effect
on v ∈ X, in contrast to the elementary case discussed in Section 2.1 where
the conditions concerned the function A directly. Note also that A is only
assumed to be a monotone operator, and as we create the linear operator
Au ∈ X 0 with a u belonging to X, it can be done in a way that is not
necessarily linear; see Remark 3.
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Remark 3 Au1, Au2, and A(αu1 + βu2) where α, β ∈ R, are all linear
operators. That they are created in a way that is not necessarily linear means
that A(αu1 + βu2) does not have to be equal to αAu1 + βAu2.

2.2.1 Existence and uniqueness of the solution

Let us consider the equation (6) when X is a Banach space. Is it possible to
have existence and uniqueness in a similar way as for A : R→ R in Section
2.1? The answer is yes. If we let A : R→ R be a strictly increasing function,
we know that a solution u to

A (u) = f

is unique. We have that

A (u2) > A (u1) ⇐⇒ u2 > u1, (7)

which can be written as

A (u2)−A (u1) > 0 ⇐⇒ u2 − u1 > 0.

This monotonicity property can be expressed in an alternative way, namely
as the condition that

(A (u2)−A (u1)) (u2 − u1) > 0 (8)

if and only if u1 6= u2. We can understand all of this in an intuitive and
obvious way from the discussion about the elementary example in Section
2.1. But now when studying general Banach spaces things get slightly more
complicated. If we, for example, let u ∈ X =W 1,2

0 (Ω) we can choose

A = A (·, ··) =
Z
Ω

a (x,∇ (·)) ·∇ (··) dx,

and hence for suitable functions a : Ω×RN → RN , see Section 2.2.2,

Au = A (u, ··) =
Z
Ω

a (x,∇u (x)) ·∇ (··) dx (9)

represents a functional in X 0 =W−1,2 (Ω). If we study the expression above,
the interpretation of (7) is not obvious and hence it is not easy to see what
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is required of A for (6) to have a unique solution. In the elementary case
we saw how the monotonicity property ensured us of the uniqueness of a
solution. Strict monotonicity for an operator A : X → X 0 can be stated as
the requirement that

hAu2 −Au1, u2 − u1iX0,X > 0 (10)

for all u1 6= u2. As we can see, this is a direct generalization of the monotonic-
ity condition for the elementary case expressed as in (8). The condition (10)
will in a corresponding way ensure that a solution to (6) will be unique.
Indeed, if u1 and u2 are both solutions to the equation, we get

Au1 = Au2 = f,

and hence

hAu2 −Au1, u2 − u1iX0,X = h0, u2 − u1iX0,X = 0. (11)

According to condition (10),

hAu2 −Au1, u2 − u1iX0,X > 0

if and only if u1 6= u2, and thus (11) implies that

u2 ≡ u1,

i.e., that the solution is unique.

In an similar way, we can understand and generalize the property (R iii)
on the basis of the discussion in Section 2.1. This condition, together with
the continuity assumption, was essential to ensure us of the existence of a
solution u ∈ R to the problem

A (u) = f

for every f ∈ R. (R iii) can be expressed as that

A (u)→∞ when u→∞

and
−A (u)→∞ when u→ −∞.
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This leads us to an alternative expression of the property in question, namely
that

A (u) · u
|u| →∞

when |u| → ∞. In turn, this formulation gives rise to a straightforward
generalization applicable to Banach spaces, i.e., to the case whenA : X → X 0

and X is a Banach space. We get that

hAu, uiX0,X

kukX
→∞ (12)

when kukX →∞.

For a real, reflexive and separable Banach space X, we state three condi-
tions that are sufficient to provide the existence and uniqueness of a solution
to (6); see Theorem 4.

(B i) The operator A : X → X 0 is strictly monotone, i.e.,

hAu2 −Au1, u2 − u1iX0,X > 0

for all u1, u2 ∈ X with u1 6= u2.

(B ii) The operator A : X → X 0 is hemicontinuous, i.e., the function

α (r) = hA (u+ rw) , viX0,X

is continuous in r on [0, 1] for every u, v, w ∈ X.

(B iii) A is coercive, i.e.,

lim
kukX→∞

hAu, uiX0,X

kukX
=∞.

The following theorem holds true.

Theorem 4 Let X be a real, separable and reflexive Banach space. If the
operator A : X → X 0 is monotone, coercive and hemicontinuous, the equation
(6) has a solution for every choice of f ∈ X 0. Moreover, if A is strictly
monotone, the solution is unique.
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Proof. See Theorem 26.A in [Ze IIB].

As in Section 2.1, it is crucial to the uniqueness of the solution whether
we have a monotone or a strictly monotone operator. If A is only monotone
instead of strictly monotone, i.e., the condition (10) is replaced with

hAu2 −Au1, u2 − u1iX0,X ≥ 0

for every u1, u2 ∈ X, a solution to (6) will not necessarily be unique.

Remark 5 Sometimes coercivity is defined by the stronger condition

hAu, uiX0,X ≥ C kuk2X ,

where C > 0. This stipulation implies (B iii).

2.2.2 Elliptic partial differential equations

One of the most powerful applications of monotone operators is the formu-
lation of partial differential equations. The main purpose in the discussion
to come is to show the existence and uniqueness of solutions to the elliptic
partial differential equations, in a certain so-called weak sense.

We study elliptic problems

−∇ · a (x,∇u) = f (x) in Ω, (13)

u (x) = 0 on ∂Ω,

with the corresponding weak form, which states that u ∈ X should agree
with

hAu, viX0,X =

Z
Ω

a (x,∇u) ·∇v (x) dx = hf, viX0,X (14)

for all v ∈ X, where X =W 1,2
0 (Ω), X 0 =W−1,2 (Ω) and f ∈W−1,2 (Ω).

Furthermore, we assume that the function

a : Ω×RN → RN

satisfies the following structure conditions, where C0 and C1 are positive
constants and 0 < α ≤ 1:

(b i) a (x, 0) = 0 a.e. in Ω.
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(b ii) a (·, k) is Lebesgue measurable for every k ∈ RN .

(b iii) (a (x, k)− a (x, k0)) · (k − k0) ≥ C0 |k − k0|2 a.e. in Ω,
for all k, k0 ∈ RN .

(b iv) |a (x, k)− a (x, k0)| ≤ C1 (1 + |k|+ |k0|)1−α |k − k0|α a.e. in Ω,
for all k, k0 ∈ RN .

We say that u is the weak solution to (13) if u solves (14).

Remark 6 If u is a classical solution, that is a solution to (13), then it
is also a weak solution, but the opposite is not always true. For a careful
investigation of these questions for linear elliptic equations, see [Alt] 4.9.

In Section 2.2.1, the example (9) was brought into the discussion. In
connection with that, it was mentioned that the function a ought to have
suitable properties, in accordance with the fact that A had to satisfy the
conditions (B i)-(B iii) to ensure the existence of a unique solution to the
problem. For example, this means that the monotonicity condition (B i)
implies that a should be chosen such thatZ

Ω

(a(x,∇u2)− a(x,∇u1)) ·∇ (u2 (x)− u1 (x)) dx > 0

if and only if u1 6= u2, u1, u2 ∈ W 1,2
0 (Ω). The monotonicity condition ex-

pressed in this way emphasizes the importance of choosing suitable properties
for a. The structure conditions (b i)-(b iv) provide a with such properties.

Remark 7 The condition (b iii) can be replaced with the more general con-
dition

(a (x, k)− a (x, k0)) · (k − k0) ≥ C0 (1 + |k|+ |k0|)2−β |k − k0|β

a.e. in Ω, for all k, k0 ∈ RN and where 2 ≤ β <∞, without loss of uniqueness
of the solution; see Lemma 1 in [LNW].

Concerning the existence of a unique weak solution to (13), the following
theorem holds true.
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Proposition 8 Let a satisfy (b i)-(b iv). Then

−∇ · a (x,∇u) = f (x) in Ω,

u (x) = 0 on ∂Ω,

where f ∈W−1,2 (Ω), has a unique weak solution u ∈W 1,2
0 (Ω).

To make the proof more transparent we carry it out for the special case
when α = 1 in (b iv). For the general case, see Lemma 1 in [LNW].

Proof. According to Theorem 4, (13) possesses a unique weak solution if the
operator on the left-hand side of (14) satisfies the conditions (B i)-(B iii).
The first condition (B i) concerns the monotonicity property. From the fact
that a satisfies (b iii), we get

hAu1 −Au2, u1 − u2iW−1,2(Ω),W 1,2
0 (Ω) = (15)Z

Ω

(a(x,∇u1)−a(x,∇u2))·∇(u1(x)− u2(x)) dx ≥ C0

Z
Ω

|∇u1(x)−∇u2(x)|2 dx,

and since it is obvious thatZ
Ω

|∇u1 (x)−∇u2 (x)|2 dx > 0

when u1 6= u2, the condition of strict monotonicity is fulfilled.

We also have hemicontinuity. By (b iv), and according to the Hölder
inequality, we get for arbitrary u, v, w ∈W 1,2

0 (Ω) that¯̄̄̄Z
Ω

(a(x,∇ (u (x) + r1w (x))− a(x,∇ (u (x) + r2w (x))) ·∇v (x) dx

¯̄̄̄
≤Z

Ω

|(a(x,∇ (u (x) + r1w (x))− a(x,∇ (u (x) + r2w (x)))| |∇v (x)| dx ≤

C1

Z
Ω

|∇ (u (x) + r1w (x))−∇ (u (x) + r2w (x))| |∇v (x)| dx =

C1

Z
Ω

|r1 − r2| |∇w (x)| |∇v (x)| dx ≤

C1 |r1 − r2| k∇wkL2(Ω)N k∇vkL2(Ω)N = C1 |r1 − r2| kwkW 1,2
0 (Ω) kvkW 1,2

0 (Ω) ,

which tends to zero as r1 goes to r2, i.e., condition (B ii) is satisfied.

20



The third condition (B iii) is also fulfilled. With u2 = 0 in (15), we
obtainZ

Ω

(a(x,∇u)− a(x, 0)) ·∇(u (x)− 0) dx ≥ C0

Z
Ω

|∇u (x)− 0|2 dx.

Applying (b i), we getZ
Ω

a(x,∇u) ·∇u (x) dx ≥ C0

Z
Ω

|∇u (x)|2 dx = C0 kuk2W 1,2
0 (Ω) ,

that is,
hAu, uiW−1,2(Ω),W 1,2

0 (Ω) ≥ C0 kuk2W 1,2
0 (Ω) .

Division by kukW 1,2
0 (Ω) yields

hAu, uiW−1,2(Ω),W 1,2
0 (Ω)

kukW 1,2
0 (Ω)

≥ C0 kukW 1,2
0 (Ω) ,

which tends to positive infinity as kukW 1,2
0 (Ω) does.

Remark 9 In this section, cases where the source term f ∈ W−1,2 (Ω) and
the solutions u ∈W 1,2

0 (Ω) have been treated. For a corresponding discussion
for when f ∈ W−1,q (Ω) and u ∈ W 1,p

0 (Ω) where 1
p
+ 1

q
= 1, 1 < p <∞, see

e.g. Chapter 26 in [Ze IIB].

2.3 Monotone parabolic operators

In the preceding sections, we treated problems where no consideration was
given to changes over time. We studied equations of the type

Au = f.

But what happens if the balance is disturbed, that is, if

Au− f 6= 0?

As u begins to change, a non-zero time derivative ∂tu arises, sometimes called
the accumulation of u. In a parabolic differential equation, it is the time
derivative that fills up the difference between f and Au and describes the
time dependence of the process controlled by A. An equation of this kind
has the form

∂tu+Au = f. (16)
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2.3.1 Existence and uniqueness of the solution

In order to study monotone parabolic problems of the type (16) concerning
the existence and uniqueness of the solutions, we need to introduce suitable
assumptions on A and f , and the solution u and the initial data u0 are to be
located in appropriate Banach spaces. We investigate

∂tu+Au = f, (17)

u (0) = u0,

where
A : L2 (0, T ;V )→ L2 (0, T ;V 0) ,

u0 belongs to a Hilbert spaceH and V is a Banach space. This means thatAu
and f , and hence ∂tu, are operators in L2 (0, T ;V 0) acting on test functions
v in L2 (0, T ;V ). Here, the spaces V , H and V 0 must satisfy conditions for
how they are related to each other, which is why we introduce the concept
of evolution triple.

Definition 10 Let V be a real, separable and reflexive Banach space and
assume that H is a real, separable Hilbert space. Also, let V be continuously
embedded in H, that is, V ⊆ H and

kukH ≤ C kukV

for all u ∈ V , and let V be dense in H. We then say that

V ⊆ H ⊆ V 0

forms an evolution triple.

For any fixed t ∈ (0, T ), we can write (17) in the equivalent form

∂tu (t) +A (t)u (t) = f (t) , (18)

u (0) = u0 ∈ H

where f (t) ∈ V 0 and for any t ∈ (0, T ) ,

A (t) : V → V 0
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are monotone operators acting on the Banach space V ; see Theorem 30.A in
[Ze IIB]. Hence, for any u and for each t, we have operators A (t)u ∈ V 0. By
letting the operators in (18) act on v ∈ V , we get

h∂tu, viV 0,V + hA (t)u, viV 0,V = hf (t) , viV 0,V , (19)

u (0) = u0 ∈ H.

Here, the derivative of u is to be understood as the generalized derivative.
Applying the variational lemma, (19) can be stated as the requirement thatZ T

0

−(u, v)H ∂tc (t) + hA (t)u, viV 0,V c (t) dt =

Z T

0

hf (t) , viV 0,V c (t) dt, (20)

u (0) = u0 ∈ H

for any v ∈ V and c ∈ D (0, T ). This means that we are searching for a unique
u ∈W 1,2(0, T ;V, V 0), which solves the operator equation (20) for any choice
of f ∈ L2 (0, T ;V 0). Now we have the tools needed to study (18).

Remark 11 Note that u ∈W 1,2(0, T ;V, V 0) means that u ∈ L2 (0, T ;V ) and
the derivative ∂tu ∈ L2 (0, T ;V 0); see the Notation section.

In a similar way as in Section 2.2.1, we list a number of conditions that
our operator A must satisfy to ensure the existence of a unique solution to
(18); see Section 30.2 in [Ze IIB]. In the sequel we assume that V ⊆ H ⊆ V 0

forms an evolution triple.

(Q i) The operator A (t) : V → V 0 is monotone, that is,

hA (t)u−A (t) v, u− viV 0,V ≥ 0

for all u, v ∈ V and any t ∈ (0, T ) .

(Q ii) A (t) : V → V 0 is hemicontinuous; that is, the function

α (r) = hA (t) (u+ rw), viV 0,V

is continuous in r on [0, 1] for all fixed u, v, w ∈ V and any t ∈ (0, T ) .

(Q iii) A (t) : V → V 0 satisfies

hA (t)u, uiV 0,V > C0 kuk2V
for every u ∈ V , a constant C0 > 0 and any t ∈ (0, T ); that is, the
operator is coercive.

23



(Q iv) There exists a non-negative function β ∈ L2(0, T ) and a constant
C1 > 0 such that

kA (t)ukV 0 ≤ β (t) + C1 kukV

for every u ∈ V and any t ∈ (0, T ).

(Q v) The function
γ (t) = hA (t)u, viV 0,V

is measurable on (0, T ) for all fixed u, v ∈ V.

We recognize the first three conditions from the elliptic case. Note that
due to the relation between the time derivative ∂tu and the monotone opera-
tor A, strict monotonicity is not required. The third condition concerns the
coercivity. Here the constant C0 is independent of t, which implies that we
obtain a coercivity condition for L2 (0, T ;V ). The last two conditions deal
with the time dependence of A and thus there is no correspondence to them
in the elliptic case. According to the following theorem, the five conditions
(Q i)-(Q v) guarantee the existence of a unique solution to (18).

Theorem 12 Let A (t) : V → V 0 satisfy the conditions (Q i)-(Q v), where
V ⊆ H ⊆ V 0 forms an evolution triple. Then (18) possesses a unique solution
u ∈W 1,2(0, T ;V, V 0) for every choice of f ∈ L2(0, T ;V 0) and any u0 ∈ H.

Proof. See Theorem 30.A in [Ze IIB].

2.3.2 Parabolic partial differential equations

Our main purpose with monotone operators is to study partial differential
equations. We will investigate in detail some special cases of the parabolic
problem

∂tu (x, t)−∇ · a (x, t,∇u) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω, (21)

u (x, t) = 0 on ∂Ω× (0, T ) .

Here, we let the operators
A (t) : V → V 0
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in (19) be defined as

hA (t)u, viV 0,V =

Z
Ω

a (x, t,∇u) ·∇v (x) dx (22)

for certain choices of
a : Ω̄T ×RN → RN ,

where V = W 1,2
0 (Ω) and V 0 = W−1,2 (Ω). The answering weak form of (21)

reads that we are searching for a unique u ∈W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢

such thatZ
ΩT

−u (x, t) v (x) ∂tc (t) + a (x, t,∇u) ·∇v (x) c (t) dxdt = (23)Z T

0

hf (t) , viW−1,2(Ω),W 1,2
0 (Ω) c (t) dt,

where f ∈ L2 (0, T ;W−1,2 (Ω)) and u (x, 0) = u0 ∈ L2 (Ω), holds true for all
v ∈W 1,2

0 (Ω) and c ∈ D (0, T ). Note that by the choice of the space W 1,2
0 (Ω)

we receive Dirichlet boundary conditions indirectly.

Under certain structure conditions on a (21) possesses a unique weak
solution; see Section 30.4 in [Ze IIB]. A careful investigation of a special
choice of operator of this kind will be presented in the next section.

2.3.3 Parabolic equations with multiple scales

In preparation for the presentation of our results on G-convergence and
homogenization in Section 3.2.2 and Chapter 5, we investigate the initial-
boundary value problem

∂tu
ε (x, t)−∇ · a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇uε

¶
= f (x, t) in ΩT ,

uε (x, 0) = u0 (x) in Ω, (24)

uε (x, t) = 0 on ∂Ω× (0, T ) .

In particular, we will specify conditions on a that guarantee the existence of a
unique weak solution to (24). These conditions also yield estimates for {uε},
which we use in homogenization procedures in Chapter 5; see Proposition
34.
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That we are studying (24) means that we have chosen the functions cor-
responding to a in (21) as a sequence in ε of functions

aε (x, t, ·) = a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
, ·
¶
, (25)

where a is periodic in the third, fourth and fifth argument; i.e., we allow
oscillations in both space and time. Thus, we are studying a sequence of
equations like (24) with the corresponding sequence of weakly formulated
equationsZ

ΩT

−uε (x, t) v (x) ∂tc (t) + a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇uε

¶
·∇v (x) c (t) dxdt =

(26)Z
ΩT

f (x, t) v (x) c (t) dxdt,

where the functions v and c are of the same kind as in (23), f ∈ L2 (ΩT ) and
uε (x, 0) = u0 ∈ L2 (Ω).

Following the concept of the preceding sections, we will list a number of
structure conditions that (25) must satisfy to ensure the existence of a unique
weak solution uε ∈W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
to (24). This means that

we have chosen H = L2 (Ω) and V = W 1,2
0 (Ω), which yields the evolution

triple
W 1,2
0 (Ω) ⊆ L2 (Ω) ⊆W−1,2 (Ω) .

We assume that
a : Ω̄T ×R2N ×R×RN → RN

satisfies the following structure conditions, where C0 and C1 are positive
constants and 0 < α ≤ 1:

(q i) a (x, t, y1, y2, s, 0) = 0 for all (x, t, y1, y2, s) ∈ Ω̄T ×R2N ×R.

(q ii) a (·, ·, ·, ·, ·, k) is Y2,1-periodic in (y1, y2, s) and continuous for
all k ∈ RN .

(q iii) a(x, t, y1, y2, s, ·) is continuous for all (x, t, y1, y2, s)∈Ω̄T ×R2N×R.

26



(q iv) (a (x, t, y1, y2, s, k)− a (x, t, y1, y2, s, k
0)) · (k − k0) ≥ C0 |k − k0|2

for all (x, t, y1, y2, s) ∈ ΩT ×R2N ×R and all k, k0 ∈ RN .

(q v) |a(x, t, y1, y2, s, k)−a (x, t, y1, y2, s, k0)|≤C1 (1+|k|+|k0|)1−α |k−k0|α
for all (x, t, y1, y2, s) ∈ ΩT ×R2N ×R and all k, k0 ∈ RN .

We prove that (26), the weak form of (24), possesses a unique solution
uε ∈W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
for every fixed ε > 0.

Theorem 13 Let a satisfy (q i)-(q v). Then

∂tu
ε (x, t)−∇ · a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇uε

¶
= f (x, t) in ΩT ,

uε (x, 0) = u0 (x) in Ω,

uε (x, t) = 0 on ∂Ω× (0, T )
has a unique weak solution uε ∈ W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
for any

choice of f ∈ L2 (ΩT ) and u0 ∈ L2 (Ω).

Proof. To show that the monotonicity condition (Q i) is satisfied, we make
use of the fact that the function a fulfills the condition (q iv), which means
that for any t ∈ (0, T )Z
Ω

µ
a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u

¶
− a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇v

¶¶
·(∇u (x)−∇v (x)) dx ≥

C0

Z
Ω

|∇u (x)−∇v (x)|2 dx = C0 ku− vk2W 1,2
0 (Ω) ≥ 0,

that is,
hAε (t)u−Aε (t) v, u− viW−1,2(Ω),W 1,2

0 (Ω) ≥ 0 (27)

for all u, v ∈W 1,2
0 (Ω). We also have hemicontinuity. According to (q v), we

get for arbitrary u, v, w ∈ X that¯̄̄
hAε (t) (u+ r1w) , viW−1,2(Ω),W 1,2

0 (Ω) − hAε (t) (u+ r2w) , viW−1,2(Ω),W 1,2
0 (Ω)

¯̄̄
=¯̄̄̄Z

Ω

µ
a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u+ r1∇w

¶
−a
µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u+ r2∇w

¶¶
·∇v(x)dx

¯̄̄̄
≤Z

Ω

¯̄̄̄
a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u+ r1∇w

¶
−a
µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u+ r2∇w

¶̄̄̄̄
|∇v (x)| dx≤Z

Ω

C1 (1 + |∇u (x) + r1∇w (x)|+

|∇u (x) + r2∇w (x)|)1−α |(r1 − r2)∇w (x)|α |∇v (x)| dx,
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which tends to zero as r1 goes to r2, i.e., condition (Q ii) is satisfied.

For condition (Q iii), by choosing v = 0 in (27) and using (q i), we get

hAε (t)u−Aε (t) 0, u− 0iW−1,2(Ω),W 1,2
0 (Ω) =Z

Ω

µ
a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u

¶
− a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
, 0

¶¶
·∇u (x) dx =Z

Ω

a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u

¶
·∇u (x) dx ≥ C0 kuk2W 1,2

0 (Ω) ,

that is,
hAε (t)u, uiW−1,2(Ω),W 1,2

0 (Ω) ≥ C0 kuk2W 1,2
0 (Ω)

and hence our operator is coercive.

To show that Aε (t) also satisfies condition (Q iv), we make use of (q v).
By choosing k0 = 0 and using (q i), we obtain

|a (x, t, y1, y2, s, k)| ≤ C1 (1 + |k|)1−α |k|α < C1 (1 + |k|)1−α |1 + |k||α ,
which yields that

|a (x, t, y1, y2, s, k)| ≤ C1 (1 + |k|) . (28)

We have

kAε (t)ukW−1,2(Ω) = sup
kvk

W
1,2
0 (Ω)

≤1

¯̄̄
hAε (t)u, viW−1,2(Ω),W 1,2

0 (Ω)

¯̄̄
=

sup
kvk

W
1,2
0 (Ω)

≤1

¯̄̄̄Z
Ω

a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u

¶
·∇v (x) dx

¯̄̄̄
≤

sup
kvk

W
1,2
0 (Ω)

≤1

Z
Ω

¯̄̄̄
a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u

¶¯̄̄̄
|∇v (x)| dx ≤

sup
kvk

W
1,2
0 (Ω)

≤1

Z
Ω

C1 (1 + |∇u (x)|) |∇v (x)| dx,

where we have used (28) in the last step. By Hölder’s inequality we have

sup
kvk

W
1,2
0 (Ω)

≤1

Z
Ω

C1 (1 + |∇u (x)|) |∇v (x)| dx ≤

sup
kvk

W
1,2
0 (Ω)

≤1
C1 k1 + |∇u|kL2(Ω) k∇vkL2(Ω)N = C1 k1 + |∇u|kL2(Ω) .
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Finally, by the triangle inequality,

C1 k1 + |∇u|kL2(Ω) ≤ C1

³
k1kL2(Ω) + k∇ukL2(Ω)N

´
= C2 + C1 kukW 1,2

0 (Ω) ,

and since C1 and C2 are non-negative constants, condition (Q iv) is proven.
To prove that condition (Q v) is fulfilled, we observe that for v ∈W 1,2

0 (Ω)

γ (t) =

Z
Ω

a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇u

¶
·∇v (x) dx

is in L1 (0, T ), and hence is measurable. That is due to the continuity as-
sumptions on a and the property (28), which yields that a(x, t, x

ε
, x
ε2
, t
εr
,∇u)

belongs to L2 (ΩT )
N .

Finally, since all the conditions (Q i)-(Q v) are fulfilled, Theorem 12
applies and the theorem is proven.

Remark 14 In what follows, all solutions to partial differential equations
that appear in this thesis are solutions in the weak sense introduced in this
chapter.
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3 G-convergence

Let us again consider the kind of balance

Au = f

discussed in the introduction to Chapter 2. What happens if A begins to
change in such a way that we obtain a sequence A1, A2, A3, ... of operators?
For every new Ah, we get a corresponding uh, solving

Ahuh = f,

the appearance of which is dependent of Ah to maintain the equilibrium. An
important question is: for which families of sequences {Ah} will the sequence
u1, u2, u3, ... stabilize to a limit u, which is the solution to a limit equation

Bu = f,

where B is in some sense the limit operator of the sequence {Ah}? There are
many interesting and important questions that arise in the study of such a
limit problem. For instance, could there be different such limits associated
with the same sequence {Ah}?
For a sequence of evolution problems

∂tu
h +Ahuh = f,

we could argue in a similar way, but in this case we also have to consider the
time aspect. Here for A1, A2, A3, ... we get a sequence of equations, where
each one of them must be in balance under the whole passage of time. The
task of maintaining this balance is assigned to the corresponding solutions
u1, u2, u3, .... Is there a limit equation

∂tu+Bu = f,

i.e., under these circumstances will there exist a unique limit u of the sequence
{uh} corresponding to some kind of limit B of the sequence {Ah}?
The discussion above illustrates the idea behind so-called G-convergence,

which deals with sequences of differential operators in a similar way. In
this chapter, the theory of G-convergence for elliptic and parabolic partial
differential equations is considered. In particular, we study G-convergence
for monotone parabolic problems with oscillations in several scales.
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3.1 Elliptic G-convergence

In this section, G-convergence for sequences of elliptic operators will be inves-
tigated. We begin by studying the linear case, where we stipulate structure
conditions for a sequence of matrix functions ah : Ω → RN×N , which will
ensure G-convergence up to a subsequence for the corresponding sequence of
elliptic operators defined by {ah}. Then we proceed with the nonlinear case,
by treating monotone elliptic operators in an analogue way.

3.1.1 Linear elliptic equations

Convergence of sequences of linear elliptic operators is the most well-known
type of G-convergence and it was already considered in Spagnolo’s early
works in this field; see [Sp2]. This kind of convergence reminds us of the
homogenization problem for stationary heat conduction that was treated in
Section 1.2. The difference is that in this case, we have no demand on
periodicity on ah, and therefore we have no periodic structure that we can
define local problems on.

Consider a sequence of problems

−∇ ·
¡
ah (x)∇uh (x)

¢
= f (x) in Ω, (29)

uh (x) = 0 on ∂Ω,

where ah : Ω → RN×N is assumed to satisfy certain structure conditions.
Under these assumptions, the sequence {ah} of matrices will, up to a subse-
quence, G-converge to a matrix function b with the same qualitative prop-
erties as the matrices ah. This means that {uh} converges to a limit u that
uniquely solves the limit equation

−∇ · (b (x)∇u (x)) = f (x) in Ω,

u (x) = 0 on ∂Ω.

If the convergence of {ah} is strong enough, it is trivial to determine the
G-limit b. This holds for the case illustrated below, for example, where {ah}
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converges uniformly to b. We assume that h2 >> h1.

Figure 15. A sequence of coefficients ah and its G-limit b.

See Remark 6.1 in [De] or Lemma 1.2.22 in [Al2]. Also, in the next example
a stabilization appears, but not in the same obvious way.

Figure 16. An example of coefficients ah with strong oscillations.

It is reasonable to expect the existence of a G-limit, but there are clear signs
that it will not be trivial to determine.

We will now list criteria that are sufficient to guarantee G-convergence
up to a subsequence. However, this is not a direct procedure to actually
compute the G-limit. A method for this purpose, periodic homogenization,
is studied in Chapter 5 for some special cases.

We assume that the matrix function ah in (29) belongs to a certain class,
which we define to facilitate the forthcoming discussions. Let El(C0, C1,Ω)
be the class of functions described by matrices

a : Ω→ RN×N

that satisfy the following conditions, where 0 < C0 ≤ C1 <∞:
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(l i) a ∈ L∞ (Ω)N×N .

(l ii) a (x) k · k ≥ C0 |k|2 a.e. in Ω, for all k ∈ RN .

(l iii) |a (x) k| ≤ C1 |k| a.e. in Ω, for all k ∈ RN .

We denote the subset of El(C0, C1,Ω) of symmetric matrices that satisfies
the conditions (l i)-(l iii) by Es

l (C0, C1,Ω). We are now ready to give the
definition of G-convergence for the linear elliptic case.

Definition 15 Let ah ∈ Es
l (C0, C1,Ω). If for any f ∈ W−1,2 (Ω) the solu-

tions uh to the sequence of problems (29) satisfy

uh (x)- u (x) in W 1,2
0 (Ω) ,

where u is the unique solution to

−∇ · (b (x)∇u (x)) = f (x) in Ω,

u (x) = 0 on ∂Ω,

and b ∈ Es
l (C

0
0, C

0
1,Ω), we say that the sequence {ah} G-converges to b.

The definition is justified by the following theorem.

Theorem 16 Let {ah} be a sequence of functions such that ah∈Es
l (C0, C1,Ω).

Then there exists a subsequence that G-converges to some b ∈ Es
l (C0, C1,Ω).

Proof. See e.g. Proposition 3 in [Sp2] or Theorem 7.4 in [De].

In [Mu1] and [Ta1], Murat and Tartar generalize the result above to be
valid for non-symmetric matrices, by adding the condition

ah (x)∇uh (x)- b (x)∇u (x) in L2 (Ω)N (30)

to the definition, where b belongs to El(C0,
C21
C0
,Ω). They termed this

approach H-convergence; however, in what follows we will only use the
name G-convergence. See also Section III in [De]. We give the following
G-compactness result.

Theorem 17 Let {ah} be a sequence of functions such that ah∈El(C0, C1,Ω).
Then there exists a subsequence that G-converges to some b ∈ El(C0,

C21
C0
,Ω).

Proof. See Theorem 2 in [MuTa].
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By definition, the G-limit is independent of the source term f . The
following three theorems provide other main properties of G-convergence.

Theorem 18 The G-limit of a G-converging sequence is unique.

Proof. See Proposition 1 in [Sp2] and Proposition 1.2.19 in [Al2].

Theorem 19 The G-limit is independent of the boundary conditions.

Proof. See Proposition 7.3 in [De].

The next theorem concerns a localization property. It says that if two
sequences G-converge on a set Ω and are equal on a subset ω ⊂ Ω, then the
G-limits are equal on this subset even though they do not have to be equal
on the remaining parts of Ω.

Theorem 20 Let
©
ah0
ª
and

©
ah1
ª
belong to El(C0, C1,Ω) and assume that

they G-converge to b0 and b1, respectively. If ah0 and a
h
1 are equal for almost

every x in an open subset ω of Ω, then b0 equals b1 for almost every x ∈ ω.

Proof. See Proposition 1 in [MuTa].

Theorems 16 and 17 only give G-convergence up to a subsequence. It is
important to know under which circumstances the whole sequence converges.
The theorem below provides an answer.

Theorem 21 If and only if all G-converging subsequences of a sequence {ah}
in El(C0, C1,Ω) converge to the same limit, then {ah} G-converges to this
limit.

Proof. See Proposition 4 in [Sp2].

Occasionally, the G-limit is explicitly obtained directly.

Lemma 22 Let {ah} be a sequence of matrices in El(C0, C1,Ω). If either

ah (x)→ b (x) in L1 (Ω)N×N

or converges a.e. to b in Ω, then {ah} G-converges to b.

Proof. See the proof of Lemma 1.2.22 in [Al2].
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Properties similar to those above, are also obtained for G-convergence of
parabolic operators; see [Sv1] and [Sv2].

Remark 23 The boundedness inW 1,2
0 (Ω) of a sequence of solutions {uh} to

(29) follows from the defined properties of El(C0, C1,Ω). See Theorem 4.16
and Section 5.1 in [CiDo].

Remark 24 In our formulas for various kinds of convergence we generally
include the variables. This is because the limit will sometimes include other
variables than the sequence converging to it.

3.1.2 Monotone elliptic equations

In Section 2.2.1 we saw that it is possible to obtain existence and uniqueness
for the solutions of nonlinear elliptic equations under assumptions very sim-
ilar to those that apply to the linear case. A corresponding extension can
be attained also for G-convergence of such operators. We study sequences of
problems

−∇ · ah
¡
x,∇uh

¢
= f (x) in Ω, (31)

uh (x) = 0 on ∂Ω,

where we do not demand linearity concerning the dependence of ah on ∇uh.
It turns out that there are results corresponding to those in the linear case
under similar assumptions.

Let Em(C0, C1, α,Ω) be the set of functions

a : Ω×RN → RN

that satisfy the following conditions, where C0 and C1 are positive constants
and 0 < α ≤ 1:

(m i) a (x, 0) = 0 a.e. in Ω.

(m ii) a (·, k) is Lebesgue measurable for every k ∈ RN .

(m iii) (a (x, k)− a (x, k0)) · (k − k0) ≥ C0 |k − k0|2 a.e. in Ω

for all k, k0 ∈ RN .

(m iv) |a (x, k)− a (x, k0)| ≤ C1 (1 + |k|+ |k0|)1−α |k − k0|α a.e. in Ω

for all k, k0 ∈ RN .
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Here, we recognize these conditions from our study of existence and
uniqueness of the solutions in Section 2.2.2. We define G-convergence for
sequences of functions ah ∈ Em(C0, C1, α,Ω) as follows.

Definition 25 Let ah ∈ Em(C0, C1, α,Ω). If for any f ∈ W−1,2 (Ω) the
solutions uh to the sequence of problems (31) satisfy

uh (x) - u (x) in W 1,2
0 (Ω) ,

ah
¡
x,∇uh

¢
- b (x,∇u) in L2 (Ω)N ,

where u is the unique solution to

−∇ · b (x,∇u) = f (x) in Ω,

u (x) = 0 on ∂Ω,

and b ∈ Em (C
0
0, C

0
1, α,Ω), we say that the sequence {ah} G-converges to b.

There are different versions ofG-compactness for monotone elliptic opera-
tors. In [Ta1], Tartar proved that a bounded sequence {ah} inEm(C0,C1,1,Ω),
where 0 < C0 ≤ C1, possesses a subsequence that G-converges to some
b ∈ Em(C0,

C21
C0
, 1,Ω). A more general case presented below allows other val-

ues on α, more precisely 0 < α ≤ 1.

Theorem 26 Let {ah} be a sequence in Em (C0, C1, α,Ω). Then there exists
a subsequence that G-converges to some b ∈ Em(C̃0, C̃1, α̃,Ω) where C̃0 and
C̃1 are positive constants dependent only on C0 and C1 and α̃ = α/ (2− α).

Proof. Follows from Lemma 2.3.2 in [Pa].

Remark 27 In this thesis, we will denote G-convergence of elliptic operators
by

ah
EG→ b.

3.2 Parabolic G-convergence

Our next concern is parabolic problems. We first study a linear problem to-
gether with the corresponding general monotone case. This we do in prepa-
ration for the main contribution in this section: an investigation concerning
G-convergence for the monotone parabolic problem (24), presented in Sec-
tion 2.3.3, which involves rapid oscillations in two spatial scales and one time
scale.

36



3.2.1 Linear parabolic equations

A linear parabolic problem could correspond to, for example, processes of
heating over time. As in the stationary case in Section 1.2, ah can be
thought of as heat conductivity matrices. For a sequence {ah} to be said to
G-converge to a limit b, the following must hold. The corresponding sequence
{uh} of temperature distributions must approach the temperature distribu-
tion u, which is the unique solution to the equation with the heat conduction
coefficient b when h→∞.
We consider sequences of equations

∂tu
h (x, t)−∇ ·

¡
ah (x, t)∇uh (x, t)

¢
= f (x, t) in ΩT ,

uh (x, 0) = u0 (x) in Ω, (32)

uh (x, t) = 0 on ∂Ω× (0, T ) ,
where the functions ah are subject to certain restrictions. Let Pl(C0, C1,ΩT )
denote the set of all functions

a : ΩT → RN×N

that satisfy the following conditions, where 0 < C0 ≤ C1 <∞:
(p i) a ∈ L∞ (ΩT )

N×N .

(p ii) a (x, t) k · k ≥ C0 |k|2 a.e. in ΩT , for all k ∈ RN .

(p iii) |a (x, t) k| ≤ C1 |k| a.e. in ΩT , for all k ∈ RN .

We are ready to define G-convergence for the linear parabolic case.

Definition 28 Let ah ∈ Pl (C0, C1,ΩT ). If for every f ∈ L2 (0, T ;W−1,2 (Ω))
and u0 ∈ L2 (Ω), the solutions uh ∈ W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
to the

sequence of problems (32) satisfy

uh (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢
,

ah (x, t)∇uh (x, t) - b (x, t)∇u (x, t) in L2 (ΩT )
N , (33)

where u ∈W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
is the unique solution to

∂tu (x, t)−∇ · (b (x, t)∇u (x, t)) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) ,
and b ∈ Pl(C

0
0, C

0
1,ΩT ), we say that a sequence {ah} G-converges to b.
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The definition makes sense due to the following theorem.

Theorem 29 Let {ah} be a sequence in Pl(C0, C1,ΩT ). Then there exists a
subsequence that G-converges to some b ∈ Pl(C0,

C21
C0
,ΩT ).

Proof. See Section 3 and 4 in [Sp4] or Theorem 3.1 in [Sv1].

3.2.2 Monotone parabolic equations

As in Section 3.1.2, the aim here is to generalize from the linear case to
monotone problems, including the possibility of nonlinear partial differen-
tial equations. Then we come to the new contribution in this chapter, the
investigation of G-convergence for a case with multiple scales.

We define Pm (C0, C1, α,ΩT ) to be the set of functions

a : ΩT × RN → RN

that satisfy the following conditions, where C0 and C1 are positive constants
and 0 < α ≤ 1 :

(s i) a (x, t, 0) = 0 a.e. in ΩT .

(s ii) a (·, ·, k) is Lebesgue measurable for every k ∈ RN .

(s iii) (a (x, t, k)− a (x, t, k0)) · (k − k0) ≥ C0 |k − k0|2 a.e. in ΩT

for all k, k0 ∈ RN .

(s iv) |a (x, t, k)− a (x, t, k0)| ≤ C1 (1 + |k|+ |k0|)1−α |k − k0|α a.e. in ΩT

for all k, k0 ∈ RN .

We are now prepared to define G-convergence for monotone parabolic
operators.

Definition 30 Let ah∈Pm (C0, C1, α,ΩT ). If, for any f ∈L2 (0, T ;W−1,2 (Ω))
and u0 ∈ L2 (Ω), the solutions uh ∈ W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
to the

sequence of problems

∂tu
h (x, t)−∇ · ah

¡
x, t,∇uh

¢
= f (x, t) in ΩT ,

uh (x, 0) = u0 (x) in Ω, (34)

uh (x, t) = 0 on ∂Ω× (0, T )
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fulfill

uh (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢
,

ah
¡
x, t,∇uh

¢
- b (x, t,∇u) in L2 (ΩT )

N ,

where u ∈W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
is the unique solution to

∂tu (x, t)−∇ · b (x, t,∇u) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) ,

and b ∈ Pm (C
0
0, C

0
1, α

0,ΩT ), we say that {ah} G-converges to b.

The following theorem justifies the definition above.

Theorem 31 Let {ah} be a sequence in Pm (C0, C1, α,ΩT ). Then there exists
a subsequence that G-converges to some b ∈ Pm(C0, C̃1, α̃,ΩT ), where C̃1 is a
positive constant dependent only on the constants C0, C1, and α, and where
α̃ = α/(2− α).

Proof. See Theorem 5.2 in [Sv1]. See also [Sv2].

Remark 32 In this thesis, we will denote G-convergence of parabolic oper-
ators by

ah
PG→ b.

The main interest in this section is to prove a result concerning parabolic
G-convergence in the sense of Definition 30 for functions

ah (x, t, ·) = a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
, ·
¶
, (35)

where ε = ε (h)→ 0 as h→∞. The functions ah contain increasingly more
rapid oscillations in two scales in space and one scale in time caused by the
successively smaller values of ε.

In Section 2.3.3 we studied (24), that is, the system of equations we
get for this choice of operators, and we stated the structure conditions
(q i)-(q v) that a should satisfy. These conditions are sufficient to obtain
a priori estimates and G-compactness. We start by giving the following the-
orem.
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Theorem 33 Let a : Ω̄T × R2N × R × RN → RN satisfy the conditions
(q i)-(q v). Then the sequence {ah} of functions defined in (35) corresponding
to the sequence of equations

∂tu
ε (x, t)−∇ · a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
,∇uε

¶
= f (x, t) in ΩT ,

uε (x, 0) = u0 (x) in Ω,

uε (x, t) = 0 on ∂Ω× (0, T )

belongs to Pm (C0, C1, α,ΩT ).

Proof. We define ah by (35) with arbitrary fixed ε = ε (h) > 0. From (q i),
we immediately get

a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
, 0

¶
= 0,

which means that condition (s i) is satisfied.

Moreover, we have that

a
³
·, ·, ·

ε
,
·
ε2
,
·
εr
, k
´

is measurable for every fixed k ∈ RN because a(·, ·, ·, ·, ·, k) is continuous and
Y2,1-periodic for every such k, see (q ii). Hence, condition (s ii) is satisfied.

Furthermore,µ
a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
, k

¶
− a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
, k0
¶¶

· (k − k0) ≥ C0 |k − k0|2

for all (x, t) ∈ ΩT if (q iv) is satisfied by a for all k, k0 ∈ RN and arbitrary
fixed (x, t) ∈ ΩT , y1, y2 ∈ RN and s ∈ R, and hence (s iii) holds.
Finally,¯̄̄̄

a

µ
x, t,

x

ε
,
x

ε2
,
t

εr
, k

¶
−a
µ
x, t,

x

ε
,
x

ε2
,
t

εr
, k0
¶¯̄̄̄
≤C1

³
1 + |k|+ |k0|1−α

´
|k − k0|α

holds for all (x, t) ∈ ΩT if a satisfies (q v) for all k, k0 ∈ RN with arbitrary
fixed (x, t) ∈ ΩT , y1, y2 ∈ RN and s ∈ R, and 0 < α ≤ 1, which means that
(s iv) is fulfilled. Since a satisfies all the conditions (s i)-(s iv) ah in (35)
belongs to Pm (C0, C1, α,ΩT ).
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The theorem above means that we obtain a priori estimates for the weak
solutions uε to (24), which will be necessary for the homogenization proce-
dures for some equations of this type in Chapter 5.

Proposition 34 Let the function a in (24) satisfy the conditions (q i)-(q v).
The corresponding sequence {uε} of solutions to (24) will then be uniformly
bounded in L∞ (0, T ;L2 (Ω)) and W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
; i.e. for

some C > 0, it holds that

kuεkL∞(0,T ;L2(Ω)) ≤ C

and
kuεkW 1,2(0,T ;W 1,2

0 (Ω),W−1,2(Ω)) ≤ C.

Proof. For the first part, see Lemma 30.3. in [Ze IIB]. According to The-
orem 33 in this thesis, ah in (35) belongs to Pm (C0, C1, α,ΩT ), and then
from Proposition 5.3 and Corollary 5.1 in [Sv1] we can deduce that uε and
∂tu

ε are bounded in L2
¡
0, T ;W 1,2

0 (Ω)
¢
and L2 (0, T ;W−1,2 (Ω)), respectively;

thus the second part of the proposition follows.

The following G-compactness result is the second important consequence
of Theorem 33.

Theorem 35 Let the function a in (24) satisfy the conditions (q i)-(q v)
and let ah be as in (35). Then, up to a subsequence,

ah
PG→ b

for some b ∈ Pm(C0, C̃1, α̃,ΩT ) where C̃1 is a positive constant dependent
only on the constants C0, C1 and α, and where α̃ = α/(2− α).

Proof. According to Theorem 33 ah belongs to Pm (C0, C1, α,ΩT ) and hence
Theorem 31 applies.

Remark 36 G-convergence was first introduced by Spagnolo for linear el-
liptic and parabolic problems governed by symmetric matrices; see [Sp1],
[Sp2], [Sp3] and [CoSp]. The concept was then generalized to non-symmetric
problems by Murat and Tartar, under the name H-convergence; see [Mu1],
[Mu2], [Mu3], [Ta2] and [Ta3]. G-convergence for nonlinear monotone cases
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is treated in e.g. [Ta1] by Tartar, [CDD] by Chiadò Piat et al., and by Chiadò
Piat and Defranceschi in [ChDe]. A further extension to nonlinear parabolic
equations can be found in [Sv1] and [Sv2] of Svanstedt. Finally, in the recent
thesis [Si3] by Silfver, the characterization of G-limits for certain sequences
of linear elliptic equations where the coefficients does not have to obey any
kind of periodicity assumptions is investigated. See also [Si2] and [HOS].
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4 Multiscale convergence

One of the main objectives of this thesis is to study sequences of partial
differential equations governed by monotone operators that may have oscil-
lations in several spatial and temporal scales. Our approach is to study the
corresponding sequences of weak formulations of the equations to obtain the
G-limit by means of suitable choices of test functions. In this process, we
will encounter the problem of having two only weakly convergent sequences
paired together and then it is not obvious what will happen in the limit. To
face out this problem, we will make use of so-called multiscale convergence.
This chapter is devoted to the study of the concept of two-scale convergence
together with the generalizations needed for some homogenization procedures
for multiscale problems that are carried out in Chapter 5.

Figure 17. An example of an oscillating coefficient
with two spatial scale and one time
scale at the microscopic level.

4.1 Two-scale convergence

Two-scale convergence is an alternative way of dealing with the classical task
of pairing two weakly convergent sequences together in an integral expression
under special assumptions on one of the sequences. When using traditional
techniques of compensated compactness type, one has certain conditions on
{uε} and {vε} to obtain that

uε (x) · vε (x)→ u (x) · v (x) in D0 (Ω) ,
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where u and v are the respective weak L2 (Ω)N -limits; see Remark 58. Two-
scale convergence deviates mainly in two ways from this approach. The limit
contains an extra scale that reflects certain types of micro-oscillations in uε.
These micro-oscillations, which are not captured in the weak limit, are de-
tected by functions vε designed for this purpose. Hence, only one of the
sequences in question needs to obey conditions other than boundedness in
L2 (Ω) . This is the other major difference compared to compensated com-
pactness, for which special conditions on the derivatives of {uε} and {vε} are
required.

Originally, two-scale convergence was introduced by Nguetseng in 1989;
see [Ng1]. A few years later, Allaire introduced the name two-scale con-
vergence and developed the concept further. For example, he extended the
class of admissible oscillating test functions and proved the method to be
applicable to several, both linear and nonlinear, homogenization problems;
see [Al1].

4.1.1 The features of two-scale convergence

When Nguetseng first introduced two-scale convergence in [Ng1], it was a
completely novel approach to the homogenization of partial differential equa-
tions. He proved that bounded sequences in L2 (Ω) have, in a certain weak
sense, a limit in L2 (Ω× Y ) , where the second variable defined on Y is in-
tended to describe the micro-oscillations of uε which are averaged away in
the weak limit.

Definition 37 (Two-scale convergence) A sequence {uε} in L2(Ω) is said
to two-scale converge to a limit u0 ∈ L2 (Ω× Y ) if

lim
ε→0

Z
Ω

uε(x)v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u0(x, y)v(x, y) dydx (36)

for all v ∈ L2 (Ω;C` (Y )). This is denoted by

uε(x)-- u0(x, y).

Our aim with this section is to list properties and important results concern-
ing two-scale convergence.

The concept of two-scale convergence involves test functions of the form
v
¡
x, x

ε

¢
, which are traces in L2 (Ω) of v ∈ L2 (Ω;C` (Y )). The properties
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of v are of decisive importance for the two-scale convergence to work. The
choice of test functions in Definition 37 means that v should be Y -periodic
in its second variable for x ∈ Ω fixed. Moreover, the function must remain
measurable if we replace y with x

ε
. Below, we give an example of requirements

on v, sufficient for this purpose, that motivates the continuity assumptions
on the second variable in the selected class of test functions. See p.1013 in
the appendix in [Ze IIB].

Proposition 38 Let Ω be measurable, the Banach space U be real and sep-
arable and

γ (x) = v (x,w (x)) .

If the function v : Ω× U → R satisfies the Carathéodory conditions, i.e.,

v (·, y) is measurable on Ω for all y ∈ U,

v (x, ·) is continuous on U for a.e. x ∈ Ω,

and the function w : Ω ⊆ RN → U is measurable, then the function
γ : Ω→ R is also measurable.

In our applications, Ω is assumed to be an open and bounded set in
RN and U ≡ RN . The next theorem shows that L2 (Ω;C` (Y )) possesses
properties that are essential to obtain the important compactness result given
in Theorem 47 below.

Theorem 39 The space X = L2 (Ω;C` (Y )) has the following properties:

(i) X is a separable Banach space.

(ii) X is dense in L2 (Ω× Y ).

(iii) If v ∈ X, then v
¡
x, x

ε

¢
is a measurable function on Ω such that°°°v ³x, x

ε

´°°°
L2(Ω)

≤ kv (x, y)kX . (37)

(iv) For every v ∈ X, one has

lim
ε→0

Z
Ω

v2
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

v2 (x, y) dydx.

Proof. See Section 5 in [Al1] or Section 2 in [LNW].
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The functions in the space introduced above generate weakly convergent
sequences in L2 (Ω).

Proposition 40 For every v ∈ L2 (Ω;C` (Y )), it holds that

v
³
x,

x

ε

´
-

Z
Y

v (x, y) dy in L2 (Ω) . (38)

Proof. If g ∈ L1 (Ω;C` (Y )), then

lim
ε→0

Z
Ω

g
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

g (x, y) dydx;

see Theorem 2 in [LNW]. Since vw ∈ L1 (Ω;C` (Y )) when v ∈ L2 (Ω;C` (Y ))
and w ∈ L2 (Ω), it holds that

lim
ε→0

Z
Ω

v
³
x,

x

ε

´
w (x) dx =

Z
Ω

Z
Y

v (x, y)w (x) dydx

for all w ∈ L2 (Ω).

Definition 41 A space of admissible test functions X is a space of functions
that fulfills the conditions (i)-(iv) in Theorem 39.

Below there are some examples of spaces of admissible test functions.

Proposition 42 For Ω bounded,L2(Ω;C` (Y )),L2`
¡
Y ;C(Ω̄)

¢
and C

¡
Ω̄;C`(Y )

¢
are spaces of admissible test functions.

Proof. See Section 5 in [Al1].

The following notation will be used in the sequel.

Definition 43 We denote any of the spaces L2 (Ω;C` (Y )), L2`
¡
Y ;C(Ω̄)

¢
and C

¡
Ω̄;C`(Y )

¢
by Ψ (Ω, Y ).

The techniques used to prove the compactness results for two-scale con-
vergence of sequences in L2 (Ω) given in Theorem 47 apply for all these
spaces.

Remark 44 The functions in the space L2 (Ω;C` (Y )) can be used as test
functions also for Ω unbounded, e.g. for Ω = RN ; see Lemma 2.3 in [Al3].
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Remark 45 The property (38) in Proposition 40 holds true for all the spaces
of test functions in Proposition 42. Just note that (iii) in Theorem 39 means
that for v in any of those spaces, {v

¡
x, x

ε

¢
} is bounded in L2 (Ω) and that

for any w ∈ D (Ω), vw remains in the space of admissible test functions
containing v. See also Corollary 5.4 in [Al1].

The next theorem provides us with test functions of a quite different type,
in the sense that they do not have to be continuous in any of their variables.

Theorem 46 Assume that v (x, y) = v1 (x) v2 (y), where v1 ∈ Ls (Ω) and
v2 ∈ Lt

` (Y ) with 1 ≤ s, t ≤ ∞, such that 1
s
+ 1

t
= 1

2
. Then v

¡
x, x

ε

¢
∈ L2 (Ω)

and

v
³
x,

x

ε

´
- v1 (x)

Z
Y

v2 (y) dy in L2 (Ω) .

Proof. See [BaMu].

The important compactness result below motivates the definition of two-
scale convergence.

Theorem 47 Let {uε} be a bounded sequence in L2 (Ω). Then it holds, for
some u0 ∈ L2 (Ω× Y ) and up to a subsequence, that

uε (x)-- u0 (x, y) .

Proof. The proof of this result is found in e.g. Theorem 7 in [LNW] or
Theorem 9.7 in [CiDo]. Here we provide an outline of the most important
steps. Let

F ε (v) =

Z
Ω

uε (x) v
³
x,

x

ε

´
dx

where v ∈ L2 (Ω;C` (Y )). By Hölder’s inequality we have that

|F ε (v)|=
¯̄̄̄Z

Ω

uε (x) v
³
x,

x

ε

´
dx

¯̄̄̄
≤kuεkL2(Ω)

°°°v³x, x
ε

´°°°
L2(Ω)
≤C

°°°v³x, x
ε

´°°°
L2(Ω)

.

By property (iii) in Theorem 39, {F ε} is bounded in X 0 and hence, up to a
subsequence,

F ε ∗
- F in X 0.
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The property (iv) in the same theorem yields

|F (v)| ≤ C lim
ε→0

°°°v ³x, x
ε

´°°°
L2(Ω)

= C kv (x, y)kL2(Ω×Y ) .

Hence, F ∈ L2 (Ω× Y )0 and by Riesz representation theorem

F (v) =

Z
Ω

Z
Y

u0 (x, y) v (x, y) dydx

for all v ∈ X, and a unique u0 ∈ L2 (Ω× Y ).

If we assume that {uε} is bounded in L2 (Ω), we can use a smaller class
of test functions to deduce that we have two-scale convergence.

Proposition 48 Let {uε} be a bounded sequence in L2 (Ω) such that

lim
ε→0

Z
Ω

uε (x) v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u0(x, y)v(x, y) dydx

for every v ∈ D
¡
Ω;C∞` (Y )

¢
. Then {uε} two-scale converges to u0.

Proof. See Proposition 1 in [LNW].

According to the following theorem, there cannot be two alternative two-
scale limits to a sequence that two-scale converges.

Theorem 49 The two-scale limit is unique.

Proof. Assume that a sequence {uε} in L2 (Ω) two-scale converges to two
different functions η0 and γ0 in L2 (Ω× Y ), i.e., we have

lim
ε→0

Z
Ω

uε(x)v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

η0(x, y)v(x, y) dydx (39)

and
lim
ε→0

Z
Ω

uε(x)v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

γ0(x, y)v(x, y) dydx (40)

for every v ∈ L2 (Ω;C` (Y )) . If we take the difference between (39) and (40),
we end up with Z

Ω

Z
Y

(η0(x, y)− γ0(x, y)) v(x, y) dydx = 0,

that is, η0(x, y) = γ0(x, y) almost everywhere by the variational lemma.
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The concept of two-scale convergence can be extended to a number of
classes of test functions apart from L2 (Ω;C` (Y )).

Theorem 50 Let {uε} be a sequence in L2 (Ω) that two-scale converges to
u0. Then

lim
ε→0

Z
Ω

uε(x)v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u0(x, y)v(x, y) dydx

for all v ∈ Ψ (Ω, Y ) and for all v of the form v(x, y) = v1 (x) v2 (y) ,
v1 ∈ Ls (Ω) , v2 ∈ Lt

` (Y ) with 1 ≤ s, t ≤ ∞ and such that 1
s
+ 1

t
= 1

2
.

Proof. See Theorem 9 in [LNW] and Theorem 2.2 and Lemma 2.3 in [Al3].

The next proposition yields that sequences created from admissible test
functions two-scale converge.

Proposition 51 If u ∈ Ψ (Ω, Y ), then

u
³
x,

x

ε

´
-- u (x, y) .

Proof. If u ∈ Ψ (Ω, Y ), then uv ∈ Ψ (Ω, Y ) for any v ∈ D
¡
Ω;C∞` (Y )

¢
.

Then, according to Proposition 40 and Remark 45,

u(x,
x

ε
)v
³
x,

x

ε

´
= uv

³
x,

x

ε

´
-

Z
Y

uv(x, y) dy in L2 (Ω)

and therefore

lim
ε→0

Z
Ω

u(x,
x

ε
)v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u(x, y)v(x, y) dydx.

By (37), {u
¡
x, x

ε

¢
} is bounded in L2 (Ω); we can apply Proposition 48 and

the result follows.

Of course, there are connections between two-scale convergence and more
traditional types of convergence such as strong and weak convergence. In the
case of strong convergence, there are no oscillations with strength enough to
have an effect on the two-scale limit and hence a sequence {uε} that converges
strongly to a limit u in L2 (Ω) also two-scale converges to the same limit.
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Theorem 52 If
uε (x)→ u (x) in L2 (Ω)

then
uε (x)-- u (x) .

Proof. See Theorem 5 in [LNW].

There are also close connections between the two-scale limit and the weak
L2 (Ω)-limit. For example, it is obvious that two-scale convergence yields
weak convergence in L2 (Ω). If we choose v independent of y in (36), we get

uε (x)-

Z
Y

u0(x, y) dy in L2 (Ω) .

Moreover, if u0 is independent of y the two-scale limit equals the weak
L2 (Ω)-limit. We can also deduce that a two-scale convergent sequence is
bounded in L2 (Ω) . The boundedness is due to the fact that every weakly
convergent sequence is bounded. We give the following theorem.

Theorem 53 Let {uε} be a sequence in L2 (Ω) that two-scale converges to
u0 ∈ L2 (Ω× Y ). Then

uε (x)-

Z
Y

u0(x, y) dy in L2 (Ω) .

Proof. See Theorem 6 in [LNW].

Even though the two-scale limit belongs to another space from the se-
quence converging to it, all elements in L2 (Ω× Y ) are actually two-scale
limits for some sequence in L2 (Ω).

Theorem 54 Any function u0 ∈ L2 (Ω× Y ) is attained as a two-scale limit.

Proof. See Theorem 12 in [LNW].

The next theorem involves relations between norms for weak L2 (Ω)-limits
and two-scale limits. A careful investigation of these matters can be found
in Section 4.1.3.
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Theorem 55 Let {uε} be a sequence in L2 (Ω) that two-scale converges to
u0 ∈ L2 (Ω× Y ). Then

lim
ε→0

inf kuεkL2(Ω) ≥ ku0kL2(Ω×Y ) ≥ kukL2(Ω) ,

where u (x) =
R
Y
u0 (x, y) dy.

Proof. See Theorem 10 in [LNW].

In the famous div-curl Lemma, due to Murat and Tartar, the problem of
two weakly convergent sequences paired together is tackled. The strategy is
to impose special conditions on the derivatives of the sequences in question
but no periodicity assumptions are required. For more details, see Remark
58 in Section 4.1.2 and the reference given therein. The following theorem
gives a connection to this type of compensated compactness in the sense that
no periodicity assumptions are made.

Theorem 56 Let {uε} be a sequence in L2 (Ω) that two-scale converges to
u0 ∈ L2 (Ω× Y ), and assume that

lim
ε→0

kuεkL2(Ω) = ku0kL2(Ω×Y ) .

Then, for any sequence {vε} in L2 (Ω) that two-scale converges to
v ∈ L2 (Ω× Y ), we have that

lim
ε→0

Z
Ω

uε(x)vε(x)ϕ (x) dx =

Z
Ω

Z
Y

u0(x, y)v(x, y)ϕ (x) dydx

for every ϕ ∈ D (Ω). Moreover, if the Y -periodic extension of u0 belongs to
L2 (Ω;C` (Y )) then

lim
ε→0

°°°uε (x)− u0
³
x,

x

ε

´°°°
L2(Ω)

= 0.

Proof. See Theorem 11 in [LNW].

The next theorem yields a characterization of the two-scale limit of the
gradients of sequences {uε} that are bounded in W 1,2 (Ω). This result is
crucial for applications to homogenization problems.

51



Theorem 57 Let {uε} be a sequence in W 1,2 (Ω) such that

uε (x)- u (x) in W 1,2 (Ω) .

Then it holds that
uε (x)-- u (x)

and, up to a subsequence,

∇uε (x)-- ∇u (x) +∇yu1 (x, y)

where u1 ∈ L2
¡
Ω;W 1,2

` (Y )
¢
.

Proof. See e.g. Theorem 3 in [Ng1] or Proposition 1.14 in [Al1].

4.1.2 An intuitive discussion concerning two-scale convergence

Our aim in the discussion to come is to present the features of two-scale
convergence in a more intuitive way. Weak convergence in L2 (Ω) and two-
scale convergence are in many ways closely related to each other. We know
that the global trend of a converging sequence is captured by the weak
L2 (Ω)-limit and this is also the case for the two-scale limit. In this sense,
these two types of limits contain the same information on the converging se-
quence in question. The main difference is that rapid oscillations that are not
reflected in the weak limit may be caught by the two-scale limit by a second
variable. To clarify our manner of thought we first study weak convergence
in L2 (Ω).

Weak convergence in L2 (Ω)

Let {uε} be a bounded sequence in L2 (Ω). We recall that

uε (x)- u (x) in L2 (Ω)

if and only if Z
Ω

uε (x) v (x) dx→
Z
Ω

u (x) v (x) dx (41)

for all v ∈ L2 (Ω) as ε→ 0.

When the integrand is positive, one way to interpret (41) is as a sequence
of areas governed by uεv which, as ε→ 0, converges to a limit area determined
by a limit function uv for any v ∈ L2 (Ω).
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Let us choose Ω = [−4, 10], v (x) = 1 and

uε (x) = 3 + sin (x) + sin
³
2π

x

ε

´
.

Then, as ε→ 0,

uε (x)- u (x) = 3 + sin (x) in L2 (Ω) .

Figure 18. uε for ε = 1/3 and the weak L2 (Ω)-limit u.

If the sequence of areas is to converge to the limit area, it must also hold
true that the sequence of mean values generated by {uε} is to converge to
the mean value given by u.

Figure 19. uε for ε = 1/3, and u with their respective mean values.

Already for ε = 1/3, the functions uε and u have, at least up to four decimal
place accuracy, the same mean value: 3.0132. We do have thatZ

Ω

uε (x) dx→
Z
Ω

u (x) dx
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for the weak limit u but it would also have agreed with the constant function
u (x) = 3.0132. The requirement that (41) should be fulfilled for every test
function v ∈ L2 (Ω) and not only for v ≡ 1 means thatZ

I

uε (x) dx→
Z
I

u (x) dx

must hold for all subintervals I ⊂ Ω and not only for all of Ω; see Proposition
146 in [CiDo]. This implies that the sequence of mean values generated by
{uε} must converge to the mean value determined by u for all subintervals
I, which in turn means that the weak limit connects to the global tendency
of {uε}.

Figure 20. uε together with u for ε = 0.5 and for ε = 0.2.

Obviously, the weak limit u follows the overriding trend given by {uε}; see
Figure 20. In Figure 21, we have the product of uε for ε = 1/3 and

v (x) = 10 + cos(3x) + x

together with uv. Despite the fact that we loose information about the
rapid oscillations in {uε} in the limit process, the limit element u contains a
characterization of {uε} that is sufficient for uv to be able to join the global
tendency in {uεv} irrespective of the choice of v ∈ L2 (Ω).

Figure 21. uεv for ε = 1/3 and uv.
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Pairs of weakly convergent sequences

What would happen if instead of a function v, we choose a sequence {vε}?
Of course, it depends on what kind of sequence we choose. Matching our
weakly convergent sequence {uε} with a strongly convergent sequence {vε},
we get Z

Ω

uε(x)vε(x) dx→
Z
Ω

u(x)v(x) dx, (42)

where u and v are the limit elements to {uε} and {vε}, respectively. For small
values of ε, vε is so similar to its limit v that the limit process resembles the
case (41) where we have v fixed.

If, on the other hand, we take a sequence {vε} that is only weakly conver-
gent in L2 (Ω) then, in general, (42) no longer holds true. As an illustrative
example we choose

uε (x) = x sin
³
2π

x

ε

´
(43)

and
vε (x) =

1

x
sin
³
2π

x

ε

´
, (44)

which both converge weakly in L2 (Ω) to u = v = 0 as ε→ 0.

Figure 22. uε and vε for ε = 0.2, with their respective weak limit.

In Figure 23,
uε (x) vε (x) = sin2

³
2π

x

ε

´
is plotted together with the product uv of the L2 (Ω)-limits of {uε} and {vε},
respectively. ObviouslyZ

Ω

uε (x) vε (x) dx9
Z
Ω

u (x) v (x) dx = 0.
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Figure 23. uεvε for ε = 0.2, and uv.

A classical way to deal with pairs of weakly convergent sequences is to
use compensated compactness; see Remark 58, to obtain thatZ

Ω

uε (x) · vε (x)ϕ (x) dx→
Z
Ω

u (x) · v (x)ϕ (x) dx (45)

for any ϕ ∈ D (Ω). Here, the key is to impose some restriction on the deriv-
atives of the respective sequences in question. This concept is however not
suitable for our example. Obviously, the conditions for the div-curl lemma in
Remark 58 are not fulfilled for (43) and (44), and we have already observed
that (45) does not hold true for this choice of sequences.

It is well-known, from classical results for periodic functions; see Lemma
1.3.19 in [Al2], that

uε (x) vε (x) = sin2
³
2π

x

ε

´
-

Z
Y

sin2 (2πy) dy = 0.5 in L2 (Ω) , (46)

and hence in D0 (Ω), and thus there is indeed a way for uεvε to pass to
the D0 (Ω)-limit. Unfortunately, the limit does not provide any information
about the contribution from the respective sequence to the same, and the
mystery about the result of the limit process for the product uεvε partly
remains.

Remark 58 A famous result concerning the pairing of sequences weakly con-
vergent in L2 (Ω)N is the div-curl lemma of Murat and Tartar. Let {uh} and
{vh} be two sequences in L2 (Ω)N such that

uh (x) - u (x) in L2 (Ω)N ,

vh (x) - v (x) in L2 (Ω)N .

56



Moreover, assume that °°∇ · uh°°
L2(Ω)

≤ C,°°curl vh°°
L2(Ω)N×N

≤ C

where C is a positive constant. Then

uh (x) · vh (x)- u (x) · v (x) in D0 (Ω) ,

i.e. Z
Ω

uh(x) · vh(x)ϕ (x) dx→
Z
Ω

u(x) · v(x)ϕ (x) dx

for every test function ϕ ∈ D (Ω). See Theorem 1 in [Ta3].

Two-scale limits

When matching two weakly convergent sequences {uε} and {vε}, the total
loss of information about the effect of the rapid oscillations may be too large.
What the micro-oscillations can accomplish together is not always reflected
by the product of the respective weak limits; see Figure 23. To adjust to this
problem, the limit elements must contain more information for them to be
able to capture the behavior of the sequence {uεvε} as ε → 0. Our way of
dealing with this is to make use of two-scale convergence. The basic idea of
two-scale convergence is that the information about the sequences in question
is separated into two parts. On the one hand, the two-scale limit contains
the same information as the usual weak L2 (Ω)-limit and on the other, it may
also reveal the rapid oscillations of the sequence in question.

In a way corresponding to that for weak convergence, we will now carry
out a discussion where we give an intuitive interpretation of two-scale con-
vergence. We will see connections between the two concepts and explain
why, when we have two weakly convergent sequences of certain kinds paired
together, two-scale convergence works. The problem that occurred in the
preceding section was that the oscillations in vε became too strong for (42)
to hold true with v as the weak limit of {vε}.

We recall that the sequence {uε} two-scale converges to u0 if

lim
ε→0

Z
Ω

uε(x)v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u0(x, y)v(x, y) dydx (47)
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for all v ∈ L2 (Ω;C` (Y )). Let us first choose v = 1 in (47), i.e.,

lim
ε→0

Z
Ω

uε(x) dx =

Z
Ω

Z
Y

u0(x, y) dydx. (48)

For sequences of positive functions the left-hand side of (48) can be inter-
preted as a sequence of areas, where the size of the areas now converges to
the size of a volume.

Let us return to our example:

uε (x) = 3 + sin (x) + sin
³
2π

x

ε

´
for Ω =]− 4, 10[ which, by Proposition 51, two-scale converges to

u0 (x, y) = 3 + sin (x) + sin (2πy)

as ε→ 0; see Figure 24.

Figure 24. uε for ε = 1/3 and its two-scale limit u0.

In a way corresponding to that for weak convergence, (48) holds for u0 equal
to the two-scale limit but u0 (x, y) = 3.0132 would also have worked.

That the condition (47) must be satisfied for all v ∈ L2 (Ω;C` (Y )) and
hence for all v ∈ L2 (Ω) implies that

lim
ε→0

Z
I

uε(x) dx =

Z
I

Z
Y

u0(x, y) dydx
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should hold for all subintervals I ⊂ Ω, or equivalently

uε (x)-

Z
Y

u0(x, y) dy = u (x) in L2 (Ω) . (49)

What does this mean in terms of the appearance of the surface that
constitutes the graph of the two-scale limit? If we fix an x ∈ Ω, we get a
"slice" of the two-scale limit that we can integrate over Y . The result we get,
which can be interpreted as the mean height of the "slice", must equal the
value the weak limit u gives for the x-value in question. Hence, the global
tendency in uε with the corresponding mean value for every subinterval of
Ω, that was captured in the weak limit, is also found in the two-scale limit
by deciding at what height the two-scale surface is to be placed.

Figure 25. The weak limit u (green) together with u0.

In Figure 25 we see, from two different angles, the weak limit

u (x) = 3 + sin(x)

(already plotted in Figure 18) plotted as a constant function of y together
with the two-scale limit. We can clearly see how the the two-scale limit
adapts to the weak limit in height.

Left for us to investigate is how the two-scale limit varies in the
y-direction. The information about the micro-oscillation of uε, which was
lost in the weak convergence process, may be found in the second variable y
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of the two-scale limit.

Figure 26. uε for ε = 1 on two different intervals.

In Figure 26, we have plotted uε on the interval [−4, 10] and to the right we
have enlarged one micro-oscillation in uε by plotting uε on the interval [0, 1].
From the right-hand graph we can make the interpretation that the function
begins a course of oscillation for x = 0 and starts the next for x = 1. As ε
becomes smaller the period of the function will shorten, that is, the starting
points of the course of oscillations will occur closer and closer together. As
ε → 0, in the limit one could look at it as that we have one starting point
for every x ∈ Ω. The two-scale limit reflects these infinitely rapid oscillations
for the current x-values, and makes them treatable through unfolding them
along the y-axis.

Figure 27. The two-scale limit u0 for x fixed, to -2 and 0.

In Figure 27, we can clearly see how the micro-oscillations in uε are mirrored
in the two-scale limit. That they are placed at different heights is in order to
comply with condition (49). If we compare the right-hand graph in Figure
27 with the right-hand graph in Figure 26, we can nevertheless see that they
do not quite agree. That is due to the fact that in Figure 26 we have plotted
uε in an interval of x-values. To get an exact agreement with the two-scale
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limit, we should have plotted uε for an interval, the length of which tends to
zero, with an infinitely small ε, but that is of course impossible.

To sum up; for any fixed x, the second variable of the two-scale limit will
reflect the micro-oscillations in uε, which are in time with the chosen speed
of oscillation for the test function, and place them at a height such that the
mean value over Y equals the value the weak limit gives for the x-value in
question.

Remark 59 For our example, the oscillations of uε fit the speed of oscil-
lations of the test functions completely and hence the micro-oscillations of
uε are fully exhibited in the two-scale limit. A thorough discussion of these
matters can be found in Section 4.1.3.

Two-scale convergence in action

Obviously, the matching of two sequences uε and vε that are weakly con-
vergent in L2 (Ω) is a non-trivial problem. Let us return to the example
illustrated in Figures 22 and 23, with

uε (x) = x sin
³
2π

x

ε

´
, (50)

and
vε (x) = v

³
x,

x

ε

´
=
1

x
sin
³
2π

x

ε

´
. (51)

We concluded that for this example the div-curl lemma was not applicable.
What we do know is that

uε (x) vε (x) = sin2
³
2π

x

ε

´
-

Z
Y

sin2 (2πy) dy = 0.5 in D0 (Ω) , (52)

but here no information about the respective sequence contribution to the
limit is provided. Neither does the D0 (Ω)-limit give us any enlightenment
about the oscillations of uεvε. Let us see what the concept of two-scale
convergence can bring.

We observe that

uε (x)-- u0 (x, y) = x sin (2πy) ,
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and that vε clearly originates from an admissible test function v. Two-scale
convergence now gives thatZ

Ω

uε (x) v
³
x,

x

ε

´
dx→

Z
Ω

Z
Y

u0 (x, y) v (x, y) dydx = (53)Z
Ω

Z
Y

x sin (2πy) · 1
x
sin (2πy) dydx =

Z
Ω

Z
Y

sin2 (2πy) dydx,

as ε → 0, and hence the impact of the respective sequence is revealed. To
the left in Figure 28, we have uεvε for ε = 0.2 together with the limit 0.5
and to the right, u0v together with the same limit plotted as a constant
function of y. Clearly, u0v adapts in height to the D0 (Ω)-limit of {uεvε} and
an integration of u0v over Y will generate the correct limit.

Figure 28. uεvε and u0 (x, y) v (x, y) with the D0 (Ω)-limit of uεvε (green).

In Figure 29, it becomes obvious that the two-scale limit reproduces the
micro-oscillations in uεvε. The second scale of the two-scale limit manages
to do what the weak limits of {uε} and {vε} did not, to describe the behavior
of {uεvε} when ε→ 0.

Figure 29. To the left uεvε for ε = 0.2, and to the
right u0 (x, y) v (x, y) for x = 1.5.

62



Obviously, (53) provides an alternative way of understanding the phenom-
enon in (52). The product of two weakly convergent sequences will in general
not converge to the product of their respective weak limit and henceZ

Ω

uε(x)v(x,
x

ε
) dx9

Z
Ω

µZ
Y

u0(x, y) dy

Z
Y

v(x, y) dy

¶
dx,

whereas we have thatZ
Ω

uε(x)v(x,
x

ε
) dx→

Z
Ω

Z
Y

u0(x, y)v(x, y) dydx.

The two-scale convergence handles the information about what the two se-
quences can do together, which is exactly what we were looking for.

Two-scale convergence is obviously well-suited for the study of sequences
of functions, bounded in L2 (Ω), involving rapid oscillations in one microscale.
If the functions we investigate contain oscillations in more than one scale two-
scale convergence is no longer enough, we need a wider concept. In [AlBr]
Allaire and Briane have made a generalization of two-scale convergence, so-
called multiscale convergence. The main idea is the same, but instead of
one local variable y we have several variables y1, y2, ..., yn, adjusted to the
problem being studied, which take care of the information from the respective
microscale. In Section 4.2 we will return to these questions.

4.1.3 Some further notes on the appearance of a second variable
in the two-scale limit

We have seen that the two-scale limit contains more information than the
weak L2 (Ω)-limit. Below, we discuss what expressions this may take. We
clarify how the relation between the oscillations of {uε} and those of the
test functions is crucial for the oscillations of {uε} to have an effect on the
two-scale limit.

The norm of the two-scale limit

In Theorem 55, we observed that the oscillations captured by the two-scale
limit u0 may cause the norm of u0 to become larger than the norm of the
weak L2 (Ω)-limit u. We have

lim
ε→0

inf kuεkL2(Ω) ≥ ku0kL2(Ω×Y ) ≥ kukL2(Ω) , (54)
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where
uε (x)- u (x) in L2 (Ω) .

To comprehend why this is the case, let us note that uε can be written as

uε (x) = u (x) + ũε (x) (55)

where
ũε (x)- 0 in L2 (Ω) , (56)

and that a similar decomposition

u0 (x, y) = u (x) + ũ (x, y) (57)

where Z
Y

ũ (x, y) dy = 0, (58)

is possible for the two-scale limit; see Remark 5 in [Ng1]. Here, u provides
the global tendency while ũε and ũ reflect the rapid oscillations.

We first consider the classical inequality

lim
ε→0

inf kuεkL2(Ω) ≥ kukL2(Ω) .

It holds that

lim
ε→0

inf kuεk2L2(Ω) = limε→0 inf
Z
Ω

u2 (x) + 2ũε (x)u (x) + (ũε (x))2 dx,

where (56) makes the middle term vanish as ε→ 0, and hence

lim
ε→0

inf kuεk2L2(Ω) =
Z
Ω

u2 (x) dx+ lim
ε→0

inf

Z
Ω

(ũε (x))2 dx ≥ kuk2L2(Ω) . (59)

Obviously, the appearance of a strict inequality must be due to the oscilla-
tions ũε. If

lim
ε→0

Z
Ω

(ũε (x))2 dx = 0,

we have
lim
ε→0

kuεkL2(Ω) = kukL2(Ω)
and thus strong convergence in L2 (Ω).
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In a similar way, with

ku0k2L2(Ω×Y ) =
Z
Ω

Z
Y

u20 (x, y) dydx =Z
Ω

u2 (x) dx+

Z
Ω

Z
Y

2u (x) ũ (x, y) dydx+

Z
Ω

Z
Y

ũ2 (x, y) dydx,

where the middle term vanishes due to (58), we get for the second inequality
in (54) that

ku0k2L2(Ω×Y ) =
Z
Ω

u2 (x) dx+

Z
Ω

Z
Y

ũ2 (x, y) dydx ≥ kuk2L2(Ω) . (60)

We deduce that the appearance of a strict inequality depends on ũ, that is,
on the oscillations captured by the two-scale limit.

Finally, we consider the left-hand inequality

lim
ε→0

inf kuεkL2(Ω) ≥ ku0kL2(Ω×Y )

which can, using (59) and (60), be expressed asZ
Ω

u2 (x) dx+ lim
ε→0

inf

Z
Ω

(ũε (x))2 dx ≥
Z
Ω

u2 (x) dx+

Z
Ω

Z
Y

ũ2 (x, y) dydx

and thus
lim
ε→0

inf kũεkL2(Ω) ≥ kũkL2(Ω×Y ) .

This means that the limit of the L2 (Ω)-norm of the oscillations ũε will always
be greater than or equal to the L2 (Ω× Y )-norm for the oscillations ũ of the
two-scale limit.

For the special case when

uε (x) = û
³
x,

x

ε

´
where û ∈ L2 (Ω;C` (Y )), we have, by Proposition 51, that

uε (x) = û
³
x,

x

ε

´
-- û (x, y) = u0 (x, y) .
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By rewriting (57) we get, for u the weak L2 (Ω)-limit to uε,

ũ (x, y) = û (x, y)− u (x)

which means that ũ ∈ L2 (Ω;C` (Y )) and from (iv) in Theorem 39 we obtainZ
Ω

(ũε (x))2 dx =

Z
Ω

ũ2
³
x,

x

ε

´
dx→

Z
Ω

Z
Y

ũ2 (x, y) dydx.

The oscillations contained in ũε and ũ, respectively, are of the same magni-
tude and we get

lim
ε→0

kuεkL2(Ω) = kûkL2(Ω×Y ) = ku0kL2(Ω×Y ) .

In this case we have a perfect match between the oscillations in uε and those
of the test function v

¡
x, x

ε

¢
and the two-scale limit captures the oscillations

in uε completely. The same holds true for any û ∈ Ψ (Ω, Y ). Matters related
to this are considered in the next section.

Shortcomings of two-scale convergence

Obviously, two-scale convergence is an efficient tool to detect certain rapid
oscillations of a sequence that is weakly convergent in L2 (Ω). Unfortunately,
this approach requires that the oscillations of the sequence should match
those of the test functions. Decompositions (55) and (57) lead us to a way
of understanding this phenomenon.

Let uε, u and ũε be as in (55) and decompose ν ∈ L2 (Ω;C` (Y )) as

ν (x, y) = v (x) + ṽ (x, y)

where Z
Y

ṽ (x, y) dy = 0. (61)

We obtain thatZ
Ω

uε (x) ν
³
x,

x

ε

´
dx =

Z
Ω

(u (x) + ũε (x))
³
v (x) + ṽ

³
x,

x

ε

´´
dx =Z

Ω

u (x) v (x) + u (x) ṽ
³
x,

x

ε

´
+ ũε (x) v (x) + ũε (x) ṽ

³
x,

x

ε

´
dx
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and proceed by investigating each one of the terms as ε→ 0. The first term
is independent of ε and therefore unaffected in the limit process. For the
second term, we note that

ṽ
³
x,

x

ε

´
-

Z
Y

ṽ (x, y) dy = 0 in L2 (Ω)

and, since u is independent of ε, we getZ
Ω

u (x) ṽ
³
x,

x

ε

´
dx→

Z
Ω

u (x)

µZ
Y

ṽ (x, y) dy

¶
dx = 0

due to (61). Also, the third term vanishes in the limit according to (56). The
term of interest is therefore the last term,Z

Ω

ũε (x) ṽ
³
x,

x

ε

´
dx. (62)

In the discussion below, our point of departure is to study the effect of
the relation between the frequencies of oscillations in the functions uε and
ν
¡
x, x

ε

¢
.

In Figure 30, we have plotted an example where uε has more rapid oscil-
lations than those of the test function ν

¡
x, x

ε

¢
.

Figure 30. To the left uε (x) and νε (x) = ν
¡
x, x

ε

¢
, and to

the right ũε (x) together with ṽε (x) = ṽ
¡
x, x

ε

¢
.

In this situation, ũε manages to carry out many oscillations around zero at
the same time as ṽ

¡
x, x

ε

¢
only has small changes. The contribution from the

term (62) thereby becomes almost zero when ε is small in a similar way as
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for weak convergence. Note that we do have that ũε converges weakly to zero
in L2 (Ω) due to (56). In Figure 31, we provide an example in which uε has
slower oscillations than ν

¡
x, x

ε

¢
.

Figure 31. To the left uε (x) together with νε (x) = ν
¡
x, x

ε

¢
and

to the right ũε (x) together with ṽε (x) = ṽ
¡
x, x

ε

¢
.

In this case, it is ṽ
¡
x, x

ε

¢
that changes rapidly around zero. The integral

mean value of ṽ over Y is zero and hence the term considered vanishes in the
limit when its frequency of oscillation increases, in a similar fashion as for
the example above.

If we let the oscillations of the two sequences have the same frequency,
we have a case of two-scale convergence where the oscillations of ũε become
apparent in the two-scale limit. One such case has been carefully investigated
in Section 4.1.2. In Figure 32, we provide an example of a sequence {uε} and
a sequence {ν

¡
x, x

ε

¢
} with matching oscillations and hence the cancellations

seen in the examples above do not take place.

Figure 32. To the left uε (x) together with νε (x) = ν
¡
x, x

ε

¢
, and

to the right ũε (x) together with ṽε (x) = ṽ
¡
x, x

ε

¢
.
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To sum up, we have that

lim
ε→0

Z
Ω

uε (x) ν
³
x,

x

ε

´
dx =

lim
ε→0

Z
Ω

³
u (x) v (x) + u (x) ṽ

³
x,

x

ε

´
+ ũε (x) v (x) + ũε (x) ṽ

³
x,

x

ε

´´
dx =Z

Ω

u (x) v (x) dx+ lim
ε→0

Z
Ω

ũε (x) ṽ
³
x,

x

ε

´
dx

where the second term tends to zero for our examples where uε and ν
¡
x, x

ε

¢
have oscillations with frequencies of different order, which means that for
these cases the two-scale limit has no oscillations in the y-direction.

Remark 60 Following the ideas in this section, for the case where ũε has
oscillations with different frequency from the oscillations of the test functions,
the oscillations of the two-scale limit may disappear while still

lim
ε→0

inf kũεkL2(Ω) > 0

which means that
lim
ε→0

inf kuεkL2(Ω) > ku0kL2(Ω×Y ) .

Remark 61 For the cases where uε has oscillations matching those of the
test function on parts of Ω, the oscillations in the y-direction in u0 appear
only on these subsets.

4.2 The concept of multiscale convergence

The cornerstone of multiscale convergence is, in the same way as for two-scale
convergence, to let the rapid oscillations be reflected by local variables, one
for each microscale. In Section 4.2.1, we first have a brief presentation of the
idea behind multiscale convergence and in Section 4.2.2 we give the strict
definition together with some compactness results. Finally, in Section 4.2.3
we generalize the concept further to fit certain evolution cases in preparation
for the homogenization procedures carried out in Chapter 5.
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4.2.1 The nature of multiscale convergence

A natural first step in generalizing the two-scale convergence method is to
introduce one more microscale in space. A sequence {uε} in L2 (Ω) is then
said to 3-scale converge to a limit u0 ∈ L2 (Ω× Y 2), where Y 2 = Y1 × Y2, if

lim
ε→0

Z
Ω

uε(x)v
³
x,

x

ε
,
x

ε2

´
dx =

Z
Ω

Z
Y 2

u0(x, y1, y2)v(x, y1, y2) dy2dy1dx

for all v ∈ L2 (Ω;C` (Y
2)). Consider the sequence of functions

uε (x) = 3 + 3 sin (2x) + x sin

µ
2πx

ε

¶
+ x sin2

µ
2πx

ε2

¶
.

We have that {uε} converges weakly to

u (x) = 3 + 3 sin (2x) +
x

2

in L2 (Ω) and 3-scale converges to

u0 (x, y) = 3 + 3 sin (2x) + x sin (2πy1) + x sin2 (2πy2) .

Figure 33. uε for ε = 0.4 and u.

In Figure 33, we can see clearly how the weak limit u connects to the global
tendency, but miss out the information from the two different kinds of micro-
oscillations of uε. Since u0 in this case depends on three variables, it is not
possible to plot the 3-scale limit, but if we integrate u0 over one of the local
variables we can visualize two-scale averages of the 3-scale limit.
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Figure 34. uε for ε = 0.4 and its 3-scale limit after integration over Y2.

In Figure 34 we have plotted uε on an interval with length ε, to capture
exactly one oscillation of the slower of the two microscales. To the right,
we see the 3-scale limit after integration over Y2, together with the weak
L2 (Ω)-limit plotted as a constant function of y1. Evidently, u0 describes the
slower micro-oscillation in the y1-direction at the same time as it catches the
global tendency by being placed at the height that the weak limit suggests.

Figure 35. uε for ε = 0.4 and its 3-scale limit after integration over Y1.

To the left in Figure 35 we have plotted uε on an interval of length ε2; that
is, we have plotted one of the rapid oscillations. To the right, we can see
the 3-scale limit after integration over Y1, together with the weak limit as
a constant function of y2. In the y2-direction, one can see how u0 mirrors
the most rapid micro-oscillation. If we compare with the weak limit we
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once again see the global tendency in the x-direction, which is not strange;
integrating one more time, now over Y1, would give us the weak L2 (Ω)-limit.

Remark 62 It is notable that the integration over Y2 and Y1 yields the two-
scale limit obtained for test functions of the type v

¡
x, x

ε

¢
and v

¡
x, x

ε2

¢
, re-

spectively.

4.2.2 The features of multiscale convergence

In this section, we first give the strict definition of multiscale convergence.
Before we continue with some important compactness results, the concept of
separated and well separated scales is introduced.

Definition 63 (Multiscale convergence) A sequence {uε} in L2 (Ω) is
said to (n+ 1)-scale converge to u0 ∈ L2 (Ω× Y n) if

lim
ε→0

Z
Ω

uε (x) v

µ
x,

x

ε1
, ...,

x

εn

¶
dx = (63)Z

Ω

Z
Y n

u0 (x, y1, ..., yn) v (x, y1, ..., yn) dyn...dy1dx

for all v ∈ L2 (Ω;C` (Y
n)). This is denoted by

uε (x)
n+1
- u0 (x, y1, ..., yn) .

By ε1, ..., εn we denote functions dependent on the common variable ε,
tending to zero as ε does.

For the theorems below, we need the assumption of separation of scales,
i.e.,

lim
ε→0

εk+1
εk

= 0

for k = 1, ..., n−1, which means that for ε small the next scale should always
be much faster than the preceding one. We will also use the notion of well-
separated scales. The scales ε1, ..., εn are said to be well-separated if and only
if there exists a positive integer m such that

lim
ε→0

1

εk

µ
εk+1
εk

¶m

= 0
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for k = 1, ..., n− 1.

Using the concept of separation of scales, we give the following compact-
ness result.

Theorem 64 Assume that {uε} is a bounded sequence in L2 (Ω) and that
the condition of separation of scales holds true. Then, up to a subsequence,
{uε} (n+ 1)-scale converges to a limit u0 ∈ L2 (Ω× Y n) .

Proof. See Theorem 2.4 in [AlBr].

Below multiscale limits, both for sequences bounded inW 1,2 (Ω) and their
gradients, are described.

Theorem 65 Let {uε} be a bounded sequence in W 1,2 (Ω) that converges
weakly to u in W 1,2(Ω) and assume that the scales are separated. Then there
exist n functions uk ∈ L2

¡
Ω× Y k−1;W 1,2

` (Yk)
¢
such that, up to a subse-

quence,
uε (x)

n+1
- u (x)

and

∇uε (x) n+1- ∇u (x) +
nX

k=1

∇ykuk (x, y1, ..., yk) .

Proof. See Theorem 2.6 in [AlBr].

If we assume that v (x, y1, ..., yn) is Yk-periodic for all k ∈ {1, ..., n}
and sufficiently smooth, then according to [AlBr] the sequence of functions
v(x, x

ε1
, ..., x

εn
), with separated scales, converges in D0 (Ω) to the average over

Y n, that is,

v

µ
x,

x

ε1
, ...,

x

εn

¶
→
Z
Y n

v (x, y1, ..., yn) dyn...dy1 in D0 (Ω)

as ε → 0. Moreover, if {v(x, x
ε1
, ..., x

εn
)} is bounded in L2 (Ω) the sequence

also converges weakly in L2 (Ω). See also Proposition 70.

Remark 66 If {uε} is bounded in L2 (Ω), the scales are separated and (63)
holds true for every v ∈ D

¡
Ω;C∞` (Y

n)
¢
, then {uε} (n+ 1)-scale converges

to u0. The proof is in line with the proof of Proposition 1 in [LNW].
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4.2.3 Evolution multiscale convergence

Since we intend to study homogenization of evolution problems including
oscillations in both space and time, we need a concept of multiscale conver-
gence that involves time. The basic idea in evolution multiscale convergence
is the same as for multiscale convergence: local variables take care of the
information concerning rapid oscillations.

We give a formal definition of evolution multiscale convergence.

Definition 67 (Evolution multiscale convergence) A sequence {uε} in
L2 (ΩT ) is said to (n+ 1,m+ 1)-scale converge to u0 ∈ L2 (ΩT ×Yn,m) if

lim
ε→0

Z
ΩT

uε (x, t) v

µ
x, t,

x

ε1
, ...,

x

εn
,
t

ε01
, ...,

t

ε0m

¶
dxdt =Z

ΩT

Z
Yn,m

u0 (x, t, y1, ..., yn, s1, ..., sm) ·

v (x, t, y1, ..., yn, s1, ..., sm) dyn...dy1dsm...ds1dxdt

for all v ∈ L2 (ΩT ;C` (Yn,m)). This is denoted by

uε (x, t)
n+1,m+1
- u0 (x, t, y1, ..., yn, s1, ..., sm) .

Below, we adapt and develop this concept further, to fit the homogeniza-
tion procedures in Section 5.3.

Multiple spatial scales

In Section 2.3.3, we studied the parabolic problem (24), where a was subject
to the structure conditions (q i)-(q v), with respect to existence and unique-
ness of the solution. From Theorem 35 in Section 3.2.2, we concluded that we
have G-convergence, at least up to a subsequence for (24). The fact that we
have G-convergence for the sequence of operators means that a limit opera-
tor with suitable properties exists but gives us no information about how to
find it. For this purpose, we will use homogenization. The homogenization
procedure for

∂tu
ε (x, t)−∇ · a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
= f (x, t) in ΩT ,

uε (x, 0) = u0 (x) in Ω,

uε (x, t) = 0 on ∂Ω× (0, T ) ,
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which we carry out in Section 5.3.2, necessitates 3,2-scale convergence. As a
special case of Definition 67, we have that

uε (x, t)
3,2
- u0 (x, t, y1, y2, s) ,

where u0 ∈ L2 (ΩT ×Y2,1) if

lim
ε→0

Z
ΩT

uε (x, t) v

µ
x, t,

x

ε1
,
x

ε2
,
t

ε01

¶
dxdt = (64)Z

ΩT

Z
Y2,1

u0 (x, t, y1, y2, s) v (x, t, y1, y2, s) dy2dy1dsdxdt

for all v ∈ L2 (ΩT ;C` (Y2,1)) .

In this thesis, we restrict our interpretation of 3,2-scale convergence to
sequences where ε1 = ε, ε2 = ε2 and ε01 = εr with r > 0, which means that
the spatial scales are well-separated.

Theorem 68 Let {uε} be a bounded sequence in L2 (ΩT ) and assume that
ε1 = ε, ε2 = ε2 and ε01 = εr with r > 0. Then there exists a subsequence that
3,2-scale converges to some u0 ∈ L2 (ΩT ×Y2,1).

Proof. This follows immediately from Theorem 2.4 in [AlBr].

We will make use of Theorem 68 in the proof of Theorem 72, where we
characterize multiscale limits of gradients.

Remark 69 In the same way as in Remark 66, we note that if {uε} is
bounded in L2 (ΩT ) and (64) holds for every v ∈ D

¡
ΩT ;C

∞
` (Y2,1)

¢
, then

{uε} 3,2-scale converges.

According to the next proposition, we have weak convergence in L2 (ΩT )
for a sequence

©
v
¡
x, t, x

ε
, x
ε2
, t
εr

¢ª
in L2 (ΩT ) to its average over the local

variables when v ∈ C
¡
Ω̄T ;C` (Y2,1)

¢
and r > 0.

Proposition 70 For every v ∈ C
¡
Ω̄T ;C` (Y2,1)

¢
and r > 0, it holds that

lim
ε→0

Z
ΩT

v

µ
x, t,

x

ε
,
x

ε2
,
t

εr

¶
φ (x, t) dxdt =Z

ΩT

Z
Y2,1

v (x, t, y1, y2, s)φ (x, t) dy2dy1dsdxdt

for any φ ∈ L2 (ΩT ).
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Proof. See Proposition 5 and Remark 6 in [FlOl1]. See also Corollario 3.5
in [Do] and Lemma 4.2.2 in [Pa].

A strongly convergent sequence in L2(ΩT ) 3,2-scale converges to its strong
limit, i.e. the local scales vanish, as stated in the following proposition. We
use this fact in the proof of Theorem 72.

Proposition 71 Assume that {uε} converges strongly to u in L2(ΩT ). Then
{uε} 3,2-scale converges to u.

Proof. According to Proposition 70, it holds that

v

µ
x, t,

x

ε
,
x

ε2
,
t

εr

¶
-

Z
Y2,1

v (x, t, y1, y2, s) dy2dy1ds in L2 (ΩT )

for all v ∈ C
¡
Ω̄T ;C` (Y2,1)

¢
. By assumption,

uε (x, t)→ u (x, t) in L2 (ΩT )

and thus we have

lim
ε→0

Z
ΩT

uε (x, t) v

µ
x, t,

x

ε
,
x

ε2
,
t

εr

¶
dxdt =Z

ΩT

Z
Y2,1

u (x, t) v (x, t, y1, y2, s) dy2dy1dsdxdt

for all v ∈ C
¡
Ω̄T ;C` (Y2,1)

¢
, and hence (see Remark 69) for all

v ∈ L2 (ΩT ;C` (Y2,1)) .

We are now prepared to state the following theorem, which involves
3,2-scale convergence of gradients. It will be used e.g. in the proof of The-
orems 91, 92 and 93. Since we need one gradient for each spatial scale, the
characterization of the gradient is more complicated for the case with several
spatial scales.

Theorem 72 Let {uε} be a sequence bounded inW 1,2
¡
0, T;W 1,2

0 (Ω),W−1,2(Ω)
¢

and assume that ε1 = ε, ε2 = ε2 and ε01 = εr, r > 0. Then it holds, up to a
subsequence, that

uε (x, t) → u (x, t) in L2 (ΩT ) ,

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢
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and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s) ,

where u ∈ L2
¡
0, T ;W 1,2

0 (Ω)
¢
, u1 ∈ L2

¡
ΩT × (0, 1) ;W 1,2

` (Y1) /R
¢
and

u2 ∈ L2
¡
ΩT ×Y1,1;W 1,2

` (Y2) /R
¢
.

For the proof of Theorem 72, we need some lemmas.

Lemma 73 Let H be the space of generalized divergence-free functions in
L2
¡
Ω;L2` (Y

2)
¢N
defined by

H =

½
v ∈ L2

¡
Ω;L2` (Y

2)
¢N ¯̄̄∇y2 · v = 0,

Z
Y2

∇y1 · v (x, y1, y2) dy2 = 0

¾
.

The space H has the following properties:

(i) D
¡
Ω;C∞` (Y

2)
¢N ∩H is dense in H.

(ii) The orthogonal of H is

H⊥=
©
∇y1u1+∇y2u2|u1 ∈ L2(Ω;W 1,2

` (Y1)), u2 ∈ L2(Ω× Y1;W
1,2
` (Y2))

ª
.

Proof. See Lemma 3.7 in [AlBr].

Lemma 74 Let φ ∈ D
¡
Ω;C∞` (Y

2)
¢
be a function such thatZ

Y2

φ (x, y1, y2) dy2 = 0

and assume that the scales ε1, ε2 are well-separated. Then

1

ε2
φ

µ
x,

x

ε1
,
x

ε2

¶
is bounded in

¡
W 1,2 (Ω)

¢0
.

Proof. See Theorem 3.3 in [AlBr].

We are now ready to give the proof of Theorem 72.
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Proof of Theorem 72. Since the sequence {uε} is bounded in the space
W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
, it is bounded in L2

¡
0, T ;W 1,2

0 (Ω)
¢
, and we

have, up to a subsequence, that

uε (x, t)- u (x, t) in L2(0, T ;W 1,2
0 (Ω)).

Moreover, by Theorem 68 we know that there are subsequences of
{uε} and {∇uε} that possess 3,2-scale limits, i.e. there exist functions
u0 ∈ L2 (ΩT ×Y2,1) and w0 ∈ L2 (ΩT ×Y2,1)N such that, up to a subse-
quence,

uε (x, t)
3,2
- u0 (x, t, y1, y2, s)

and
∇uε (x, t) 3,2- w0 (x, t, y1, y2, s) .

Also, from the boundedness inW 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
, the sequence

{∂tuε} is bounded in L2 (0, T ;W−1,2 (Ω)) and together with the boundedness
of {uε} in L2

¡
0, T ;W 1,2

0 (Ω)
¢
we can apply Lemmas 8.2 and 8.4 in [CoFo],

which yields that for such a sequence it holds, up to a subsequence, that

uε (x, t)→ u (x, t) in L2(ΩT ). (65)

Using (65) we can apply Proposition 71, which yields thatZ
ΩT

uε (x, t) v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt→Z

ΩT

u (x, t)

ÃZ
Y2,1

v (x, y1, y2) c1 (t) c2 (s) dy2dy1ds

!
dxdt =Z

ΩT

Z
Y2,1

u (x, t) v (x, y1, y2) c1 (t) c2 (s) dy2dy1dsdxdt

for all c1 ∈ D (0, T ), c2 ∈ C∞` (0, 1) and v ∈ D
¡
Ω;C∞` (Y

2)
¢N
.

Our next aim is to characterize the limit w0. For this purpose, we choose
functions v belonging to the set D

¡
Ω;C∞` (Y

2)
¢N ∩H defined in Lemma 73.

With c1 and c2 as above, we know that for some w0 ∈ L2 (ΩT ×Y2,1)NZ
ΩT

∇uε (x, t) · v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt→Z

ΩT

Z
Y2,1

w0 (x, t, y1, y2, s) · v (x, y1, y2) c1 (t) c2 (s) dy2dy1dsdxdt.
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We carry out the characterization of w0 by further scrutiny of the limit
process for Z

ΩT

∇uε (x, t) · v
³
x,

x

ε
,
x

ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt.

For t fixed, integration by parts over Ω gives

−
Z
Ω

uε (x, t) (∇+ ε−1∇y1 + ε−2∇y2) · v
³
x,

x

ε
,
x

ε2

´
c1(t)c2

µ
t

εr

¶
dx =

−
Z
Ω

uε (x, t) (∇+ ε−1∇y1) · v
³
x,

x

ε
,
x

ε2

´
c1(t)c2

µ
t

εr

¶
dx

due to the definition of H. We will now show that the contribution from the
term Z

Ω

uε (x, t) ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
c1(t)c2

µ
t

εr

¶
dx

tends to zero. By Lemma 74, ε−2φ(x, x
ε
, x
ε2
) is bounded in (W 1,2(Ω))0 if

φ ∈ D
¡
Ω;C∞` (Y

2)
¢
and Z

Y2

φ(x, y1, y2) dy2 = 0

and hence ¯̄̄̄Z
Ω

ε−2φ
³
x,

x

ε
,
x

ε2

´
ρ (x) dx

¯̄̄̄
≤ C kρkW 1,2(Ω)

for all ρ ∈W 1,2(Ω). Since ∇y1 · v fulfills the condition on φ above, we get¯̄̄̄Z
Ω

ε−2∇y1 · v
³
x,

x

ε
,
x

ε2

´
ρ (x) dx

¯̄̄̄
≤ C kρkW 1,2(Ω)

and thus ¯̄̄̄Z
Ω

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
ρ (x) dx

¯̄̄̄
≤ Cε kρkW 1,2(Ω) .

For t fixed and ρ = uε, we have¯̄̄̄Z
Ω

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
uε (x, t) dx

¯̄̄̄
≤ Cε kuεkW 1,2(Ω)
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and it follows that¯̄̄̄Z
ΩT

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
uε (x, t) dxdt

¯̄̄̄2
≤

C1

Z T

0

¯̄̄̄Z
Ω

ε−1∇y1 · v
³
x,

x

ε
,
x

ε2

´
uε (x, t) dx

¯̄̄̄2
dt ≤

C2ε
2

Z T

0

kuε (·, t)k2W 1,2(Ω) dt = C2ε
2 kuεk2L2(0,T ;W 1,2(Ω)) ≤ C3ε

2 → 0

as ε→ 0. We have proven that

−
Z
ΩT

uε (x, t) (∇+ ε−1∇y1 + ε−2∇y2) · v
³
x,

x

ε
,
x

ε2

´
c1(t)c2

µ
t

εr

¶
dxdt→

−
Z
ΩT

Z
Y2,1

u (x, t)∇ · v(x, y1, y2)c1(t)c2(s) dy2dy1dsdxdt =Z
ΩT

Z
Y2,1
∇u (x, t) · v(x, y1, y2)c1(t)c2(s) dy2dy1dsdxdt

for all v ∈ D(Ω;C∞` (Y
2))N ∩ H, all c1 ∈ D(0, T ), and all c2 ∈ C∞` (0, 1).

Thus, we haveZ
ΩT

Z
Y2,1

w0 (x, t, y1, y2, s) · v(x, y1, y2)c1(t)c2(s) dy2dy1dsdxdt =Z
ΩT

Z
Y2,1
∇u (x, t) · v(x, y1, y2)c1(t)c2(s) dy2dy1dsdxdt

for every such v, c1 and c2. By the variational lemma, we get for almost all s
and t Z

Ω

Z
Y 2

w0 (x, t, y1, y2, s) · v(x, y1, y2) dy2dy1dx =Z
Ω

Z
Y 2
∇u (x, t) · v(x, y1, y2) dy2dy1dx

for all v ∈ D(Ω;C∞` (Y
2))N ∩H, and by density (see (i) in Lemma 73) this

holds for all v ∈ H. Hence, w0 and ∇u can only differ by elements in H⊥,
i.e., we have

w0 (x, t, y1, y2, s)−∇u (x, t) = ∇y1u1(x, t, y1, s) +∇y2u2 (x, t, y1, y2, s)
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for almost all s and t, that is

w0 (x, t, y1, y2, s) = ∇u (x, t) +∇y1u1(x, t, y1, s) +∇y2u2 (x, t, y1, y2, s) .

It remains for us to localize u1 and u2 into suitable function spaces.
If we choose u1 and u2 with average zero over Y1 and Y2, respectively,
this means that we will prove that u1 ∈ L2(ΩT × (0, 1);W 1,2

` (Y1)/R) and
u2 ∈ L2(ΩT × Y1,1;W 1,2

` (Y2)/R). We have for any v ∈ D
¡
ΩT , C

∞
` (Y1,1)

¢N
thatZ

ΩT

Z
Y2,1
(w0 (x, t, y1, y2, s)−∇u (x, t)) · v(x, t, y1, s) dy2dy1dsdxdt =Z

ΩT

Z
Y2,1
(∇y1u1(x, t, y1, s)+∇y2u2 (x, t, y1, y2, s))·v(x, t, y1, s) dy2dy1dsdxdt =Z

ΩT

Z
Y1,1
∇y1u1(x, t, y1, s) · v(x, t, y1, s) dy1dsdxdt,

where, after integration over Y2, the second term vanishes due to the
Y2-periodicity of u2. Applying the variational lemma, we have for almost
every (x, t, y1, s) ∈ ΩT ×Y1,1

∇y1u1(x, t, y1, s) =

Z
Y2

w0 (x, t, y1, y2, s) dy2 −∇u (x, t) ,

i.e. ∇y1u1 ∈ L2 (ΩT ×Y1,1)N ; that is, u1 ∈ L2(ΩT × (0, 1);W 1,2
` (Y1)/R). It

follows that

∇y2u2 (x, t, y1, y2, s) = w0 (x, t, y1, y2, s)−∇u (x, t)−∇y1u1(x, t, y1, s),

i.e. ∇y2u2 ∈ L2(ΩT ×Y2,1)N , and hence u2 ∈ L2(ΩT ×Y1,1;W 1,2
` (Y2)/R).

The boundedness of u1 and u2 in L2(ΩT × Y1,1) and L2(ΩT × Y2,1), re-
spectively, is carried over from the corresponding bounds for the gradient by
means of the Poincaré-Wirtinger inequality; see Theorem 1.14 in [De].

The following theorem will be useful in some of the homogenization pro-
cedures in Chapter 5.
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Theorem 75 Let {uε} be a bounded sequence inW 1,2
¡
0,T ;W 1,2

0 (Ω),W−1,2(Ω)
¢

and let u and u1 be defined as in Theorem 72. Then, up to a subsequence,

lim
ε→0

Z
ΩT

uε (x, t)− u (x, t)

ε
v1 (x) v2

³x
ε

´
c1 (t) c2

µ
t

εr

¶
dxdt =Z

ΩT

Z
Y1,1

u1(x, t, y1, s)v1 (x) v2 (y1) c1 (t) c2 (s) dy1dsdxdt

for all v1 ∈ D (Ω) , v2 ∈ L2` (Y1) /R, c1 ∈ D (0, T ) and c2 ∈ L2` (0, 1) .

Proof. See Corollary 3.3 in [Ho2] and Theorem 3 in [HSW].

This kind of convergence will be discussed in the context of the asymptotic ex-
pansion in Section 5.1.2. A generalization of the result to some non-periodic
cases is found in [NgWo].

In the proof of the Theorem 92, we use the following proposition.

Proposition 76 Let u and v belong to L2`
¡
0, 1;W 1,2

` (Y ) /R
¢
and assume

that ∂su and ∂sv belong to L2` (0, 1; (W
1,2
` (Y ) /R)0). ThenZ 1

0

h∂su (s) , v (s)i(W 1,2
` (Y )/R)

0
,W 1,2

` (Y )/R ds+Z 1

0

h∂sv (s) , u (s)i(W 1,2
` (Y )/R)

0
,W 1,2

` (Y )/R ds = 0.

Proof. See Corollary 4.1 in [NgWo].

Multiple time scales

In Section 5.3.1, we homogenize the linear parabolic equation

∂tu
ε (x, t)−∇ ·

µ
a

µ
x

ε
,
t

ε
,
t

εr

¶
∇uε (x, t)

¶
= f (x, t) in Ω× (0, T ) ,

uε (x, 0) = u0 (x) in Ω, (66)

uε (x, t) = 0 on ∂Ω× (0, T )

by means of multiscale convergence. The problem has two spatial scales
and three time scales, and thus we need 2,3-scale convergence. Here, the
generalization from two-scale convergence is easier than in the case with
several spatial scales because the gradient does not involve time derivatives.
The following compactness result holds true.
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Theorem 77 Let ε1 = ε, ε01 = ε and ε02 = εr, where r > 0 and r 6= 1.

(i) If {uε} is a bounded sequence in L2 (ΩT ) then there exists a function
u0 ∈ L2 (ΩT ×Y1,2) such that, up to a subsequence,

uε (x, t)
2,3
- u0 (x, t, y, s1, s2) .

(ii) If {uε} is a sequence bounded in W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
then it

holds, up to a subsequence, that

uε (x, t) → u (x, t) in L2 (ΩT )

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and
∇uε (x, t) 2,3- ∇u (x, t) +∇yu1 (x, t, y, s1, s2) ,

where u ∈ L2
¡
0, T ;W 1,2

0 (Ω)
¢
and u1 ∈ L2(ΩT × (0, 1)2 ;W 1,2

` (Y ) /R).

Proof. (i) is an immediate consequence of Theorem 64 and (ii) follows
directly along the lines of the proof of Theorem 3.1 in [Ho2].

Remark 78 We omit the case r = 1 to obtain separation between the scales;
see [AlBr] for details.

The following theorem is a slightly modified version of Theorem 75, in
preparation for the homogenization of problems with several temporal scales.

Theorem 79 Let {uε} be a sequence bounded inW 1,2
¡
0, T;W 1,2

0 (Ω),W−1,2(Ω)
¢

and let u and u1 be defined as in Theorem 77. Then, up to a subsequence,

lim
ε→0

Z
ΩT

uε (x, t)− u (x, t)

ε
v1 (x) v2

³x
ε

´
c1 (t) c2

µ
t

ε

¶
c3

µ
t

εr

¶
dxdt =

=

Z
ΩT

Z
Y1,2

u1(x, t, y, s1, s2)v1 (x) v2 (y) c1 (t) c2 (s1) c3(s2) dyds2ds1dxdt

for all v1 ∈ D (Ω), v2 ∈ L2` (Y ) /R, c1 ∈ D (0, T ) and c2, c3 ∈ L∞` (0, 1) if
r > 0, r 6= 1.

Proof. The proof is performed in exactly the same way as for the proof of
Corollary 3.3 in [Ho2].

The theorems above will be used while proving the homogenization result
for (66) in Theorem 90.
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Remark 80 In 1989, Nguetseng presented the concept of two-scale conver-
gence; see [Ng1]. He showed that this new method yields a considerable sim-
plification when carrying out homogenization for linear elliptic problems. The
name of the method, though, was introduced by Allaire in [Al1]. Allaire gives
an alternative proof for the main compactness result, specifies alternative
classes of admissible test functions and demonstrates the usefulness of the
method with a number of different kinds of problems. In [AlBr], Allaire and
Briane generalize the method for the linear elliptic case to multiscale conver-
gence. In [MaTo], Mascarenhas and Toader introduce the concept of scale
convergence, which takes two-scale convergence beyond the periodic setting
and in [CaGa] of Casado-Diaz and Gayte, the almost periodic case is con-
sidered. Bourgeat et al. develop a type of stochastic two-scale convergence
in [BMW]. In [LNW] of Lukkassen, Nguetseng and Wall, the fundamental
ideas of the concept of two-scale convergence are carefully studied. Two-scale
convergence is also applicable on equations defined on perforated domains.
In [FHOSi2] the transition between the cases with inclusions with Neumann
data and Dirichlet data respectively on the boundary is treated. In [CDG],
Cioranescu et al. introduce a new method, periodic unfolding, related to two-
scale convergence. See also [Ne] of Nechvatal. Some results on the generaliza-
tion of two-scale convergence to non-periodic cases can be found in [HSSW]
of Holmbom, Silfver et al. Another quite general version of two-scale con-
vergence,

P
-convergence, has recently been introduced by Nguetseng. The

method is independent of periodicity assumptions, but has periodic two-scale
convergence as a special case; see [Ng2].
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5 Homogenization of periodic operators

The G-convergence concept can be comprehended as that heterogeneous ma-
terials with a complicated microstructure are described by a simplified limit
problem of a similar kind as those describing the original problems. To be
able to compute the G-limit, the structure must be able to be interpreted and
the interpretation must be able to be translated to a coefficient describing
the limit material. In particular, this has been successfully done for periodi-
cally arranged materials built up of small identical units, and has led to the
theory of periodic homogenization. This chapter is devoted to the homog-
enization of different kinds of elliptic and parabolic problems with periodic
oscillations in one or several spatial and temporal scales. For some important
monographs on homogenization; see [BLP], [SaPa], [JKO] and [CiDo].

5.1 Homogenization and multiple scale expansions

To grasp the idea behind the procedure of the homogenization of partial dif-
ferential equations, we study homogenization of an elementary linear elliptic
problem. To begin with, we present the traditional method of asymptotic
expansions and then proceed by demonstrating a method involving two-scale
convergence. Moreover, there follows a discussion that considers connections
between these two techniques.

Consider the linear elliptic problem

−∇ ·
³
a
³x
ε

´
∇uε (x)

´
= f (x) in Ω, (67)

uε (x) = 0 on ∂Ω

where a ∈ El

¡
C0, C1,RN

¢
and is Y -periodic and f ∈ L2 (Ω). Obviously,

a
¡
x
ε

¢
∈ El (C0, C1,Ω) and hence by Theorem 17

a
³x
ε

´
EG→ b,

at least up to a subsequence, for some b ∈ El

³
C0,

C21
C0
,Ω
´
. By means of

homogenization we can determine the G-limit uniquely and prove that the
entire sequence converges. We give the following result.
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Theorem 81 Let {uε} be a sequence of solutions to (67). Then it holds that

uε (x)- u (x) in W 1,2
0 (Ω) ,

where u is the unique solution to the limit equation

−∇ · (b∇u (x)) = f (x) in Ω, (68)

u (x) = 0 on ∂Ω

with

b∇u (x) =
Z
Y

a (y) (∇u (x) +∇yu1 (x, y)) dy.

Here u1 is a function, Y -periodic in its second argument, that is determined
from the local problem

−∇y · (a (y) (∇u (x) +∇yu1 (x, y))) = 0 in Y. (69)

We will return to this problem repeatedly in the discussion to come con-
cerning different homogenization techniques.

Remark 82 Actually, in this linear case we can separate the local and global
variables and obtain the local problem in the form

−∇y · (a (y) (ej +∇yzj (y))) = 0 in Y, (70)

where {ej}Nj=1 is the usual orthonormal basis of RN and z is Y -periodic. From
here, it is a classical task to determine b. We have

bij =

Z
Y

aij (y) +
NX
k=1

aik (y) ∂ykzj (y) dy.

5.1.1 Homogenization by means of two different methods

We start by giving the main idea behind the method of asymptotic expan-
sions, which is a heuristic method to obtain the local problem (69) and the
homogenized problem (68); see e.g. [BLP] and [CiDo].

The point of departure is an initial guess of what the solution uε might
look like. From the structure of the problem with variations in both a
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macroscale and a microscale, it is reasonable that the solution could be de-
scribed by the expansion

uε (x) = u0

³
x,

x

ε

´
+ εu1

³
x,

x

ε

´
+ ε2u2

³
x,

x

ε

´
+ ... (71)

where the functions ui (x, y) are Y -periodic in their second variable. By using
this ansatz in problem (67), one obtains a system of equations from which
it is possible to form a number of equations where every equation collects
terms with the same order of ε. We study, in turns, the equations obtained
for ε−2, ε−1 and ε0.

From the constitution of the first equation one can deduce that the first
term in the expansion does not depend on y, i.e.

u0 (x, y) = u0 (x) ,

and thereby a possible solution to the homogenized equation (68) has been
attained.

The second equation turns out to be identical to the local problem (69)
and from the third equation by using the preceding equations one can obtain
the homogenized problem (68).

Although one can get the desired result by this method, the derivation is
tedious and does not contain a strict proof. Originally, Tartar’s method with
oscillating test functions was used to provide a proof of convergence. The
approach here is to find solutions to the original problem (67) and the local
problem (70), respectively, and then use them to construct test functions,
which are used crosswise in (67) and a modified version of (70). The equations
obtained make it possible to study the limit process for (67) and to prove that
the G-limit obtained by the method of asymptotic expansions is accurate.
For details, see e.g. [De] and [CiDo].

A more modern method for homogenizing partial differential equations
with periodically oscillating coefficients is to use two-scale convergence. We
return to problem (67). To be able to use two-scale convergence we study
the weak form of the problem, i.e., to find uε ∈W 1,2

0 (Ω) such thatZ
Ω

a
³x
ε

´
∇uε (x) ·∇v (x) dx =

Z
Ω

f (x) v (x) dx (72)
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for all v ∈ W 1,2
0 (Ω). Here, the coefficient a together with ∇v creates an

admissible test function if a is smooth enough; see Theorem 50. Applying
the a priori estimate

kuεkW 1,2
0 (Ω) ≤ C;

see Remark 23, we can study the weak formulation by means of two-scale
convergence. See also Remark 6.

To obtain the homogenized problem and the local problem, we will choose
the function v in two different ways. To begin, with we choose v without rapid
oscillations:

v (x) = v1 (x)

where v1 ∈ D (Ω) , and we getZ
Ω

a
³x
ε

´
∇uε (x) ·∇v1 (x) dx =

Z
Ω

f (x) v1 (x) dx.

From the a priori estimate we know that {uε} is bounded in W 1,2
0 (Ω) . Then

uε (x)- u (x) in W 1,2
0 (Ω) ,

up to a subsequence, which means that Theorem 57 is applicable. Again
picking a suitable subsequence, we getZ

Ω

Z
Y

a (y) (∇u (x) +∇yu1 (x, y)) ·∇v1 (x) dydx =

Z
Ω

f (x) v1 (x) dx

as ε → 0. Applying the approach in Remark 82, we can use separation of
variables. By letting

u1 (x, y) = ∇u (x) · z (y)

where z ∈
¡
W 1,2

` (Y ) /R
¢N
, we obtainZ

Ω

b∇u (x) ·∇v1 (x) dx =

Z
Ω

f (x) v1 (x) dx

for all v1 ∈W 1,2
0 (Ω) with

bij =

Z
Y

aij (y) +
NX
k=1

aik (y) ∂ykzj (y) dy
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which means that the weak formulation of the homogenized problem (68) is
procured.

To extract the local problem, we choose

v (x) = εv1 (x) v2
³x
ε

´
in (72), where v1 ∈ D (Ω) and v2 ∈W 1,2

` (Y ) /R; that is, we choose a function
v with micro-oscillations of the same frequency as in the coefficient a. We
let ε→ 0 and obtain, by Theorem 57 and the variational lemma,Z

Y

a (y) (∇u (x) +∇yu1 (x, y)) ·∇yv2 (y) dy = 0,

which is the the weak formulation of the local problem (69). By separation
of variables, in the same way as above we getZ

Y

a (y) (ej +∇yzj (y)) ·∇yv2 (y) dy = 0

for all v2 ∈ W 1,2
` (Y ) /R, the weak formulation of the separated form (70) of

the local problem, from which we obtain z. This means that b is uniquely
determined and hence the entire sequence converges.

As we have pointed out the method of asymptotic expansions is a heuristic
method to achieve the local and the homogenized problem. By using two-
scale convergence, we obtain the equations in a strict manner; that is, we
have now rigorously proven Theorem 81.

5.1.2 The asymptotic expansion and two-scale convergence

We have encountered two different techniques to determine the local and
homogenized problem. Obviously, the terms u and u1 that appear in the
asymptotic expansion as well as in the two-scale limit of the gradient are
the same functions obtained in two different ways. Below, we discuss the
relationship between the limit processes for the asymptotic expansion and
two-scale convergence. In particular, we will see that u1 can be considered
as a kind of two-scale limit. We begin with this example, which provides
an obvious connection between two-scale convergence and the asymptotic
expansion.
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Example 83 Assume that uε : Ω → R admits an asymptotic expansion of
the form

uε (x) = u0

³
x,

x

ε

´
+ εu1

³
x,

x

ε

´
+ ε2u2

³
x,

x

ε

´
+ ...

where ui are smooth functions that are Y -periodic in the second argument. If
ui is an admissible test function, we have according to Proposition 51 that

ui
³
x,

x

ε

´
-- ui (x, y)

and hence
uε (x)-- u0 (x, y) ;

that is, {uε} two-scale converges to u0, the first term in the expansion.

Gradients and two-scale asymptotics

Two-scale convergence is often described as the strict justification of the
multiple-scale expansion method. With the help of an example, we will
illustrate how the different terms in the two-scale limit of a sequence of
functions and their gradients can be identified with the corresponding terms
in the asymptotic expansion. Consider the, in W 1,2 (Ω) bounded, sequence
{uε} of functions

uε (x) = 3x− cos (10x) + 100ε
2π

x sin

µ
2πx

ε

¶
+
100ε2

(2π)2
cos

µ
2πx

ε

¶
.

As we can see, uε has a natural shape of an asymptotic expansion with

u0
³
x,

x

ε

´
= u (x) = 3x− cos (10x) ,

u1

³
x,

x

ε

´
=
100

2π
x sin

µ
2πx

ε

¶
and

u2
³
x,

x

ε

´
=

100

(2π)2
cos

µ
2πx

ε

¶
.

Obviously,
uε (x)- u (x) = 3x− cos (10x) in L2 (Ω)
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and
uε (x)-- u0 (x, y) = u (x) = 3x− cos (10x) ;

that is, the weak L2 (Ω)-limit and the two-scale limit coincide. This is due
to the fact that

uε (x)- u (x) in W 1,2 (Ω)

and hence also strongly in L2 (Ω).

Figure 36. uε together with u for ε = 0.1 and ε = 0.03, respectively.

In Figure 36, we can see that uε and u have the same global trend but totally
different derivatives.

Our next step is to investigate the gradient

∇uε (x) = 3 + 10 sin (10x) + 100x cos
µ
2πx

ε

¶
− 100ε

2π
sin

µ
2πx

ε

¶
.

Since
w (x, y) = 3 + 10 sin (10x) + 100x cos (2πy)

is admissible and
100ε

2π
sin

µ
2πx

ε

¶
→ 0 in L2 (Ω) ,

when ε→ 0, Proposition 51 says that

∇uε (x)-- 3 + 10 sin (10x) + 100x cos (2πy)

where we can identify

∇u (x) = 3 + 10 sin (10x)
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and
∇yu1 (x, y) = 100x cos (2πy) .

In Figure 37, we have used u and u1 to plot the approximation

uε (x) ≈ u0
³
x,

x

ε

´
+ εu1

³
x,

x

ε

´
= u (x) + εu1

³
x,

x

ε

´
= (73)

3x− cos (10x) + ε

µ
100x

2π
sin

µ
2πx

ε

¶¶
,

for ε = 0.1, where u and u1 are obviously the same in the asymptotic expan-
sion and in the two-scale limit of the gradient.

Figure 37. uε (x) ≈ u (x) + εu1
³
x,

x

ε

´
, ε = 0.1.

This can be interpreted as that we have added an oscillating term to the
limit in Figure 36. Because we have added this term, the derivatives of
uε and the derivatives of the approximation (73) are also about the same.
Since the oscillations in uε are of vanishing amplitude they will not have any
influence on the two-scale limit u0, which therefore coincide with the weak
L2 (Ω)-limit u. On the other hand, ∇uε contains information about these
rapid oscillations in uε, and hence the oscillations have an effect on the limit
process for the gradient. The two-scale limit of the gradient manages to catch
information about the rapid oscillations, to a certain extent. In Figure 38,
we have plotted the approximation together with uε, for ε = 0.1, for a small
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interval.

Figure 38. uε (blue) and u (x) + εu1
³
x,

x

ε

´
(green).

As we can see in Figure 38, the approximation could still be improved, which
could be done by adding a third term: u2

¡
x, x

ε

¢
. In this case, this means

that we get an expansion that totally agrees with uε.

The first corrector term as a two-scale limit

In the example above, we studied the approximation

uε (x) ≈ u (x) + εu1
³
x,

x

ε

´
(74)

where we could look upon the term u1
¡
x, x

ε

¢
as a kind of corrector term. If

we rewrite the expression (74), we get

uε (x)− u (x)

ε
≈ u1

³
x,

x

ε

´
, (75)

which could indicate that u1 also has significance in the sense of some suitable
kind of limit. Can it be so that the left-hand side in (75) approaches u1 in
some sense similar to two-scale convergence? According to Proposition 3.2
in [AlBr], we can identify a class of smooth functions v : Ω × Y → R such
that the sequence {F ε} of functions

F ε (·) = 1

ε

Z
Ω

v
³
x,

x

ε

´
(·) dx

is bounded in W−1,2 (Ω). The key properties of these functions v are that
they are Y -periodic for any fixed x ∈ Ω and have integral mean value zero
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over Y in their second argument. Hence, for any bounded sequence {αε} in
W 1,2
0 (Ω) and

βε =
1

ε

Z
Ω

v
³
x,

x

ε

´
αε (x) dx,

{βε} converges up to a subsequence. This means that, still up to a subse-
quence, the limit

lim
ε→0

Z
Ω

uε (x)− u (x)

ε
v
³
x,

x

ε

´
dx

exists for suitable test functions v. It turns out that the choice of test func-
tions is crucial.

To illustrate our train of thought, we will use some numerical experiments
and for this purpose we return to the linear elliptic equation

−∇ ·
³
a
³x
ε

´
∇uε (x)

´
= f (x) in Ω,

uε (x) = 0 on ∂Ω.

For Ω = (0, 1), f (x) = x2 and

a (y) =
1

2 + sin (2πy)
, (76)

we compute the exact solution uε and also the approximative solution u
obtained by homogenization. See also Section 1.2.

Figure 39. The solutions uε, ε = 0.05 and u.

We use these examples of uε and u in the discussion below. Figure 40 shows
the left-hand side together with the right-hand side of (75), where uε and u
are the solutions to (67) and (68), respectively, for the coefficient a in (76).
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Figure 40.
uε (x)− u (x)

ε
together with uε1 (x) = u1

³
x,

x

ε

´
.

They apparently have similar patterns of oscillations but differ in the global
tendency. Figure 41 shows the difference between these two functions, i.e.

gε(x) =
uε (x)− u (x)

ε
− u1

³
x,

x

ε

´
.

Figure 41. The function gε(x).

To give an interpretation of (75) in a fashion related to two-scale convergence
it is necessary to identify a suitable class of test functions. For

v (x, y) = x2 cos (2πy)

the graph of gε (x) v
¡
x, x

ε

¢
is shown in Figure 42 below. Obviously, the inte-

gral of gε (x) v
¡
x, x

ε

¢
over Ω is close to zero for small ε and the high-frequency

variations of gε are negligible. Furthermore, the function v has mean value
zero in its second variable and replacing y with x

ε
and letting ε pass to zero,

the slower global tendency of gε is filtered away by the oscillations.
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Figure 42. gε (x) v
³
x,

x

ε

´
,

Z
Y

v (x, y) dy = 0.

For this choice of v and ε = 0.05, we obtainZ
Ω

uε (x)− u (x)

ε
v
³
x,

x

ε

´
dx ≈ 0.00224 ≈Z

Ω

Z
Y

u1(x, y)v (x, y) dydx ≈ 0.00221,

and hence a limit of two-scale type consistent with the approach of asymptotic
expansion seems to be at hand for this kind of test function. If we omit the
requirement that v should have integral mean value zero and choose e.g.

v (x, y) = x2 (3 + cos (2πy)) ,

we obtain the function illustrated in Figure 43, whose integral over Ω obvi-
ously does not vanish.

Figure 43. gε (x) v
³
x,

x

ε

´
,

Z
Y

v (x, y) dy = 0.
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In this case, Z
Ω

uε (x)− u (x)

ε
v
³
x,

x

ε

´
dx ≈ −0.02441 6=Z

Ω

Z
Y

u1(x, y)v (x, y) dydx ≈ 0.00221

for ε = 0.05. This shows that the class of test functions must be more
restricted than for usual two-scale convergence. Our investigation above
reveals that {(uε − u) /ε} approaches u1 only in a certain weak sense, namely

lim
ε→0

Z
Ω

uε (x)− u (x)

ε
v
³
x,

x

ε

´
dx =

Z
Ω

Z
Y

u1(x, y)v (x, y) dydx,

where the delicate question is to identify the appropriate class of test func-
tions.

In [HSW], it is proven that for a bounded sequence {uε} in W 1,2 (Ω) and
with u and u1 defined as in the gradient characterization in Theorem 57, it
holds that, up to a subsequence,Z

Ω

uε (x)− u (x)

ε
v1 (x) v2

³x
ε

´
dx→

Z
Ω

Z
Y

u1(x, y)v1 (x) v2 (y) dydx (77)

for all v1 ∈ D (Ω) and v2 ∈ C∞` (Y ) /R as ε→ 0. Thus u1 appears as a limit
of two-scale type to {(uε − u) /ε} which contributes to the interpretation of
the asymptotic expansion (71).

Remark 84 A generalization of (77) including certain non-periodic cases
has recently been presented by Woukeng and Nguetseng in [NgWo]. In their
version the term u is left out. For the periodic case this means that

lim
ε→0

Z
Ω

uε (x)

ε
v1 (x) v2

³x
ε

´
dx =

Z
Ω

Z
Y

u1(x, y)v1 (x) v2 (y) dydx

for the same test functions as in (77). The contribution from u vanishes
in the limit, but acts as a corrector and thus makes the convergence process
speed up. The origin of these results is Corollary 3.3 in [Ho2], where it is
used to prove a corrector result for linear parabolic equations.
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5.2 Homogenization with several spatial scales

In the previous section we homogenized a problem with one rapid scale in
space. In that case, we could think of a composite material as being periodi-
cally built up of identical cubes with side length ε passing to zero; see Section
1.2. In an analogous way, adding another spatial scale could be thought of as
having a periodic material composed in such a way that there are patterns of
heterogeneities which repeat themselves with frequencies of different order.

Figure 44. Material with heterogeneities on two levels.

5.2.1 Linear elliptic equations

What influence would a second speed of oscillations have on the solution?
Can this course of events be comprehended with methods similar to two-scale
convergence? To understand these issues, we first solve the two-dimensional
linear elliptic problem

−∇ · (aε (x)∇uε (x)) = f (x) in Ω

uε (x) = 0 on ∂Ω

for two different types of coefficients aε. In both cases, we use Ω = [1, 5]2

and
f (x) = (x1 + x2)

2.

Firstly, we solve the problem for a coefficient aε with one rapid spatial scale:

aε (x) =

µ
aε11 (x) 0
0 aε22 (x)

¶
(78)

where

aε11 (x) = aε22 (x) = 0.1 + sin
2

µ
2π(x1 + x2)

ε

¶
+ 0.9 cos2

µ
2π(x1 + x2)

ε

¶
.
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Secondly, we choose

âε (x) =

µ
âε11 (x) 0
0 âε22 (x)

¶
(79)

where

âε11 (x) = âε22 (x) = 0.1 + sin
2

µ
2π(x1 + x2)

ε

¶
+ 0.9 cos2

µ
2π(x1 + x2)

ε2

¶
,

that is, a coefficient a with two rapid spatial scales with frequencies of oscil-
lation of different order; see Figure 45.

Figure 45. To the left, aε11 for ε = 0.8 and to the right, â
ε
11 for the same ε.

In Figure 46, we have plotted the solutions to the respective problems.

Figure 46. To the right the solution uε for (78) when ε = 0.1 and
to the left the solution uε for (79) for the same ε.
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As we can see, the maximum value for the case with one rapid spatial scale
differs from the maximum value corresponding to the case with two rapid
scales, 44.39 and 48.284 respectively, when ε = 0.1. Here, the results remain
about the same for smaller ε. It is obvious that the mixing of scales with
different speeds of oscillation has an influence on the solution, and hence
indicates a change in the G-limit. We give the following theorem, which can
be proven with multiscale techniques of the type considered in Section 4.2.

Theorem 85 Consider the problem

−∇ ·
³
a
³x
ε
,
x

ε2

´
∇uε (x)

´
= f (x) in Ω,

uε (x) = 0 on ∂Ω

where f ∈ L2 (Ω), and a ∈ El

¡
C0, C1,R2N

¢
is Y1-periodic in its first argu-

ment and Y2-periodic in the second. Then it holds that

uε (x)- u (x) in W 1,2
0 (Ω)

where u is the unique solution to the homogenized problem

−∇ · (b∇u (x)) = f (x) in Ω,

u (x) = 0 on ∂Ω,

with

b∇u (x) =
Z
Y 2

a (y1, y2) (∇u (x) +∇y1u1 (x, y1) +∇y2u2 (x, y1, y2)) dy2dy1.

Here, u1 ∈ L2(Ω;W 1,2
` (Y1) /R) and u2 ∈ L2(Ω × Y1;W

1,2
` (Y2) /R) are the

unique solutions to the system of local problems

−∇y2 · (a (y1, y2) (∇u+∇y1u1 (x, y1) +∇y2u2 (x, y1, y2))) = 0,

−∇y1 ·
Z
Y2

a (y1, y2) (∇u (x) +∇y1u1 (x, y1) +∇y2u2 (x, y1, y2)) dy2 = 0.

Proof. See Theorem 2.11 in [AlBr].
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5.2.2 Monotone elliptic equations

The results for the linear cases can be generalized to problems involving
monotone operators. Let us consider the monotone elliptic Dirichlet bound-
ary value problem

−∇ · a
³x
ε
,
x

ε2
,∇uε

´
= f (x) in Ω, (80)

uε (x) = 0 on ∂Ω,

where f ∈W−1,2 (Ω) , and a ∈ Em

¡
C0, C1, α,R2N

¢
is Y1-periodic in the first

variable and Y2-periodic in the second. Moreover, we assume that for some
increasing, continuous function h : R→ R such that h (0) = 0,

|a (y1, y2, k)− a (y01, y2, k)|
2 ≤ h (|y1 − y01|)

¡
1 + |k|2

¢
holds true for all y1, y01 ∈ Y1, a.e. y2 ∈ RN and all k ∈ RN .

Theorem 86 Let {uε} be a sequence of solutions in W 1,2
0 (Ω) to (80). Then

it holds that
uε (x)- u (x) in W 1,2

0 (Ω)

where u is the unique solution to the homogenized problem

−∇ · b (∇u) = f (x) in Ω,

u (x) = 0 on ∂Ω,

with

b (∇u) =
Z
Y 2

a (y1, y2,∇u+∇y1u1 +∇y2u2) dy2dy1.

Here, u1 ∈ L2(Ω;W 1,2
` (Y1) /R) and u2 ∈ L2(Ω × Y1;W

1,2
` (Y2) /R) are the

unique solutions to the system of local problems

−∇y2 · a (y1, y2,∇u+∇y1u1 +∇y2u2) = 0,

−∇y1 ·
Z
Y2

a (y1, y2,∇u+∇y1u1 +∇y2u2) dy2 = 0.

Proof. See Theorem 3.1 in [LLPW].
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5.2.3 Monotone parabolic equations

A natural next step is to involve the time aspect and study evolution prob-
lems. In [FHOSv], we consider the homogenization of the parabolic initial-
boundary value problem

∂tu
ε (x, t)−∇ · a

³
t,
x

ε
,
x

ε2
,∇uε

´
= f (x, t) in ΩT ,

uε (x, 0) = u0 (x) in Ω, (81)

uε (x, t) = 0 on ∂Ω× (0, T ) ,

where u0 ∈ L2 (Ω) and f ∈ L2 (0, T ;W−1,2 (Ω)). Here, we assume that

a : [0, T ]× R2N × RN → RN

and satisfies the following conditions, where C0 and C1 are positive constant
and 0 < α ≤ 1:

(n i) a (t, y1, y2, 0) = 0 for all (t, y1, y2) ∈ [0, T ]×R2N .

(n ii) a (·, ·, ·, k) is Y1-periodic in y1, Y2-periodic in y2 and
continuous for all k ∈ RN .

(n iii) a (t, y1, y2, ·) is continuous for all (t, y1, y2) ∈ [0, T ]×R2N .

(n iv) (a (t, y1, y2, k)− a (t, y1, y2, k
0)) · (k − k0) ≥ C0 |k − k0|2

for all (t, y1, y2) ∈ (0, T )×R2N and all k, k0 ∈ RN .

(n v) |a (t, y1, y2, k)− a (t, y1, y2, k
0)| ≤ C1 (1 + |k|+ |k0|)1−α |k − k0|α

for all (t, y1, y2) ∈ (0, T )×R2N and all k, k0 ∈ RN .

(n vi) |a (t, y1, y2, k)− a (t0, y1, y2, k)| ≤ g (t− t0) (1 + |k|)
for all (y1, y2) ∈ R2N , all k ∈ RN and all t, t0 such that 0 < t0 < t < T ,
where g : R+ → R+ is an increasing continuous function such that
g (t)→ 0 as t→ 0+.

(n vii) |a (t, y1, y2, k)− a (t, y01, y2, k)|
2 ≤ h (|y1 − y01|)

¡
1 + |k|2

¢
for all y1, y01 ∈ Y1, a.e. y2 ∈ RN , all k ∈ RN and all t ∈ (0, T ), where
h : R→ R is an increasing continuous function such that h (0) = 0.
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With these conditions Theorem 13 is applicable, and hence for any right-
hand side f ∈ L2 (0, T ;W−1,2 (Ω)) and u0 ∈ L2 (Ω) there exists a unique solu-
tion uε ∈W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
to (81) for every ε > 0. Moreover,

according to Theorem 35 we know that a G-limit exists. By the following
theorem, we get a complete characterization of this limit.

Theorem 87 Let uε ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
be the solution to

(81). Then it holds that

uε (x, t)- u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and
uε (x, t)→ u (x, t) in L2 (ΩT ) ,

where u ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
is the unique solution to the ho-

mogenized problem

∂tu (x, t)−∇ · b (t,∇u) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) ,

with
b (t,∇u) =

Z
Y 2

a (t, y1, y2,∇u+∇y1u1 +∇y2u2) dy2dy1. (82)

Here, u1 (t) ∈ L2(Ω;W 1,2
` (Y1) /R) and u2 (t) ∈ L2(Ω × Y1;W

1,2
` (Y2) /R) are

the unique solutions to the system of local problems

−∇y2 · a (t, y1, y2,∇u+∇y1u1 +∇y2u2) = 0, (83)

−∇y1 ·
Z
Y2

a (t, y1, y2,∇u+∇y1u1 +∇y2u2) dy2 = 0. (84)

To prove this theorem, we make use of the homogenization result for
the corresponding elliptic problem given in Theorem 86 together with the
results concerning G-convergence below, that make it possible to establish
a relation between elliptic and parabolic G-limits. The following theorem
treats G-convergence in an elliptic sense for parameter-dependent problems.
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Theorem 88 Let g : R+ → R+ be an increasing continuous function such
that g (t)→ 0 as t→ 0+. Assume that

©
ah (t)

ª
belongs to Em (C0, C1, α,Ω)

for every fixed t ∈ (0, T ) and that¯̄
ah (x, t, k)− ah (x, t0, k)

¯̄
≤ g (t− t0) (1 + |k|)

for all k ∈ RN , a.e. x ∈ Ω and all t and t0 such that 0 < t0 < t < T . Then
there exists a subsequence such that

ah (t)
EG→ b (t)

with the same subsequence for all t ∈ (0, T ).

Proof. See Theorem 4.2 in [Sv1].

The next theorem is a comparison result, which gives that if one has
a G-convergence result for an elliptic problem one can, if we impose some
restrictions on the dependence in t, apply this result to deduceG-convergence
also for the corresponding parabolic problem.

Theorem 89 Let g : R+ → R+ be an increasing continuous function such
that g (t)→ 0 as t→ 0+. Assume that¯̄

ah (x, t, k)− ah (x, t0, k)
¯̄
≤ g (t− t0) (1 + |k|)

for all k ∈ RN , a.e. x ∈ Ω and all t and t0 such that 0 < t0 < t < T . Assume
also that

ah
PG→ b

and that
ah (t)

EG→ b0 (t)

for every fixed t ∈ (0, T ). Then b = b0.

Proof. See Theorem 6.6 in [Sv1].

We are now prepared to give the proof of Theorem 87.
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Proof of Theorem 87. The structure conditions (n i)-(n v) on a implies
that (q i)-(q v) (see Section 2.3.3) are satisfied by a; hence, according to the
Proposition 34, the sequence of solutions {uε} to the sequence of problems
(81) is bounded in W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
. Thus, up to a subse-

quence, Theorem 72 yields that

uε (x, t)- u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and
uε (x, t)→ u (x, t) in L2 (ΩT ) .

Let the sequence of functions governing (81) be denoted by

aε (x, t, k) = a
³
t,
x

ε
,
x

ε2
, k
´
.

Then, since a agrees with (q i)-(q v), Theorem 35 yields that

aε
PG→ b, (85)

up to a subsequence, where b ∈ Pm(C0, C̃1, α̃,ΩT ).

Since aε satisfies the conditions (s i)-(s iv) (see Section 3.2.2) the condi-
tions (m i)-(m iv) (see Section 3.1.2) are fulfilled for every fixed t, and hence
aε (t) ∈ Em (C0, C1, α,Ω). Moreover, a accomplishes the condition (n vi) and
thus ¯̄̄

a
³
t,
x

ε
,
x

ε2
, k
´
− a

³
t0,

x

ε
,
x

ε2
, k
´¯̄̄
≤ g (t− t0) (1 + |k|) , (86)

and hence Theorem 88 and Theorem 89 are applicable. Theorem 88 gives
that

aε (t)
EG→ b0 (t) , (87)

up to a subsequence, for any fixed t ∈ (0, T ) with the same subsequence for
all t. By Theorem 89, (85), (86) and (87) give that

b = b0

for any t. b0 (t) is found by applying the elliptic homogenization result in
Theorem 86 to the system (82), (83) and (84) for one t ∈ (0, T ) at a time.
Finally, we notice that the result holds for every G-convergent subsequence.
Hence the whole sequence G-converges, and the result follows.
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5.3 Homogenization by multiscale convergence

In Section 5.1, we homogenized the linear elliptic problem (67) by means
of two-scale convergence. This problem involved oscillations on one spatial
scale that led to a limit with one unknown term u1 in the two-scale limit
of the gradient ∇uε apart from the gradient of the weak W 1,2

0 (Ω)-limit u
of {uε}. This term u1 was then identified with the aid of a local problem,
which we obtained by a suitable choice of test functions. For the sequences of
linear elliptic equations considered in Theorem 85, the corresponding weak
formulation states that we are searching for a sequence of weak solutions
uε ∈W 1,2

0 (Ω) such thatZ
Ω

a
³x
ε
,
x

ε2

´
∇uε (x) ·∇v (x) dx =

Z
Ω

f (x) v (x) dx

for any v ∈ W 1,2
0 (Ω). By means of 3-scale convergence and Theorem 65, we

obtain as ε→ 0Z
Ω

Z
Y 2

a (y1, y2)(∇u (x) +∇y1u (x, y1) +∇y2u2 (x, y1, y2)) ·∇v (x) dy2dy1dx =Z
Ω

f (x) v (x) dx.

Here, two unknown terms u1∈L2
¡
Ω;W 1,2

` (Y1)
¢
and u2∈L2

¡
Ω×Y1;W 1,2

` (Y2)
¢

appear in the limit of the gradient which, of course, is due to the two differ-
ent spatial microscales. Again, the use of suitable test functions leads us to
the system of equations given in Theorem 85. The aim in this section is to
generalize this course of action to a number of equations.

Firstly, in Section 5.3.1 we consider a linear parabolic problem with os-
cillating coefficients of the form

aε (x, t) = a

µ
x

ε
,
t

ε
,
t

εr

¶
where r > 0, r 6= 1. Here we use the concept of 2,3-scale convergence.
Despite the two microscale in time, we will only have one unknown term u1
in the limit of the gradient apart form ∇u, while the gradient just contains
derivatives with respect to the spatial variables. Suitable choices of test
functions lead us to different sets of local problems for 0 < r < 2 with r 6= 1,
r = 2 and r > 2 respectively.
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In Section 5.3.2, we homogenize parabolic equations governed by

aε (x, t,∇uε) = a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
for 0 < r < 2, r = 2 and 2 < r < 3. In this case 3,2-scale convergence
will come in handy. Due to the two spatial microscales, we will encounter
two unknowns u1 and u2 in the limit of the gradient. For this last case,
we also have to deal with the fact that the function a is only assumed to
be monotone. An important tool here will be the approach with so-called
perturbed test functions.

5.3.1 Linear parabolic equations with one spatial and two tempo-
ral microscales

Let us investigate the homogenization of the parabolic equation

∂tu
ε (x, t)−∇ ·

µ
a

µ
x

ε
,
t

ε
,
t

εr

¶
∇uε (x, t)

¶
= f (x, t) in ΩT ,

uε (x, 0) = u0 (x) in Ω, (88)

uε (x, t) = 0 on ∂Ω× (0, T ) ,

where f ∈ L2 (ΩT ) and u0 ∈ L2 (Ω). The corresponding weak form states
that we are searching for a unique uε ∈W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
such

thatZ
ΩT

−uε (x, t) v (x) ∂tc (t) + a

µ
x

ε
,
t

ε
,
t

εr

¶
∇uε (x, t) ·∇v (x) c (t) dxdt =Z

ΩT

f (x, t) v (x) c (t) dxdt (89)

holds for all v ∈W 1,2
0 (Ω) and c ∈ D (0, T ). Here, we assume that the function

a : RN × R2 → RN×N

satisfies the structure conditions:

(r i) a ∈ L∞` (Y1,2)
N×N .

(r ii) a (y, s1, s2) k · k ≥ C0 |k|2 for any (y, s1, s2) ∈ RN ×R2, all k ∈ RN and
some C0 > 0.
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This problem allows a unique solution uε∈W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2(Ω)
¢

for any fixed ε > 0; see Chapter 23 in [Ze IIA]. Furthermore, a(x
ε
, t
ε
, t
εr
)

fulfills the conditions (p i)-(p iii) (see Section 3.2.1) and hence belongs to
Pl (C0, C1,ΩT ) . Theorem 29 now yields, at least up to a subsequence, that

aε
µ
x

ε
,
t

ε
,
t

εr

¶
PG→ b

for some b ∈ Pl(C0,
C21
C0
,ΩT ). Moreover,

kuεkL∞(0,T ;L2(Ω)) ≤ C (90)

and
kuεkW 1,2(0,T ;W 1,2

0 (Ω),W−1,2(Ω)) ≤ C (91)

for some positive constant C; see Theorem 11.2 and the proof of Theorem
11.4 in [CiDo] or Section 3.2 in [Sv1]. Our aim is to find the G-limit b by
means of homogenization procedures. We omit the case r = 1 to obtain
separation between the temporal scales; see Section 4.2.2.

Theorem 90 Let uε ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
be the solution to

(89). Then

uε (x, t) → u (x, t) in L2 (ΩT )

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and
∇uε (x, t) 2,3- ∇u (x, t) +∇yu1 (x, t, y, s1, s2) ,

where u∈W 1,2
¡
0,T ;W 1,2

0 (Ω),W−1,2(Ω)
¢
and u1∈L2(ΩT×(0, 1)2;W 1,2

` (Y ) /R).

Furthermore, u is the unique solution to the homogenized problem

∂tu (x, t)−∇ · (b∇u (x, t)) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) ,

with

b∇u (x, t) =
Z
Y1,2

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) dyds2ds1.
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For 0 < r < 2, r 6= 1, the function u1 is determined by the local problem

−∇y · (a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2))) = 0, (92)

for r = 2 by

∂s2u1 (x, t, y, s1, s2)−∇y·(a (y, s1, s2)(∇u (x, t)+∇yu1(x, t, y, s1, s2)))=0 (93)

and for r > 2 by the system of local problems

−∇y ·
µµZ 1

0

a (y, s1, s2) ds2

¶
(∇u (x, t) +∇yu1 (x, t, y, s1))

¶
= 0, (94)

∂s2u1(x, t, y, s1, s2) = 0. (95)

Proof. The a priori estimate (91) allow us to apply Theorem 77. Hence, up
to a subsequence,

uε (x, t) → u (x, t) in L2 (ΩT ) ,

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and
∇uε (x, t) 2,3- ∇u (x, t) +∇yu1 (x, t, y, s1, s2) ,

where u ∈ L2
¡
0, T ;W 1,2

0 (Ω)
¢
and u1 ∈ L2(ΩT×(0, 1)2 ;W 1,2

` (Y ) /R). Choos-
ing v ∈W 1,2

0 (Ω) and c ∈ D (0, T ) independent of ε in (89) and letting ε tend
to zero, we get Z

ΩT

−u (x, t) v (x) ∂tc (t)+ (96)ÃZ
Y1,2

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) dyds2ds1

!
·

∇v (x) c (t) dxdt =

Z
ΩT

f (x, t) v (x) c (t) dxdt.

In order to find the local problems, we study the difference between (89) and
(96), i.e. Z

ΩT

(uε (x, t)− u (x, t)) v (x) ∂tc (t)+ÃZ
Y1,2

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) dyds2ds1 − (97)

a

µ
x

ε
,
t

ε
,
t

εr

¶
∇uε (x, t)

¶
·∇v (x) c (t) dxdt = 0.
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We choose the test functions

v (x) = εv1 (x) v2

³x
ε

´
, c (t) = c1 (t) c2

µ
t

ε

¶
c3

µ
t

εr

¶
,

where v1 ∈ D (Ω), v2 ∈ C∞` (Y ) /R, c1 ∈ D (0, T ) and c2, c3 ∈ C∞` (0, 1) in
(97) and getZ

ΩT

uε (x, t)− u (x, t)

ε
v1 (x) v2

³x
ε

´µ
ε2∂tc1 (t) c2

µ
t

ε

¶
c3

µ
t

εr

¶
+

εc1 (t) ∂s1c2

µ
t

ε

¶
c3

µ
t

εr

¶
+ ε2−rc1 (t) c2

µ
t

ε

¶
∂s2c3

µ
t

εr

¶¶
+ÃZ

Y1,2
a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) dyds2ds1 − (98)

a

µ
x

ε
,
t

ε
,
t

εr

¶
∇uε (x, t)

¶
·³

ε∇v1 (x) v2
³x
ε

´
+ v1 (x)∇yv2

³x
ε

´´
c1 (t) c2

µ
t

ε

¶
c3

µ
t

εr

¶
dxdt = 0.

Next, we let ε pass to zero. For the case where 0 < r < 2, we use the
Theorems 79 and 77 for the first and second term in the expression above,
respectively, and obtainZ

ΩT

Z
Y1,2

ÃZ
Y1,2

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) dyds2ds1 −

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2))) ·
v1 (x)∇yv2 (y) c1 (t) c2 (s1) c3 (s2) dyds2ds1dxdt = 0

and due to the periodicity of v2, we arrive atZ
ΩT

Z
Y1,2
−a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) ·

v1 (x)∇yv2 (y) c1 (t) c2 (s1) c3 (s2) dyds2ds1dxdt = 0.

By the variational lemma,Z
Y

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) ·∇yv2 (y) dy = 0
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for all v2 ∈ C∞` (Y ) /R, and hence, by density, for all v2 ∈ W 1,2
` (Y ) /R, a.e.

in ΩT × (0, 1)2. This is the weak form of (92).

For r = 2, according to Theorems 79 and 77, (98) approachesZ
ΩT

Z
Y1,2

u1(x, t, y, s1, s2)v1 (x) v2 (y) c1 (t) c2 (s1) ∂s2c3 (s2) dyds2ds1dxdt+Z
ΩT

Z
Y1,2

ÃZ
Y1,2

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) dyds2ds1 −

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2))) ·
v1 (x)∇yv2 (y) c1 (t) c2 (s1) c3 (s2) dyds2ds1dxdt = 0

when ε tends to zero. Since v2 is periodic, the middle term vanishes and we
have Z

ΩT

Z
Y1,2

u1(x, t, y, s1, s2)v1 (x) v2 (y) c1 (t) c2 (s1) ∂s2c3 (s2)−

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2))·
v1 (x)∇yv2 (y) c1 (t) c2 (s1) c3 (s2) dyds2ds1dxdt = 0.

Applying the variational lemma, we arrive atZ
Y1,1

u1(x, t, y, s1, s2)v2 (y) ∂s2c3 (s2) −

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) ·∇yv2 (y) c3 (s2) dyds2 = 0

for all v2 ∈ W 1,2
` (Y ) /R and all c3 ∈ C∞` (0, 1), a.e. in ΩT × (0, 1). We have

found the weak form of (93).

For the case where r > 2, we choose the test functions

v (x) = εv1 (x) v2

³x
ε

´
, c (t) = c1 (t) c2

µ
t

ε

¶
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in (89), where v1 ∈ D (Ω), v2 ∈ C∞` (Y ), c1 ∈ D (0, T ) and c2 ∈ C∞` (0, 1).
We obtainZ

ΩT

−uε (x, t) v1 (x) v2
³x
ε

´µ
ε∂tc1 (t) c2

µ
t

ε

¶
+ c1 (t) ∂s1c2

µ
t

ε

¶¶
+

a

µ
x

ε
,
t

ε
,
t

ε2

¶
∇uε (x, t) ·

³
ε∇v1 (x) v2

³x
ε

´
+ v1 (x)∇yv2

³x
ε

´´
·

c1 (t) c2

µ
t

ε

¶
dxdt =

Z
ΩT

f (x, t) εv1 (x) v2
³x
ε

´
c1 (t) c2

µ
t

ε

¶
dxdt

and when ε passes to zero we getZ
ΩT

Z
Y1,2
−u (x, t) v1 (x) v2 (y) c1 (t) ∂s1c2 (s1)+

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2))·
v1 (x)∇yv2 (y) c1 (t) c2 (s1) dyds2ds1dxdt = 0.

The periodicity of c2 and the variational lemma imply thatZ
Y1,1

a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) ·∇yv2 (y) dyds2 = 0

for all v2 ∈W 1,2
` (Y ) /R, a.e. in ΩT × (0, 1). This is the weak form of (94).

Next, we study the difference (97) for the test functions

v (x) = εr−1v1 (x) v2
³x
ε

´
, c (t) = c1 (t) c2

µ
t

ε

¶
c3

µ
t

εr

¶
where v1 ∈ D (Ω), v2 ∈ C∞` (Y ) /R, c1 ∈ D (0, T ) and c2, c3 ∈ C∞` (0, 1), and
we obtainZ

ΩT

uε (x, t)− u (x, t)

ε
v1 (x) v2

³x
ε

´µ
εr∂tc1 (t) c2

µ
t

ε

¶
c3

µ
t

εr

¶
+

εr−1c1 (t) ∂s1c2

µ
t

ε

¶
c3

µ
t

εr

¶
+ c1 (t) c2

µ
t

ε

¶
∂s2c3

µ
t

εr

¶¶
+ÃZ

Y1,2
a (y, s1, s2) (∇u (x, t) +∇yu1 (x, t, y, s1, s2)) dyds2ds1 −

a

µ
x

ε
,
t

ε
,
t

εr

¶
∇uε (x, t)

¶
·
³
εr−1∇v1 (x) v2

³x
ε

´
+

εr−2v1 (x)∇yv2

³x
ε

´´
c1 (t) c2

µ
t

ε

¶
c3

µ
t

εr

¶
dxdt = 0.
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When ε passes to zero, we get, according to Theorem 79,Z
ΩT

Z
Y1,2

u1(x, t, y, s1, s2)v1 (x) v2 (y) c1 (t) c2 (s1) ∂s2c3 (s2) dyds2ds1dxdt = 0

and hence Z 1

0

u1(x, t, y, s1, s2)∂s2c3 (s2) ds2 = 0

for all c3 ∈ C∞` (0, 1), a.e. in ΩT × Y × (0, 1). This is the weak form of (95)
and it means that u1 does not depend on s2.

5.3.2 Monotone parabolic equations with two spatial microscales
and one microscale in time

Our next concern is the homogenization of a monotone parabolic equation
involving two spatial and one temporal microscale. In Figure 47, we have an
example of what a corresponding material might look like for this case.

Figure 47. A material heterogeneous at two levels.

This heterogenous material consists of three different types of materials with
different properties. The black inclusions correspond to the large spatial
scale and the blue material to the smaller scale. The rapid time scale could
correspond to the material properties varying over time. In Figure 48, we
have an example of what the oscillations of the operator could look like for
t fixed, in a material with two spatial scales.

Figure 48. Oscillations on two spatial scales.

113



We can clearly see the oscillations due to both of these scales, the larger
one and the smaller, faster one. It is obvious that both scales will have an
influence on the solution.

Let us study the problem

∂tu
ε (x, t)−∇ · a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
= f (x, t) in ΩT ,

uε (x, 0) = u0 (x) in Ω, (99)

uε (x, t) = 0 on ∂Ω× (0, T ) ,

where u0 ∈ L2 (Ω), f ∈ L2 (ΩT ) and a is assumed to fulfill the conditions
(q i)-(q v) outlined in Section 2.3.3. The corresponding weak form states
that we are searching for a unique uε ∈W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
such

thatZ
ΩT

−uε (x, t) v (x) ∂tc (t) + a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
·∇v (x) c (t) dxdt = (100)Z

ΩT

f (x, t) v (x) c (t) dxdt

for all v ∈W 1,2
0 (Ω) and c ∈ D (0, T ).

According to our G-convergence result in Theorem 35, we know that
the sequence {ah} of functions corresponding to (99) G-converges, up to a
subsequence, to a limit b. We are now prepared to carry out a complete
homogenization procedure, and firstly we consider the case where 0 < r < 2.

Theorem 91 Let uε ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
be the solution to

(99) for 0 < r < 2. Then it holds that

uε (x, t) → u (x, t) in L2 (ΩT )

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s)
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where u ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
is the unique solution to the ho-

mogenized problem

∂tu (x, t)−∇ · b (x, t,∇u) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) ,

with

b (x, t,∇u) =
Z
Y2,1

a (y1, y2, s,∇u+∇y1u1 +∇y2u2) dy2dy1ds.

Here, u1 ∈ L2(ΩT×(0, 1) ;W 1,2
` (Y1) /R) and u2 ∈ L2(ΩT×Y1,1;W 1,2

` (Y2) /R)
are the unique solutions to the system of local problems

−∇y2 · a (y1, y2, s,∇u+∇y1u1 +∇y2u2) = 0, (101)

−∇y1 ·
Z
Y2

a (y1, y2, s,∇u+∇y1u1 +∇y2u2) dy2 = 0. (102)

Proof. From the properties of a, we can deduce from Proposition 34 that
{uε} is bounded in W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
and then by Theorem

72, up to a subsequence,

uε (x, t) → u (x, t) in L2 (ΩT )

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1,y2, s) ,

where u ∈ L2
¡
0, T ;W 1,2

0 (Ω)
¢
, u1 ∈ L2(ΩT × (0, 1) ;W 1,2

` (Y1) /R) and
u2 ∈ L2(ΩT × Y1,1;W 1,2

` (Y2) /R). Moreover, {a
¡
x
ε
, x
ε2
, t
εr
,∇uε

¢
} is bounded

in L2 (ΩT )
N , due to condition (28) and the fact that {∇uε} is bounded in

L2 (ΩT )
N . Thus by Theorem 68

a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
3,2
- a0 (x, t, y1,y2, s) , (103)
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up to a subsequence, for some a0 ∈ L2 (ΩT ×Y2,1)N . In (100), we choose
v ∈ W 1,2

0 (Ω) and c ∈ D (0, T ) independent of ε. When passing to the limit,
we get Z

ΩT

−u (x, t) v (x) ∂tc (t)+ÃZ
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds

!
·∇v (x) c (t) dxdt = (104)Z

ΩT

f (x, t) v (x) c (t) dxdt,

which means that

b (x, t,∇u) =
Z
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds.

The next step is to identify the local problems (101) and (102), the solutions
u1 and u2 of which we will use to find a0. We look for the local problem (101),
choosing test functions in (100) according to

v (x) = ε2v1 (x) v2

³x
ε

´
v3

³ x
ε2

´
, c (t) = c1 (t) c2

µ
t

εr

¶
,

where v1 ∈ D (Ω), v2 ∈ C∞` (Y1), v3 ∈ C∞` (Y2) /R, c1 ∈ D (0, T ) and
c2 ∈ C∞` (0, 1), and we obtainZ

ΩT

−uε (x, t) ε2v1 (x) v2
³x
ε

´
v3

³ x
ε2

´
∂t

µ
c1 (t) c2

µ
t

εr

¶¶
+

a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
·∇
³
ε2v1 (x) v2

³x
ε

´
v3
³ x
ε2

´´
c1 (t) c2

µ
t

εr

¶
dxdt =Z

ΩT

f (x, t) ε2v1 (x) v2
³x
ε

´
v3
³ x
ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt.
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Hence Z
ΩT

−uε (x, t) v1 (x) v2
³x
ε

´
v3

³ x
ε2

´µ
ε2∂tc1 (t) c2

µ
t

εr

¶
+

ε2−rc1 (t) ∂sc2

µ
t

εr

¶¶
+ a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
·
³
ε2∇v1 (x) v2

³x
ε

´
v3
³ x
ε2

´
+

εv1 (x)∇y1v2

³x
ε

´
v3

³ x
ε2

´
+ v1 (x) v2

³x
ε

´
∇y2v3

³ x
ε2

´´
c1 (t) c2

µ
t

εr

¶
dxdt =Z

ΩT

f (x, t) ε2v1 (x) v2
³x
ε

´
v3
³ x
ε2

´
c1 (t) c2

µ
t

εr

¶
dxdt

and when ε tends to zero, we obtainZ
ΩT

Z
Y2,1

a0 (x, t, y1, y2, s)·v1 (x) v2 (y1)∇y2v3 (y2) c1 (t) c2 (s) dy2dy1dsdxdt= 0.

Finally, applying the variational lemma, we getZ
Y2

a0 (x, t, y1, y2, s) ·∇y2v3 (y2) dy2 = 0 (105)

almost everywhere in ΩT ×Y1,1 for all v3 ∈ C∞` (Y2) /R, and, by density, for
all v3 ∈ W 1,2

` (Y2) /R. The corresponding conclusion concerning density will
be understood implicitly while deriving local problems in what follows. The
equation (105) will turn out to be the weak form of (101).

To find the second local problem, we now study the difference between
(100) and (104) for test functions

v (x) = εv1 (x) v2
³x
ε

´
, c (t) = c1 (t) c2

µ
t

εr

¶
,

where v1 ∈ D (Ω), v2 ∈ C∞` (Y1) /R, c1 ∈ D (0, T ) and c2 ∈ C∞` (0, 1), and
get Z

ΩT

(uε (x, t)− u (x, t)) εv1 (x) v2
³x
ε

´
∂t

µ
c1 (t) c2

µ
t

εr

¶¶
dxdt+

Z
ΩT

ÃZ
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶!
·
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∇
³
εv1 (x) v2

³x
ε

´´
c1 (t) c2

µ
t

εr

¶
dxdt =Z

ΩT

(f (x, t)− f (x, t)) εv1 (x) v2
³x
ε

´
c1 (t) c2

µ
t

εr

¶
dxdt = 0.

Carrying out the differentiations and after some rewriting, we haveZ
ΩT

1

ε
(uε (x, t)− u (x, t)) v1 (x) v2

³x
ε

´
·µ

ε2∂tc1 (t) c2

µ
t

εr

¶
+ ε2−rc1 (t) ∂sc2

µ
t

εr

¶¶
+ÃZ

Y2,1
a0 (x, t, y1, y2, s) dy2dy1ds− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶!
·

³
ε∇v1 (x) v2

³x
ε

´
+ v1 (x)∇y1v2

³x
ε

´´
c1 (t) c2

µ
t

εr

¶
dxdt = 0

For 0 < r < 2, we obtain by Theorem 75 that the first term vanishes, and by
(103) we getZ

ΩT

Z
Y2,1

ÃZ
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds− a0 (x, t, y1, y2, s)

!
·

v1 (x)∇y1v2 (y1) c1 (t) c2 (s) dy2dy1dsdxdt = 0

as ε tends to zero, and due to the Y1-periodicity of v2 and the variational
lemma, we obtainZ

Y1

µZ
Y2

a0 (x, t, y1, y2, s) dy2

¶
·∇y1v2 (y1) dy1 = 0 (106)

for all v2 ∈W 1,2
` (Y1) /R, i.e. we have the weak form of (102) if we can prove

that
a0 (x, t, y1, y2, s) = a (y1, y2, s,∇u+∇y1u1 +∇y2u2) .

For the characterization of the limit a0, we use perturbed test functions

pk (x, t, y1, y2, s) =

pk,0 (x, t) + pk,1 (x, t, y1, s) + pk,2 (x, t, y1, y2, s) + δc (x, t, y1, y2, s) ,
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where pk,0 ∈ D (ΩT )
N , pk,1 ∈ D(ΩT ;C

∞
` (Y1,1))N , pk,2, c ∈ D(ΩT ;C

∞
` (Y2,1))N

and δ > 0. These sequences are chosen such that

pk,0 (x, t)→∇u (x, t) in L2 (ΩT )
N ,

pk,1 (x, t, y1, s)→∇y1u1 (x, t, y1, s) in L2 (ΩT ×Y1,1)N

and

pk,2 (x, t, y1, y2, s)→∇y2u2 (x, t, y1, y2, s) in L2 (ΩT ×Y2,1)N ,

and such that they converge almost everywhere to the same limits as k →∞.
We denote

pkε (x, t) = pk
µ
x, t,

x

ε
,
x

ε2
,
t

εr

¶
.

From the monotonicity property (q iv) we getµ
a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
− a

µ
x

ε
,
x

ε2
,
t

εr
, pkε

¶¶
·
¡
∇uε (x, t)− pkε (x, t)

¢
≥ 0

which after integration and expansion takes the formZ
ΩT

a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
·∇uε (x, t)− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
· pkε (x, t)−

a

µ
x

ε
,
x

ε2
,
t

εr
, pkε

¶
·∇uε (x, t) + a

µ
x

ε
,
x

ε2
,
t

εr
, pkε

¶
· pkε (x, t) dxdt ≥ 0.

Replacing vc with uε in (100), we get an alternative way of expressing the
first term and the above inequality can be written asZ

ΩT

f (x, t)uε (x, t)− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
· pkε (x, t)−

a

µ
x

ε
,
x

ε2
,
t

εr
, pkε

¶
·∇uε (x, t) + a

µ
x

ε
,
x

ε2
,
t

εr
, pkε

¶
· pkε (x, t) dxdt−Z T

0

h∂tuε (t) , uε (t)iW−1,2(Ω),W 1,2
0 (Ω) dt ≥ 0.
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We recall that pk, a
¡
y1, y2, s, p

k
¢
and their product are admissible test func-

tions and get, up to a subsequence, thatZ
ΩT

Z
Y2,1

f (x, t)u (x, t)− a0 (x, t, y1, y2, s) · pk (x, t, y1, y2, s)−

a
¡
y1, y2, s, p

k
¢
· (∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s))+

a
¡
y1, y2, s, p

k
¢
· pk (x, t, y1, y2, s) dy2dy1dsdxdt− (107)Z T

0

h∂tu (t) , u (t)iW−1,2(Ω),W 1,2
0 (Ω) dt ≥ 0

when ε tends to zero. Our next step is to let k tend to infinity. We have

pk (x, t, y1, y2, s)→
∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s) + δc (x, t, y1, y2, s)

in L2 (ΩT ×Y2,1)N . Moreover,

a
¡
y1, y2, s, p

k
¢
→ a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc)

and

a
¡
y1, y2, s, p

k
¢
· pk (x, t, y1, y2, s)→ a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc) ·

(∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u1 (x, t, y1, y2, s) + δc (x, t, y1, y2, s))

almost everywhere in ΩT ×Y2,1. The condition (q v) yields by (28) that¯̄
a
¡
y1, y2, s, p

k
¢¯̄
≤ C1

¡
1 +

¯̄
pk (x, t, y1, y2, s)

¯̄¢
.

Multiplying by pk and applying Cauchy-Schwarz inequality, we get¯̄
a
¡
y1, y2, s, p

k
¢
· pk (x, t, y1, y2, s)

¯̄
≤
¯̄
a
¡
y1, y2, s, p

k
¢¯̄ ¯̄

pk (x, t, y1, y2, s)
¯̄
≤

C1
¡
1 +

¯̄
pk (x, t, y1, y2, s)

¯̄¢ ¯̄
pk (x, t, y1, y2, s)

¯̄
=

C1

³¯̄
pk (x, t, y1, y2, s)

¯̄
+
¯̄
pk (x, t, y1, y2, s)

¯̄2´
.
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For k →∞, it holds thatZ
ΩT

Z
Y2,1

¯̄
pk (x, t, y1, y2, s)

¯̄
+
¯̄
pk (x, t, y1, y2, s)

¯̄2
dy2dy1dsdxdt→Z

ΩT

Z
Y2,1

|∇u (x, t) +∇y1u1 (x, t, y1, s)+

∇y2u2 (x, t, y1, y2, s) + δc (x, t, y1, y2, s)|+
|∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s)+

δc (x, t, y1, y2, s)|2 dy2dy1dsdxdt.

Lebesgue’s generalized majorized convergence theorem now gives thatZ
ΩT

Z
Y2,1

a
¡
y1, y2, s, p

k
¢
· pk (x, t, y1, y2, s) dy2dy1dsdxdt→Z

ΩT

Z
Y2,1

a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc) ·

(∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s)+

δc (x, t, y1, y2, s)) dy2dy1dsdxdt.

We conclude that when k tends to infinity, (107) turns intoZ
ΩT

Z
Y2,1

f (x, t)u (x, t)− a0 (x, t, y1, y2, s) ·

(∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s)+

δc (x, t, y1, y2, s))− a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc) ·
(∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s))+

a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc) ·
(∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s)+

δc (x, t, y1, y2, s)) dy2dy1dsdxdt−Z T

0

h∂tu (t) , u (t)iW−1,2(Ω),W 1,2
0 (Ω) dt ≥ 0.
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Some of the terms cancel out and using (104) with vc replaced by u, we getZ
ΩT

Z
Y2,1
−a0 (x, t, y1, y2, s) ·∇y1u1 (x, t, y1, s)−

a0 (x, t, y1, y2, s) ·∇y2u2 (x, t, y1, y2, s)− (108)

a0 (x, t, y1, y2, s) · δc (x, t, y1, y2, s)+
a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc) ·
δc (x, t, y1, y2, s) dy2dy1dsdxdt ≥ 0.

Here, the first and second term vanish due to (106) and (105), respectively.
What remains isZ

ΩT

Z
Y2,1

¡
−a0 (x, t, y1, y2, s) + a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc)

¢
·

δc (x, t, y1, y2, s) dy2dy1dsdxdt ≥ 0.

Dividing by δ and letting δ → 0, we get

a0 (x, t, y1, y2, s) = a (y1, y2, s,∇u+∇y1u1 +∇y2u2)

and by the uniqueness of u, the whole sequence converges and the proof is
complete.

Often, the local problem is a "miniature" of the equation that is homog-
enized. For 0 < r < 2 this was not the case, as the local problems were
elliptic. However, when r = 2 a time derivative appear in one of the local
problems. We give the following theorem concerning the homogenization of
(99) when r = 2.

Theorem 92 Let uε ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
be the solution to

(99) for r = 2. Then it holds that

uε (x, t) → u (x, t) in L2 (ΩT )

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s)
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where u ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
is the unique solution to the ho-

mogenized problem

∂tu (x, t)−∇ · b (x, t,∇u) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) ,

with

b (x, t,∇u) =
Z
Y2,1

a (y1, y2, s,∇u+∇y1u1 +∇y2u2) dy2dy1ds.

Here, u1 ∈ L2(ΩT×(0, 1) ;W 1,2
` (Y1) /R) and u2 ∈ L2(ΩT×Y1,1;W 1,2

` (Y2) /R)
are the unique solutions to the system of the local problems

−∇y2 · a (y1, y2, s,∇u+∇y1u1 +∇y2u2) = 0, (109)

∂su1 (x, t, y1, s)−∇y1 ·
Z
Y2

a (y1, y2, s,∇u+∇y1u1 +∇y2u2) dy2 = 0. (110)

Proof. Following the same line of reasoning as in the proof of Theorem 91,
we know that, up to a subsequence,

uε (x, t) → u (x, t) in L2 (ΩT ) ,

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 Ω
¢

and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s) ,

where u ∈ L2(0, T ;W 1,2
0 (Ω)), u1 ∈ L2(ΩT × (0, 1) ;W 1,2

` (Y1) /R) and
u2 ∈ L2(ΩT ×Y1,1;W 1,2

` (Y2) /R). In addition, up to a subsequence,

a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
3,2
- a0 (x, t, y1, y2, s)

for some a0 ∈ L2 (ΩT ×Y2,1)N . Furthermore, we know that if we choose
v ∈W 1,2

0 (Ω) and c ∈ D (0, T ) independent of ε in (100) we will end up with
the limit (104); that is,

b (x, t,∇u) =
Z
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds.
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As in the preceding case, we search for local problems to find the functions
u1 and u2 needed to determine the limit a0. To find the first local problem
we choose the test functions

v (x) = ε2v1 (x) v2
³x
ε

´
v3
³ x
ε2

´
, c (t) = c1 (t) c2

µ
t

ε2

¶
in (100), where v1 ∈ D (Ω), v2 ∈ C∞` (Y1), v3 ∈ C∞` (Y2) /R, c1 ∈ D (0, T )
and c2 ∈ C∞` (0, 1). Carrying out the differentiations yieldsZ
ΩT

−uε (x, t) v1 (x) v2
³x
ε

´
v3

³ x
ε2

´µ
ε2∂tc1 (t) c2

µ
t

ε2

¶
+ c1 (t) ∂sc2

µ
t

ε2

¶¶
+

a

µ
x

ε
,
x

ε2
,
t

ε2
,∇uε

¶
·
³
ε2∇v1 (x) v2

³x
ε

´
v3
³ x
ε2

´
+

εv1 (x)∇y1v2

³x
ε

´
v3

³ x
ε2

´
+ v1 (x) v2

³x
ε

´
∇y2v3

³ x
ε2

´´
c1 (t) c2

µ
t

ε2

¶
dxdt =Z

ΩT

f (x, t) ε2v1 (x) v2
³x
ε

´
v3
³ x
ε2

´
c1 (t) c2

µ
t

ε2

¶
dxdt

and letting ε pass to zero, we getZ
ΩT

Z
Y2,1
−u (x, t) v1 (x) v2 (y1) v3 (y2) c1 (t) ∂sc2 (s)+

a0 (x, t, y1, y2, s) · v1 (x) v2 (y1)∇y2v3 (y2) c1 (t) c2 (s) dy2dy1dsdxdt = 0.

The first term vanishes since c2 is periodic. Applying the variational lemma
to the remaining part, we obtainZ

Y2

a0 (x, t, y1, y2, s) ·∇y2v3 (y2) dy2 = 0 (111)

for all v3 ∈W 1,2
` (Y2) /R, which we will see is the weak form of (109).

To find the next local problem, we choose the test functions

v (x) = εv1 (x) v2
³x
ε

´
, c (t) = c1 (t) c2

µ
t

ε2

¶
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in (100) as well as in (104), where v1 ∈ D (Ω), v2 ∈ C∞` (Y1) /R, c1 ∈ D (0, T )
and c2 ∈ C∞` (0, 1). For the difference between these two equations, we getZ

ΩT

uε (x, t)− u (x, t)

ε
v1 (x) v2

³x
ε

´
·µ

ε2∂tc1 (t) c2

µ
t

ε2

¶
+ c1 (t) ∂sc2

µ
t

ε2

¶¶
+ÃZ

Y2,1
a0 (x, t, y1, y2, s) dy2dy1ds− a

µ
x

ε
,
x

ε2
,
t

ε2
,∇uε

¶!
·

³
ε∇v1 (x) v2

³x
ε

´
+ v1 (x)∇y1v2

³x
ε

´´
c1 (t) c2

µ
t

ε2

¶
dxdt = 0.

Applying Theorem 75 and 3,2-scale convergence yieldsZ
ΩT

Z
Y1,1

u1(x, t, y1, s)v1 (x) v2 (y1) c1 (t) ∂sc2 (s) dy1dsdxdt+Z
ΩT

Z
Y2,1

ÃZ
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds− a0 (x, t, y1, y2, s)

!
·

v1 (x)∇y1v2 (y1) c1 (t) c2 (s) dy2dy1dsdxdt = 0

as ε tends to zero. Due to the periodicity of v2, the middle term vanishes
and we getZ

ΩT

ÃZ
Y1,1

u1(x, t, y1, s)v2 (y1) ∂sc2 (s)−
µZ

Y2

a0 (x, t, y1, y2, s) dy2

¶
·

∇y1v2 (y1) c2 (s) dy1ds) v1 (x) c1 (t) dxdt = 0.

By the variational lemma,Z
Y1,1

u1(x, t, y1, s)v2 (y1) ∂sc2 (s)− (112)µZ
Y2

a0 (x, t, y1, y2, s) dy2

¶
·∇y1v2 (y1) c2 (s) dy1ds = 0

for all v2 ∈ W 1,2
` (Y1) /R, c2 ∈ C∞` (0, 1) and almost everywhere in ΩT . It

remains for us to characterize a0. Using perturbed test functions in the same
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manner as in the previous case, we getZ
ΩT

Z
Y2,1
−a0 (x, t, y1, y2, s) ·∇y1u1 (x, t, y1, s)−

a0 (x, t, y1, y2, s) ·∇y2u2 (x, t, y1, y2, s)− (113)

a0 (x, t, y1, y2, s) · δc (x, t, y1, y2, s)+
a (y1, y2, s,∇u+∇y1u1 +∇y2u2 + δc) ·
δc (x, t, y1, y2, s) dy2dy1dsdxdt ≥ 0.

From (112), we obtain that −a0 ·∇y1 in (113) can be replaced with the deriv-
ative ∂su1 ∈ L2(ΩT ;L

2
` (0, 1; (W

1,2
` (Y1)/R)0)) (c.f. Lemma 3.4 in [NgWo]).

Hence Proposition 76 yields that the first term in (113) vanishes, and by
(111) so does the second term. Finally, dividing by δ and letting δ → 0, we
have

a0 (x, t, y1, y2, s) = a (y1, y2, s,∇u+∇y1u1 +∇y2u2) .

We conclude that (111) is the weak formulation of (109) and that (112) is
the weak formulation of (110).

Finally, we investigate the case where 2 < r < 3.

Theorem 93 Let uε ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
be the solution to

(99) for 2 < r < 3. Then it holds that

uε (x, t) → u (x, t) in L2 (ΩT )

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2 (x, t, y1, y2, s)

where u ∈ W 1,2
¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
is the unique solution to the ho-

mogenized problem

∂tu (x, t)−∇ · b (x, t,∇u) = f (x, t) in ΩT ,

u (x, 0) = u0 (x) in Ω,

u (x, t) = 0 on ∂Ω× (0, T ) ,

and

b (x, t,∇u) =
Z
Y2,1

a (y1, y2, s,∇u+∇y1u1 +∇y2u2) dy2dy1ds.
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Here, u1 ∈ L2(ΩT ;W
1,2
` (Y1) /R) and u2 ∈ L2(ΩT ×Y1,1;W 1,2

` (Y2) /R) are the
unique solutions to the system of local problems

−∇y2 · a (y1, y2, s,∇u+∇y1u1 +∇y2u2) = 0, (114)

∂su1 (x, t, y1, s) = 0, (115)

−∇y1 ·
Z 1

0

Z
Y2

a (y1, y2, s,∇u+∇y1u1 +∇y2u2) dy2ds = 0. (116)

Proof. As in the proof of Theorem 91, we know that, up to a subsequence,

uε (x, t) → u (x, t) in L2 (ΩT )

uε (x, t) - u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢

and

∇uε (x, t) 3,2- ∇u (x, t) +∇y1u1 (x, t, y1, s) +∇y2u2 (x, t, y1, y2, s) ,

where u ∈ L2(0, T ;W 1,2
0 (Ω)), u1 ∈ L2(ΩT × (0, 1) ;W 1,2

` (Y1) /R) and
u2 ∈ L2(ΩT ×Y1,1;W 1,2

` (Y2) /R). Moreover, up to a subsequence

a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
3,2
- a0 (x, t, y1, y2, s)

for some a0 ∈ L2 (ΩT ×Y2,1)N . Also, we know that if we choose v ∈W 1,2
0 (Ω)

and c ∈ D (0, T ) in (100), we end up with the limit (104), that is,

b (x, t,∇u) =
Z
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds.

To find the first local problem, we study the difference between (100) and
(104) for the test functions

v (x) = ε2v1 (x) v2

³x
ε

´
v3

³ x
ε2

´
, c (t) = c1 (t) c2

µ
t

εr

¶
,

where v1 ∈ D(Ω), v2 ∈ C∞` (Y1), v3 ∈ C∞` (Y2)/R, c1 ∈ D(0, T ) and
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c2 ∈ C∞` (0, 1). We getZ
ΩT

(uε (x, t)− u (x, t)) ε2v1 (x) v2
³x
ε

´
v3
³ x
ε2

´
·µ

∂tc1 (t) c2

µ
t

εr

¶
+ ε−rc1 (t) ∂sc2

µ
t

εr

¶¶
+ÃZ

Y2,1
a0 (x, t, y1, y2, s) dy2dy1ds− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶!
·³

ε2∇v1 (x) v2
³x
ε

´
v3
³ x
ε2

´
+ εv1 (x)∇y1v2

³x
ε

´
v3
³ x
ε2

´
+

v1 (x) v2
³x
ε

´
∇y2v3

³ x
ε2

´´
c1 (t) c2

µ
t

εr

¶
dxdt = 0,

and hence Z
ΩT

µ
uε (x, t)− u (x, t)

ε
v1 (x) v2

³x
ε

´
v3
³ x
ε2

´¶
·µ

ε3∂tc1 (t) c2

µ
t

εr

¶
+ ε3−rc1 (t) ∂sc2

µ
t

εr

¶¶
+ÃZ

Y2,1
a0 (x, t, y1, y2, s) dy2dy1ds− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶!
·³

ε2∇v1 (x) v2
³x
ε

´
v3
³ x
ε2

´
+ εv1 (x)∇y1v2

³x
ε

´
v3
³ x
ε2

´
+

v1 (x) v2

³x
ε

´
∇y2v3

³ x
ε2

´´
c1 (t) c2

µ
t

εr

¶
dxdt = 0.

When ε tends to zero, we obtainZ
ΩT

Z
Y2,1

ÃZ
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds− a0 (x, t, y1, y2, s)

!
·

v1 (x) v2(y1)∇y2v3(y2)c1 (t) c2(s) dy2dy1dsdxdt = 0

and since Z
Y2,1

a0 (x, t, y1, y2, s) dy2dy1ds

is independent of y2, and due to the periodicity assumptions on v3, we achieveZ
ΩT

Z
Y2,1

a0 (x, t, y1, y2, s) ·v1 (x) v2(y1)∇y2v3(y2)c1 (t) c2(s) dy2dy1dsdxdt = 0.
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Due to the variational lemma, this means thatZ
Y2

a0 (x, t, y1, y2, s) ·∇y2v3(y2) dy2 = 0 (117)

for all v3 ∈W 1,2
` (Y2) /R.

Our next concern is the second local problem.We now study the difference
between (100) and (104) for the test functions

v (x) = εr−1v1 (x) v2

³x
ε

´
, c (t) = c1 (t) c2

µ
t

εr

¶
,

where v1 ∈ D (Ω), v2 ∈ C∞` (Y1) /R, c1 ∈ D (0, T ) and c2 ∈ C∞` (0, 1), and
arrive atZ

ΩT

(uε (x, t)− u (x, t)) εr−1v1 (x) v2

³x
ε

´
∂t

µ
c1 (t) c2

µ
t

εr

¶¶
+ÃZ

Y2,1
a0 (x, t, y1, y2, s) dy2dy1ds− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶!
·

∇
³
εr−1v1 (x) v2

³x
ε

´´
c1 (t) c2

µ
t

εr

¶
dxdt = 0.

Differentiating and rewriting, we haveZ
ΩT

uε (x, t)− u (x, t)

ε
v1 (x) v2

³x
ε

´
·µ

εr∂tc1 (t) c2

µ
t

εr

¶
+ c1 (t) ∂sc2

µ
t

εr

¶¶
+ÃZ

Y2,1
a0 (x, t, y1, y2, s) dy2dy1ds− a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶!
·

³
εr−1∇v1 (x) v2

³x
ε

´
+ εr−2v1 (x)∇y1v2

³x
ε

´´
c1 (t) c2

µ
t

εr

¶
dxdt = 0

and for 2 < r < 3, by Theorem 75, as ε tends to zero, we obtain thatZ
ΩT

Z
Y1,1

u1 (x, t, y1, s) v1 (x) v2 (y1) c1 (t) ∂sc2 (s) dy1dsdxdt = 0.
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Finally, applying the variational lemma, we getZ 1

0

u1 (x, t, y1, s) ∂sc2 (s) ds = 0

for all c2 ∈ C∞` (0, 1), i.e. we have the weak form of (115). We deduce that
u1 does not depend on the local time variable s.

To find the third local problem, we now choose the test functions

v (x) = εv1 (x) v2
³x
ε

´
, c (t) = c1 (t)

in (100), where v1 ∈ D (Ω), v2 ∈ C∞` (Y1) /R and c1 ∈ D (0, T ). After
differentiation, we getZ

ΩT

−uε (x, t) εv1 (x) v2
³x
ε

´
∂tc1 (t) + a

µ
x

ε
,
x

ε2
,
t

εr
,∇uε

¶
·³

ε∇v1 (x) v2
³x
ε

´
+ v1 (x)∇y1v2

³x
ε

´´
c1 (t) dxdt =Z

ΩT

f (x, t) εv1 (x) v2
³x
ε

´
c1 (t) dxdt.

When ε tends to zero, we obtainZ
ΩT

Z
Y2,1

a0 (x, t, y1, y2, s) · v1 (x)∇y1v2 (y1) c1 (t) dy2dy1dsdxdt = 0.

By applying the variational lemma, we getZ
Y1

µZ 1

0

Z
Y2

a0 (x, t, y1, y2, s) dy2ds

¶
·∇y1v2 (y1) dy1 = 0 (118)

for all v2 ∈W 1,2
` (Y1) /R.

For the characterization of the limit a0, we use the method with perturbed
test functions carried out in detail for the case where 0 < r < 2, and deduce
that

a0 (x, t, y1, y2, s) = a (y1, y2, s,∇u+∇y1u1 +∇y2u2) .

This means that (117) and (118) are the weak formulations of the local
problems (114) and (116), respectively, and the proof is complete.
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Remark 94 In [BLP], Lions et al. used asymptotic expansions in the study
of the homogenization of linear parabolic equations with oscillations in one
spatial scale and one time scale. An alternative proof is presented by Profeti
and Terreni in [PrTe]. Brahim-Otsmane et al. proved corrector results con-
cerning problems with oscillations only in space in [BFM]. These results are
extended to the case of oscillations in both space and time in [DaMu], where
Dall’Aglio and Murat prove homogenization and corrector results for linear
parabolic equations. Such results can also be found in [Ho1] and [Ho2] of
Holmbom, where the proofs are carried out with two-scale convergence meth-
ods. See also [We] of Wellander. In [Sv1] and [Sv2], Svanstedt studied non-
linear parabolic problems with two scales in space and time, respectively. He
proved homogenization for this kind of problem by means of G-convergence.
Corrector results for such problems can be found in [Sv3]. Moreover, in
[NaRa], some homogenization and corrector results for a nonlinear degener-
ate case, where r = 1, are proven by Nandakumaran and Rajesh. In [HSW],
Holmbom, Svanstedt and Wellander proved a reiterated homogenization re-
sult for linear parabolic operators with two scales of oscillation in space, and
different frequencies of oscillation in time. Homogenization of monotone
parabolic operators with several spatial scales of oscillations is studied in
[FHOSv] and in [FHOSi1] certain kinds of non-periodic parabolic operators
are treated. In [FlOl2], homogenization of nonlinear parabolic problems with
multiple spatial and temporal scales are considered and in [FlOl3] a homoge-
nization result for linear parabolic problems with multiple scales of oscillations
in time can be found, while [FHOP1] treats homogenization of linear parabolic
equations with certain non-periodic temporal oscillations. Some recent results
concerning homogenization of nonlinear parabolic problems without periodic-
ity assumptions are presented by Nguetseng and Woukeng in [NgWo].
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6 G-convergence for some special operators

Depending on the type of problem, there may exist straightforward ways to
determine the G-limit. When dealing with periodic homogenization, one can
obtain the G-limit explicitly on the basis of suitable local problems. Some-
times, it is even trivial to determine the G-limit. When for example, the
convergence of a sequence {ah} of coefficients to a limit is strong enough, the
G-limit coincides with this limit. If the sequence {ah} converges in a weaker
sense the G-limit may or may not coincide with the limit obtained directly
from {ah}. In this chapter we study special kinds of integral operators to-
gether with some conditions that ensure the weak L2-limit and the G-limit
to coincide.

6.1 The elliptic case

Let us consider a sequence of linear elliptic equations

−∇ ·
¡
ah (x)∇uh (x)

¢
= f (x) in Ω, (119)

uh (x) = 0 on ∂Ω.

If ah ∈ El (C0, C1,Ω) it holds, up to a subsequence, that

ah
EG→ b

where b ∈ El (C0, C1,Ω), and hence the sequence of solutions uh to (119)
satisfies

uh (x)- u (x) in W 1,2
0 (Ω) ,

where u is the unique solution to a limit problem of the form

−∇ · (b (x)∇u (x)) = f (x) in Ω, (120)

u (x) = 0 on ∂Ω.

What can we say about the properties of the G-limit b, and can b be repre-
sented explicitly by some formula? If the sequence {ah} converges strongly
in e.g. L2 (Ω)N×N we have, according to Lemma 22, that the G-limit coin-
cides with the strong limit of the sequence {ah}. If we do not have strong
convergence things get more complicated. To illustrate our way of think-
ing, in this section we will study six different cases with respect to whether
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the G-limit meets the weak L2 (Ω)N×N -limit. The first three cases are one-
dimensional. In Case I we have strong convergence in the sequence {ah},
which means that we can use the strong limit to characterize the G-limit.
In the next two examples ah exhibit strong oscillations and the question is
raised: for what kinds of sequences {ah} does the G-limit coincide with the
weak L2 (Ω)N×N -limit? In the last three cases, we carry out an analogue
discussion in two dimensions to see if we can make observations further than
those in the one-dimensional case.

In order to obtain strong convergence in the sequence {ah}, we use special
kinds of compact operators, so-called Hilbert-Schmidt operators. A compact
operator acting on a reflexive Banach space to another Banach space turns
a weakly convergent sequence into a strongly convergent one. For 1

p
+ 1

q
= 1

where 1 < p <∞, we let the operator

T : Lp (O)→ Lq (Ω)

be defined by

(Tw) (x) =

Z
O
w (y)K (x, y) dy

acting on functions w ∈ Lp (O), where O is an open bounded set in RM with
smooth boundary and the kernel K ∈ Lq (Ω×O). The integral operator T is
an example of a Hilbert-Schmidt operator; see [Alt] 8.9. Since T is compact
and Lp (O) is reflexive, we have that if

wh (y)- w (y) in Lp (O)

then¡
Twh

¢
(x) =

Z
O
wh (y)K (x, y) dy →

Z
O
w (y)K (x, y) dy in Lq (Ω) . (121)

Let us consider (119) for

ahij (x) =

Z
O
wh
ij (x, y)Kij (x, y) dy.

Here O is still an open bounded set in RM with smooth boundary, the
kernel K ∈ C

¡
Ω̄× Ō

¢N×N
, and we assume that ah ∈ El (C0, C1,Ω) and

wh (x, y)- w (x, y) in L2 (Ω×O)N×N .
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For different choices of wh we generate different sequences of coefficients ah.
A crucial remark is that by letting wh be dependent on x as well as on y we
only know a priori that the sequence {ah} converges weakly.

For the first three cases, we let Ω =]0, 2[, O =]0, 1[,

f (x) = 3 + sin (x)

and
K (x, y) = ey(1+sinx).

Case I To begin with, we choose wh to be only dependent on y,

wh (y) = 1 + sin (2πhy) ,

which means that we create a Hilbert-Schmidt situation. Obviously,

wh (y)- w (y) = 1 in L2 (O)

and hence

ah (x) =

Z
O
wh (y)K (x, y) dy →

Z
O
w (y)K (x, y) dy =

Z
O
K (x, y) dy = ã (x)

in L2 (Ω) according to (121). We get the strong limit

ã (x) =

Z
O
ey(1+sinx) dy =

e(1+sinx) − 1
1 + sin (x)

. (122)

Due to Lemma 22, the G-limit equals the strong limit and hence

ah
EG→ b = ã. (123)

Figure 49. ah together with b, and uh together with u.
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As we can see from Figure 49, for h = 20, the solutions uh and u - the
solution to the limit problem (120) with b defined by (123) - almost coincide.

Case II In this case, we choose

wh (x, y) = 1 +
1

2
sin

Ãµ
y +

h

2
sin
³
π
√
2hx

´¶2!
,

that is, a sequence {wh} depending on x as well. This means that we can no
longer use the concept of Hilbert-Schmidt operators to ensure strong conver-
gence of the sequence {ah} and thereby find the G-limit b. What we do have
in this case is weak convergence in L2 (Ω) of {ah}, and since

wh (x, y)- 1 in L2 (Ω×O) (124)

the weak L2 (Ω)-limit for {ah} coincides with the limit ã in (122) in Case I.
This means that we have chosen to study coefficients ah with the same global
tendency as in Case I but with, as h → ∞, increasingly rapid oscillations.
Will these oscillations affect the convergence process of the sequence {ah} in
such a way that we get a G-limit other than that in the previous case, or is
it possible that the G-limit again coincides with the limit ã?

Figure 50. ah together with ã, and uh together with u.

As we can see from Figure 50, ah oscillates heavily, but still has the same
global tendency as ã. To the right, we have plotted the solution uh together
with u, the solution to the limit problem (120) where we have used ã to define
the coefficient b. As h gets larger, the solutions uh get closer and closer to the
solution u. Despite the heavy oscillations in ah, it seems that the G-limit is
almost unaffected and therefore coincides with the weak L2 (Ω)-limit of the
sequence {ah}.
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Case III Now we choose

wh (x, y) = 1 +
1

2
sin (2πhx+ y)

which also has the property that

wh (x, y)- 1 in L2 (Ω×O)

and thus in this case the sequence {ah} again has a weak L2 (Ω)-limit that
coincides with the strong limit ã in (122) in Case I.

Figure 51. ah together with ã, and uh together with u.

As in the previous case, we have heavy oscillations in ah. Now the solutions
uh differ quite a lot from the solution u of (120) with b = ã and the difference
remains about the same as h gets larger; see Figure 51. Even though the
oscillations in {ah} "looked nicer" than in the previous case, it seems that in
this case they have affected the G-limit.

Let us now see what happens if we consider the case of two dimensions.
In the next three cases we will use Ω =]0, 3[2, O =]0, 1[2,

f (x) = 20 (x1 + x2)

and
K (x, y) = (y1 + y2) (2 + sin (x1 + x2)) .

Case IV In this case, we choose a strongly convergent sequence {ah}.
More precisely, we let

wh (x, y) = wh (y) =

µ
2 + sin (2πh (y1 + y2))

3
2

3
2

2− sin (2πh (y1 + y2))

¶
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and thus

wh (y)-

µ
2 3

2
3
2
2

¶
in L2 (O)2×2 .

Figure 52. To the left ah11, and to the right, the solution uh, h = 10.

Since we have no x-dependence in wh we can, as in Case I, use the compact-
ness property of Hilbert-Schmidt operators. Strong convergence is at hand.
According to (121)

ahij (x)→ ãij (x) =

Z
O
wij (y)Kij (x, y) dy in L2 (Ω) , (125)

and applying Lemma 22, we have found the G-limit b.

Figure 53. To the left, we have b11 and to the right, the solution u.

If we compare the solutions in Figure 52 and 53, we can see that for h = 10
the solution uh is close to u, the solution to (120) with the coefficient ã
defined by (125).
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Case V Now we choose a sequence {ah} to be dependent on x such that
the strong convergence is out of hand. More precisely we choose

wh (x, y) =µ
2 + sin (2πh (x1 + x2) + y1 + y2)

3
2

3
2

2− sin (2πh (x1 + x2) + y1 + y2)

¶
where

wh (x, y)-

µ
2 3

2
3
2
2

¶
in L2 (Ω×O)2×2 .

This means that {ah} converges weakly in L2 (Ω)2×2 to the limit ã obtained
in Case IV.

Figure 54. To the left, ah11 and to the right, the solution uh for h = 10.

In Figure 54, we can see that ah11 has strong oscillations and it appears that
they have had an effect on the convergence process. The solution deviates
from the solution u obtained again from (120) with the coefficient ã in (125)
- see Figure 53 - and the deviation remains about the same for larger h.
Actually, in this case the G-limit is not equal to the weak L2 (Ω)2×2-limit of
the sequence {ah}.

Case VI In this final case, we let

wh (x, y) =µ
2 + sin (2πh (x1 + x2) + y1 + y2)

3
2
− sin (2πh (x1 + x2) + y1 + y2)

3
2

2

¶
,
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and thus

wh (x, y)-

µ
2 3

2
3
2
2

¶
in L2 (Y )2×2 .

As in the previous case, {ah} converges weakly in L2 (Ω)2×2 to the limit ã
from Case IV.

Figure 55. To the left, ah11 and to the right, the solution uh for h = 10.

Despite the tremendous oscillations in ah, the behavior of the solution uh is
about the same as in Case IV; see Figures 52, 53 and 55. As a matter of fact,
the G-limit coincides with the weak L2 (Ω)2×2-limit.

In Case II, where the G-limit seemed to be unaffected, the oscillations
were "thinner" than the ones in Case III where the G-limit was affected. On
the other hand, no corresponding difference can be observed if we compare
Case V and Case VI. The following theorem provides a tool that can be
used to determine cases where we can identify the weak L2 (Ω)-limit with
the G-limit, and it also explains the results of Case V and Case VI.

Theorem 95 Let {ah} be a sequence in El (C0, C1,Ω) such that

ahij (x) =

Z
O
wh
ij (x, y)Kij (x, y) dy, (126)

where wh,K ∈ C1
¡
Ω̄× Ō

¢N×N
and

wh (x, y)- w (x, y) in L2 (Ω×O)N×N (127)

for some w such that

ãij (x) =

Z
O
wij (x, y)Kij (x, y) dy
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defines a matrix ã ∈ El

³
C0,

C21
C0
,Ω
´
. Further, assume that, for i = 1, 2, ..., N ,

NX
j=1

Z
O
∂xjw

h
ij (x, y)Kij (x, y) dy - gi in L2 (Ω) , (128)

for some g. Then
ah

EG→ b = ã.

Proof. Since ah ∈ El (C0, C1,Ω), it follows that, up to a subsequence,

ah
EG→ b

for some b ∈ El

³
C0,

C21
C0
,Ω
´
. To characterize b, we consider the weak form of

(119) with {ah} defined by (126); that is, we study
NX

i,j=1

Z
Ω

Z
O
wh
ij (x, y)Kij (x, y) ∂xju

h (x) ∂xiv (x) dydx =

Z
Ω

f (x) v (x) dx

for v ∈ D (Ω) as h → ∞. We will use the div-curl lemma; see Remark 58.
We first show that for some matrix function a

ah (x)- a (x) in L2 (Ω)N×N

and that °°°°°
NX
j=1

∂xja
h
ij

°°°°°
L2(Ω)

≤ C, i = 1, ..., N. (129)

Here, the first condition is satisfied since according to (127)

ahij (x) =

Z
O
wh
ij (x, y)Kij (x, y) dy -Z

O
wij (x, y)Kij (x, y) dy = ãij (x) in L2 (Ω) .

For the second condition (129) we study

NX
j=1

∂xja
h
ij (x) =

NX
j=1

Z
O
∂xj
¡
wh
ij (x, y)Kij (x, y)

¢
dy =

NX
j=1

Z
O
∂xjw

h
ij (x, y)Kij (x, y) + wh

ij (x, y) ∂xjKij (x, y) dy.
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The assumptions (127) and (128) yield that the expression above converges
weakly in L2 (Ω) to some limit for any fixed i = 1, ..., N and hence it is
bounded in L2 (Ω).

Moreover, since
©
uh
ª
is bounded in W 1,2

0 (Ω); see Remark 23, there is a
subsequence such that

uh (x)- u (x) in W 1,2
0 (Ω)

and
∇uh (x)- ∇u (x) in L2 (Ω)N .

Finally,
curl ∇uh = 0

and thus the conditions for the div-curl lemma are fulfilled. We obtain
NX

i,j=1

Z
Ω

ahij (x) ∂xju
h (x) ∂xiv (x) dx→

NX
i,j=1

Z
Ω

ãij (x) ∂xju (x) ∂xiv (x) dx

for every v ∈ D (Ω) and hence by density alsoZ
Ω

ãij (x) ∂xju (x) ∂xiv (x) dx =

Z
Ω

f (x) v (x) dx

for every v ∈W 1,2
0 (Ω) . We have that

bij (x) = ãij (x) =

Z
O
wij (x, y)Kij (x, y) dy

is the G-limit for the chosen subsequence. The convergence of the momenta
(30) follows in the same way. Since we will have the same result for any
convergent subsequence, the entire sequence G-converges to b.

Remark 96 The limit in (124) was found by numerical computations.

6.2 The parabolic case

In this section, we consider the parabolic problem

∂tu
h (x, t)−∇ · (ah (x, t)∇uh (x, t)) = f (x, t) in ΩT , (130)

uh (x, 0) = u0 (x) in Ω,

uh (x, t) = 0 on ∂Ω× (0, T ) ,
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for f ∈ L2 (ΩT ), u0 ∈ L2 (Ω) and

ahij (x, t) =

Z
O
wh
ij (x, t, y)Kij (x, t, y) dy,

where K, wh and w are smooth. If ah ∈ Pl (C0, C1,ΩT ), we know that, up to
a subsequence,

ah
PG→ b.

Numerical experiments for parabolic problems, similar to those in Section
6.1, are carried out in [FHOSi1]. We will now state and prove a theorem
analogous to Theorem 95 for parabolic problems. This theorem provides us
with an efficient method to see when it is possible to identify the parabolic
G-limit with the weak L2 (ΩT )

N×N -limit. In the proof, we use a technique
that is independent of results of the div-curl lemma type.

Theorem 97 Let {ah} be a sequence in Pl (C0, C1,ΩT ) such that

ahij (x, t) =

Z
O
wh
ij (x, t, y)Kij (x, t, y) dy, (131)

where wh,K ∈ C1
¡
Ω̄T × Ō

¢N×N
and

wh (x, t, y)- w (x, t, y) in L2 (ΩT ×O)N×N (132)

for some w ∈ C1
¡
Ω̄T × Ō

¢N×N
such that

ãij (x, t) =

Z
O
wij (x, t, y)Kij (x, t, y) dy

defines a matrix ã ∈ Pl(C0,
C21
C0
,ΩT ). Further assume that, for i = 1, 2, ..., N ,

NX
j=1

Z
O
∂xjw

h
ij (x, t, y)Kij (x, t, y) dy - gi, in L2 (ΩT ) (133)

for some g. Then,
ah

PG→ b = ã.
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Proof. As ah ∈ Pl (C0, C1,ΩT ) it follows that, up to a subsequence,

ah
PG→ b

for some b ∈ Pl(C0,
C21
C0
,ΩT ). To determine b, we study the limit process for

the weak form of the problem (130) with {ah} defined by (131); that is, we
study the asymptotic behavior (as h→∞) ofZ
ΩT

−uh (x, t) v (x) ∂tc (t) dxdt+
NX

i,j=1

Z
ΩT

ahij (x, t) ∂xju
h (x, t) ∂xiv (x) c (t) dxdt

=

Z
ΩT

f (x, t) v (x) c (t) dxdt

for v ∈ D (Ω) and c ∈ D (0, T ). According to the fact that the sequence {uh}
is bounded in W 1,2

¡
0, T ;W 1,2

0 (Ω) ,W−1,2 (Ω)
¢
; see e.g. Section 3.2 in [Sv1],

we have, up to a subsequence, that

uh (x, t)- u (x, t) in L2
¡
0, T ;W 1,2

0 (Ω)
¢
.

Since, for a suitable subsequence, {uh} is also strongly convergent in L2 (ΩT );
see Theorem 72, the first term on the left-hand side causes no problem;
instead, we turn our attention to the second term. Firstly, we integrate this
term by parts. We obtain

−
NX

i,j=1

Z
ΩT

uh (x, t) ∂xja
h
ij (x, t) ∂xiv (x) c (t)+u

h (x, t) ahij (x, t) ∂
2
xixj

v (x) c (t) dxdt

and using (131) we get

−
NX

i,j=1

Z
ΩT

Z
O
uh (x, t) ∂xj

¡
wh
ij (x, t, y)Kij (x, t, y)

¢
∂xiv (x) c (t)+ (134)

uh (x, t)wh
ij (x, t, y)Kij (x, t, y) ∂

2
xixj

v (x) c (t) dydxdt.

To find the limit for this expression, we make use of condition (133), which
is why we first investigate

NX
j=1

Z
O
∂xjw

h
ij (x, t, y)Kij (x, t, y) dy (135)
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when h→∞. Multiplying (135) by v ∈ D (ΩT ) and integrating by parts, we
obtain by (132) that

−
NX
j=1

Z
ΩT

Z
O
wh
ij (x, t, y) ∂xj (Kij (x, t, y) v (x, t)) dydxdt→

−
NX
j=1

Z
ΩT

Z
O
wij (x, t, y) ∂xj (Kij (x, t, y) v (x, t)) dydxdt

as h→∞. Integration back by parts we conclude that

NX
j=1

Z
O
∂xjw

h
ij (x, t, y)Kij (x, t, y) dy - (136)

NX
j=1

Z
O
∂xjwij (x, t, y)Kij (x, t, y) dy in L2 (ΩT )

and hence (see (133))

gi =
NX
j=1

Z
O
∂xjwij (x, t, y)Kij (x, t, y) dy. (137)

Now we have the tools needed to complete the limit process in (134). We
apply (132) and (133) and (136) on

−
NX

i,j=1

Z
ΩT

Z
O
uh (x, t) ∂xjw

h
ij (x, t, y)Kij (x, t, y) ∂xiv (x) c (t) dydxdt−

NX
i,j=1

Z
ΩT

Z
O
uh (x, t)wh

ij (x, t, y) ∂xjKij (x, t, y) ∂xiv (x) c (t) dydxdt−

NX
i,j=1

Z
ΩT

Z
O
uh (x, t)wh

ij (x, t, y)Kij (x, t, y) ∂
2
xixj

v (x) c (t) dydxdt,

and by letting h→∞ we obtain, at least up to a subsequence,
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−
NX

i,j=1

Z
ΩT

Z
O
u (x, t) ∂xjwij (x, t, y)Kij (x, t, y) ∂xiv (x) c (t) dydxdt−

NX
i,j=1

Z
ΩT

Z
O
u (x, t)wij (x, t, y) ∂xjKij (x, t, y) ∂xiv (x) c (t) dydxdt−

NX
i,j=1

Z
ΩT

Z
O
u (x, t)wij (x, t, y)Kij (x, t, y) ∂

2
xixj

v (x) c (t) dydxdt =

−
NX

i,j=1

Z
ΩT

Z
O
u (x, t) ∂xj (wij (x, t, y)Kij (x, t, y) ∂xiv (x)) c (t) dydxdt.

Integration by parts we get
NX

i,j=1

Z
ΩT

Z
O
∂xju (x, t)wij (x, t, y)Kij (x, t, y) ∂xiv (x) c (t) dydxdt

which means precisely that
NX

i,j=1

Z
ΩT

Z
O
wh
ij (x, t, y)Kij (x, t, y) ∂xju

h (x, t) ∂xiv (x) c (t) dydxdt→

NX
i,j=1

Z
ΩT

Z
O
wij (x, t, y)Kij (x, t, y) ∂xju (x, t) ∂xiv (x) c (t) dydxdt

that is,
ah

PG→ b

where

bij (x, t) = ãij (x, t) =

Z
O
wij (x, t, y)Kij (x, t, y) dy.

Here, b is the G-limit for the chosen subsequence and since we have the same
result for any convergent subsequence, and the convergence of momenta (33)
is obvious, the entire sequence G-converges to b.

Remark 98 By choosing w ≡ 1, we could make the proof of Theorem 97
more transparent and we find that for this choice of w (133) would be

NX
j=1

Z
O
∂xjw

h
ij (x, t, y)Kij (x, t, y) dy - 0 in L2 (ΩT ) . (138)
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This could lead to the wrong impression that we get "strange" terms in the
G-limit if (138) converged to some non-zero limit g, and then we would arrive
at

∂tu−∇ · (ã (x)∇u) + g∇u+ (∇ · g)u = f.

However, (136) yields that g must be identical to zero if w ≡ 1 and

NX
j=1

Z
O
∂xjw

h
ij (x, t, y)Kij (x, t, y) dy, i = 1, ..., N (139)

is weakly convergent in L2 (ΩT ). Hence, an extra term that makes the G-limit
b deviate from ã can only appear if (139) is unbounded in L2 (ΩT ).

Remark 99 Ideas along the lines of those presented in this chapter were
introduced by Silfver in [Si1] where linear elliptic problems are treated for
w ≡ 1. These results are also found in [Si2]. In [FHOSi1] the concept is
extended to parabolic equations and is illustrated by numerical experiments.
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