Received: 9 June 2023 Revised: 14 March 2024

W) Check for updates

Accepted: 25 July 2024

DOI: 10.1112/jlms.70135

RESEARCH ARTICLE

Journal of the London
Mathematical Society

CR analysis via local uniform completion, a
sharp maximum modulus principle and
holomorphic extension

Mauro Nacinovich!

1Dipartiment0 di Matematica, IT
Universita di Roma “Tor Vergata’, Via
della Ricerca Scientifica, Roma, Italy

2Department of Engineering,
Mathematics and Science Education, Mid
Sweden University, Sundsvall, Sweden

Correspondence

Egmont Porten, Department of
Engineering, Mathematics and Science
Education, Mid Sweden University, 85170
Sundsvall, Sweden.

Email: egmont.porten@miun.se

| Egmont Porten?

Abstract

Using iterated uniform local completion, we intro-
duce a notion of continuous CR functions on locally
closed subsets of reduced complex spaces, general-
ising both holomorphic functions and CR functions
on CR submanifolds. Under additional assumptions
of set-theoretical weak pseudo-concavity, we prove opti-
mal maximum modulus principles for these functions,
extending classical results for holomorphic functions
and ordinary CR functions. Restricting to real sub-
manifolds (possibly with CR singularities) of complex
manifolds, we generalise results on holomorphic exten-
sion to full neighbourhoods known before only for CR
submanifolds. The article is concluded by a study of CR
singularities and explicit constructions of submanifolds
on which the extension results are valid.
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INTRODUCTION

Since 19th century, maximum modulus principles and extension of holomorphic functions have
been persistent themes in complex analysis. More recently, these topics reemerged in the realm of
the study of CR functions on CR manifolds, with increasingly close connections with envelopes
of holomorphy.

In this paper, we approach these issues in a way which applies to more general sub-
sets of complex manifolds, in particular to real submanifolds with CR-singularities. A strong
motivation for allowing CR-singularities are topological obstructions to embedding smooth com-
pact CR manifolds into complex Stein manifolds and to removing local CR-singularities by
small deformations.

As a point of departure, we introduce a sheaf @A of generalised CR functions, LACR func-
tions for short, constructed by repeated uniform local approximation. Its sections are continuous
functions on locally closed subsets A of reduced complex spaces. By the Baouendi-Treves approx-
imation theorem, we get back the usual continuous CR functions if A is a smooth CR manifold.
In general, several approximation steps may be required in order to obtain the Fréchet sheaf 0,
its definition involving a general construction by transfinite induction, which was pioneered by
Rickard ([28]). To our knowledge, the question of the ordinal number of steps needed in gen-
eral remains open, although we got some partial results and conjecture that countably many are
sufficient when A is a manifold.

In some cases, O, may even coincide with the sheaf of germs of continuous functions (by Stone-
Weierstrass theorem this is the case when A is a totally real submanifold). Thus, we seek geometric
conditions on A ensuring that sections of 6, share some properties of the holomorphic functions.
Following the work of several authors building on seminal work [30] by Rothstein, we introduce
and study the notions of set-theoretic z2-pseudo-convexity and ¢-pseudo-concavity. As our first
major results, we obtain in §3, §4 sharp maximum modulus principles on set-theoretically weakly
1-pseudo-concave locally closed sets. One attractive feature of set-theoretic ¢-pseudo-concavity is
its more natural behaviour under slicing by complex objects, as compared to the corresponding
notion for CR manifolds. We get in particular immediate corollaries for submanifolds carrying
CR-singularities.

Having established the maximum modulus principle for set-theoretically weakly pseudo-
concave sets, we turn to extension theorems. Our motivation stems from two fundamental
problems on holomorphic extension from a (generic) CR submanifold M of C", namely whether
CR functions admit holomorphic extension (i) to an open wedge attached to M near some ref-
erence point or (ii) to a full neighbourhood of that point. While the first problem is completely
understood in terms of CR orbits, see [25] for a survey and references, there is still no general
geometric characterisation of the local version of Property (ii). On the other hand, there is com-
plete understanding of several classes of examples ([8, 16, 27]), justifying our interest in extension
results for LACR functions on manifolds with generic CR-singularities.
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‘We consider first submanifolds M C X carrying isolated CR-singularities, a quite natural situ-
ation in codimension 2, which motivated considerable recent research activity (see, e.g. [11, 18,
22]). Here, we investigate local holomorphic extension to full neighbourhoods in X. For CR mani-
folds, this problem is intimately linked to regularity theory and to weak pseudo-concavity (see [27]
and references therein), the general intuition being that extension to full neighbourhoods (or the
equivalent concept of CR-hypoellipticity) should be equivalent to weak pseudo-concavity com-
plemented by a certain amount of nonintegrability of the holomorphic tangent bundle. Here, we
prove that set-theoretic weak pseudo-concavity at an isolated CR-singularity is a sufficient condi-
tion, provided that M has the local holomorphic extension property at all sufficiently close nearby
points. We generalise this result to CR singularities of positive dimension satisfying appropriate
geometric properties.

The construction of examples of manifolds carrying non-isolated CR singularities requires
some preparation. In the final section, we present a general method that generates large classes of
them. A crucial tool is the Gauss map of a smooth real submanifold of complex euclidean space.
It allows us to control non-isolated CR singularities via transversality properties, and thereby
gives insight into the question to which extent the desired properties are stable under appropriate
small deformations. As a by-product, we extend transversality results of [12, 18] to submanifolds
of codimension larger than two. Let us finally mention that the study of submanifolds with CR
singularities, often considered from a topological point of view, has recently become an active
research area of its own.

1 | SET-THEORETICAL PSEUDO-CONVEXITY AND CONCAVITY
Let f},..., f,, be holomorphic functions on an open subset U of CV. The set

Z={z€U|f(2)=0,..,[,(z)=0} 1.1

of their common zeros is called an analytic subvariety of U. Denote by O, the sheaf of germs of
holomorphic functions on U and by .#, its ideal subsheaf generated by f1, ..., f,,,. The quotient
sheaf Oy, /.#, induces a sheaf of rings 0, on Z. The ringed space (Z, 0) is a local model. A complex
space (see, e.g. [15]) is a Hausdorff ringed space (X, Oy) such that each point p of X has a neigh-
bourhood w, with (cw,, Ox| cup) isomorphic to a local model. We say that the local model (Z, 0,)
is reduced if .7, consists of the germs of holomorphic functions vanishing on Z and call (X, Oy)
reduced if all its local models are reduced. This is equivalent to the fact that the ideal Ny of nilpo-
tent germs of Oy is trivial. The dimension of (X, Oy) at a point p € X is the Krull dimension of
the local ring Oy ,. In the following, while considering a reduced complex space (X, Ox) of pure
dimension n, we will often simplify notation by omitting to indicate the structure sheaf Oy.

For the classical notion of ¢-pseudo-convexity/pseudo-concavity for smooth complex mani-
folds, we refer, for example, to [14].

Let A be a locally closed subset of a reduced complex space X of pure dimension 7.

Lemma 1.1. For a point p of A, the following are equivalent:

(1) There is an open neighbourhood w, of p in X, a local model (1.1)

z . (wp7(9X|cup) :) (Z7OZ)’
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and a smooth function p € C*(U, R) such that for some open subset co; of Xwithp € co; € w,
z2(Anawy) € {p(2) < p(z(P)} 12)
i~100p(z(p)) has at least N — ¢ + 1 positive eigenvalues. '

(2) Foreverylocal model (1.1) at p, we can find a smooth function p € C*(U, R) for which (1.2) holds
true.

Proof. Assume that we have two local models at p and that the first one satisfies (1.2) with
m; = w,. We can assume that they are defined on the same open neighbourhood w, of p in X by
functions z; = ¢; € Ox(w,) (1 <i < N)and z; = §; € Ox(w,) (1 < i< N’),yielding the respective
isomorphisms with the local models. Let us consider the immersion

¢ty 24— 1@ s (@ P1(@)s e by (@) € UX U’ € VY

The pullbacks to Z of the coordinate functions zi, s zj’v, belong to 0,(Z) and are hence, on a
neighbourhood of z(p) in Z, restrictions of functions g, ..., gy, defined and holomorphic on an
open neighbourhood of z(p) in U. By shrinking, we may assume that they are defined on U.

Then, z] — ¢(2),..., Zzlv’ — gy(z) are holomorphic on U xU’ and vanish on Z” =
{($(@, (@) | q € wp} C U x U’. Since we assumed that (1.2) holds for the local model (Z, ©,),
then the complex Hessian of

N/
p(z,2)) = p(z) + Y Iz] — g(2)I?
i=1

has at (z(p), z'(p)) at least N + N’ — ¢ + 1 positive eigenvalues.

As we did for the zlf , after shrinking, we can assume that the pullbacks of the coordinates z;
to Z' are restrictions of holomorphic functions g{, s g]’\, which are defined on U’. They yield
holomorphic functions z; — gl.' (z') on U x U’ that vanish on Z”, for 1 < i < N. The map

Usz - (J@)Z)euxU’

is a holomorphic immersion mapping Z’ to Z”". Then, the pullback of p to U’ satisfies (1.2) for the
local model (Z', 6,,). O

Based on similar arguments, one can intrinsically introduce the notions of smooth functions
and of smooth ¢-plurisubharmonic functions on complex spaces, see, for example, [14].

Remark 1.2. Condition (1.2) is equivalent to

{z((A N \{ph < {p(2) < p(z(p))}, (1.2))

77190p(z(p)) has at least N — ¢ + 1 positive eigenvalues.

Indeed, (1.2) is still satisfied on a smaller neighbourhood of p after substituting pby q — (p(q) —
€ Zﬁvzl 1z;(qQ) — z;(p)|*) for 0 < e < 1.
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Definition 1.1. Let p € A. We say that A is set-theoretically ¢-pseudo-convex at p if conditions
(1.2) in Lemma 1.1 are verified.

‘We say that A is set-theoretically weakly ¢-pseudo-concave at p when it is not set-theoretically
¢-pseudo-convex at p.

‘We will drop the clause ‘at p’ when the conditions hold at all points.

Remark 1.3. We can define a category whose objects are locally closed continuous embeddings
(1 : A & X) of an abstract Hausdorff space A into a reduced complex space X and identify two
elements (1 : A< X) and (/ : A’ & X') if there is a third (" : A” < X'"), homeomorphisms
A o A" A" & A" and holomorphic immersionsj : X" & X andj’ : X" & X’, which make the
following diagram commute:

One can easily check that this is, in fact, an equivalence relation. The objects of the quotient
category can be considered as abstract locally closed subsets of reduced complex spaces.

By Lemma 1.1, if (A < X) and (A’ & X') are equivalent objects of the category of Remark 1.3,
then A is set-theoretically ¢-pseudo-convex/pseudo-concave at a point p of A if and only if A’
enjoys the same property at the corresponding point p’ of A’. This was the reason for not explicitly
mentioning the ambient space X in Definition 1.1.

For example, if X is an n-dimensional complex manifold, the closure of a strictly pseudo-convex
domain D € X is set-theoretically ¢-pseudo-convex, for all 1 € ¢ < n, ateach p € 0D and weakly
n-pseudo-concave at each p € D.

1.1 | Complex subvarieties and smooth real submanifolds of complex
manifolds

Let A be an analytic subset of the reduced complex space X and p a point of A. If dimq(A,p) = d,
then A is weakly set-theoretically pseudo-concave at p for all ¢ < d. If, moreover, p is a regular
point of A, then A is set-theoretically z-pseudo-convex at p for all » > d.

Vice versa, we have:

Lemma 1.4. Let A be a C2-smooth submanifold of a complex manifold X, with complex structure
J :TX — TX. If A is set-theoretically weakly ¢-pseudo-concave at p, then dimg (T,A N J(T,A)) > 24.
In particular, the real dimension of A is at least 2.¢ and a real 2-¢-dimensional submanifold A of X
which is set-theoretically weakly ¢-pseudo-concave at all points is a complex submanifold of complex
dimension ¢ of X.

35UBD1T SUOWILLOD dAIERID 3|edt|dde auyy Ag pausenob a1e SSPILE YO ‘38N JO S3|NJ 10§ AIg17 UIIUO AB|IAA UO (SUOIIPUOO-PUE-SWBIAL0D"AB | 1M ARG 1BUUO//SANY) SUORIPUOD U SWIB | 84} 39S *[5202/90/0T] U0 Ariqiauliuo A8|1M *AHSIAIUN UBPSMS PIIAl A SETOL SW(/ZTTT OT/10p/Woo" A3 1M Aeiq 1 U1 |uo-d0syIewpUo|//:sdny Wwoly papeoumod ‘S ‘G20z ‘06LL697T



6 of 41 | NACINOVICH and PORTEN

Proof. Letm = dimp(A). We can assume that Xis an open ballin C", centredatp = 0 € A,and A =
{1 =0,...,pq = 0}, with d = 2n — m, for smooth real-valued functions p, ..., p; € C*(X) with
dp(z) A -+ Adpgy(z) # 0 for z € X. For all € > 0, we have

d
AC {re =p; +e! Zpiz—allzll2 <O}.

i=1

For sufficiently small positive €, the complex Hessian of r, is positive-definite on the C-linear
span of dpy, ..., 9p,, having complex dimension n — dimc(T,A N J(T,A)). This observation yields
the statement. ]

By a classical result of Hartogs, the last statement of Lemma 1.4 is still valid for continuous
submanifolds.

Corollary 1.5. A complex analytic subvariety of pure dimension ¢ of a complex manifold X is set-
theoretically weakly ¢-pseudo-concave.

Proof. Let A C X be a complex subvariety of X, of pure dimension ¢, and p a point of A. Assume
by contradiction that there is a smooth real-valued p, defined on a neighbourhood U of p in X
whose Hessian z~10dp(p) has at least n — ¢ + 1 positive eigenvalues, vanishing at p and such
that A \{p} C {p < 0}. Then, we can find a smooth (n — ¢ + 1)-dimensional smooth submanifold
Y of an open neighbourhood of p in X, with p € Y and such that the restriction p’ of p to Y is
strictly plurisubharmonic on Y. We can also assume that’ Y M, A. Transverality means that, if
Zy, ..., Z, are holomorphic coordinates at psuch thatY = {z; =0, ..., Zyq = 03, then (z, ... ,z¢_1)
define a regular sequence in @, ,. Then, A’ = AN Y is a complex curve in Y and the fact that the
subharmonic p|,, has an isolated maximum at p yields a contradiction (see, e.g. [33]). O

Let A be a locally closed real smooth submanifold of a complex manifold X. Each point p of A
has an open neighbourhood U, in X such that

ANU, ={q€X|p;(@ =0, ..., pr(q) = 0}, 1.3)

with py, ..., P € C®(Up, R), dpi (@A - Adpy(q) # 0 for q € U, the integer k being the real
codimension of A in X. The complex linear space

TLOA = {w € TLOX | 8p;(w) =0, j = 1,...,k}

(holomorphic tangent to A at p) is independent of the choice of the locally defining functions
P1,--» Pk~ Its dimension, that we will indicate by dim (A, p), is the CR-dimension of A at p. The
map p ~ dimgx(A, p) is upper semicontinuous on A. We say that at the point p the submanifold
Ais

* CR -regular if dim (A, -) is constant on a neighbourhood of p;

* CR -singular otherwise.

TIfY;, Y, are two smooth submanifolds of a manifold X and p € X, the symbol Y; My Y, means that they are transversal at
p, that is, that eitherp ¢ Y, nY,,orp € Y; N Y, and T, Y; + T,Y, = T X. We write Y; MY, if YM,Y, forallp € X.
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Set, for ¢ = (¢, ..., ¢,) € RK, p, = Zle ¢;p;. For all C > 0, we have

k
AnUpg {qEUp pc(q)+czp12(q)<0}

i=1

Lemma 1.6. If the complex Hessian i-d0p, has ¢ positive eigenvalues on T%,’OA, then A is
set-theoretically ([dim g (A, p)] — ¢ + 1)-pseudoconvex at p.

Proof. Indeed, for sufficiently large C > 0, the number of positive eigenvalues of the complex
Hessian of

k

q-p(@) +C )’ pi(Q) *)
i=1

at p is the sum of dimg X — [dim (A, p)] and of the number of its positive eigenvalues on
T0A, .
p

Vice versa, a smooth p satisfying the first line of (1.2") and vanishing at p is bounded from below
by a function of the form (). This yields

Proposition 1.7. Let A be a locally closed real smooth submanifold of a complex manifold X, locally
defined by (1.3) near its point p.

Then, A is set-theoretically weakly ¢ -pseudo-concave at p if and only if, for all ¢ € R, the complex
Hessian i-9p,(p) has at least ¢ non-positive eigenvalues on T;’OA.

The fact that the complex Hessian i-9dp.(p) has at least ¢ non-positive eigenvalues on T;’OA is
usually referred to as weak ¢-pseudo-concavity.

Thus, Proposition 1.7 can be restated in the form “For smooth real submanifolds of com-
plex manifolds the notions of weak «-pseudo-concavity and set-theoretic weak -pseudo-concavity
coincide.”

1.2 | Intersections with complex submanifolds

Slicing is an important tool we will employ for studying properties of set-theoretically weakly
pseudo-concave locally closed subsets. We prove here the following lemma.

Lemma 1.8. Let A be a locally closed set-theoretically weakly ¢-pseudo-concave subset of a complex
manifold X and Y a complex submanifold of codimension d in X. Then, the intersection ANY is
set-theoretically weakly (¢ — d)-pseudo-concave.

Proof. We argue by contradiction, assuming that A NY is not set-theoretically weakly (¢ — d)-
pseudo-concave at some point p,. This means that there is a smooth real-valued function p,
defined on an open neighbourhood w of p, in Y, vanishing at p,, whose complex hessian at p,,
has at least

m-d)—(g—-d)+1=n—-¢+1
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positive eigenvalues and such that
©NYNAN{p <0} = {pyh

We can as well assume that A is a closed subset of the euclidean ball X = {z € C" | |z| < 1}, that
the point p, is 0 and that Y is the complex (n — d)-plane {z; = 0|1 < i < d}. The function p lifts
to a smooth real valued function, independent of z,, ..., z;, defined on the cylinder cdxwinC",
whose complex hessian has at least n — ¢ + 1 positive eigenvalues on all (n — d)-planes parallel
to Y. For real C > 0, we consider the functions

d
pc2) = p(z) = C Y |z
j=1

Let0 < r < 1besosmallthat{|z| < r} N Y} € w. Since pis strictly negativeon ANY n{|z| = r},
it stays negative on a neighbourhood and we can find ¢;,¢, > 0 such that p-(z) < —¢; if |z| =1
and Z;l:l 1z; 12 < e%. As pisbounded on {|z| = r}, by taking C > 0 sufficiently large, we can obtain
that p-(z) < —¢; < 0on A Nn{|z| = r}. Because p-(0) = 0, the restriction of p- to A N {|z| < r} has
anon-negative maximum c; at some point with |z| < r. Since the complex hessian of the function
pc hasatleastn — ¢ + 1 positive eigenvalues at all points of {|z| < r}, theinclusion A n{|z| < r} C
{pc < ¢p}yields a contradiction, proving our statement. O

Analogous slicing results were already known in the case of embedded pseudo-concave CR
manifolds, under the additional assumption that Y is transverse to the holomorphic tangent space
HpM ateach p € M NnY, ensuring that M NY is still a CR manifold.

Example 1.9. Lemma 1.8 may be used to construct submanifolds which are set-theoretically
pseudo-concave and CR-singular at some point. We start from the rigid n-pseudo-concave CR
submanifold

Yval = |z)2 - |w)?,
Ztat=Y" (2w + 2 w),
=@wlu?)e? z,we "

of C¥*2 = C2 X CI X Cl.

For real k >0, the complex hypersurface Y, = {ku! =iu?} is transversal, but not CR-
transversal to M at 0. Hence, the intersection M; = M NY, is a smooth submanifold, which is
not CR at 0, but is still set-theoretically weakly (n — 1)-pseudo-concave.

Taking holomorphic coordinates ul,z,won Y, we get

|z — |wl?,
= i(w*z + z*w).

=
£
—
S &
— =
|+
I~
— =
1l

The two differentials

du! — fw*dz — Lz*dw,

{du1 —z*dz + w*dw,
K %
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{z =—zw,
=L
W=z

This shows that 0 is an isolated CR-singularity for k # 1, while for k =1, the locus of
CR-singularities is the complex n-plane {w = iz, u! = 0, u> = 0}.

To study the stability of these CR-singularities, we consider the Gauss map y : p+— T M,
thought, by using the affine structure of Y, as taking values in the Grassmannian Gri'fn (Yy) of real
4n-dimensional subspaces of Y. Being Y; ~ R***2, the Grassmannian Gri'fn(Yk) has real dimen-
sion 8n and contains the grassmannian Gr,, (Y, ) of its complex 2n-dimensional linear subspaces
as a submanifold of real dimension 4n.

We claim that y is transverse to Gr,,(Y,) at the point {u = 0} if k # 1. In these cases,
transversality implies that CR-singularities cannot be removed by small deformations of M.

To check the claim, we use Garrity’s transversality criterion [18] (see also [11]). It relies on the
fact that every 2-codimensional submanifold tangent to the (z, w)-space at O can be represented

as
z z

u=(z" u‘)T)R< > + Re((zT wT)P< >) + 0(|(z, w)|?),
w w

with complex 2n X 2n matrices R and P. In general, this may require a further quadratic coordinate
ikT,,
_IZn

are linearly dependent at points where

change, but in our simpler case, we directly get R = (llzz ) , P = 0, with zero error term. By

Garrity’s criterion, transversality at O is equivalent to the fact that R has non-zero determinant
and one easily verifies that this happens when k # 1. We will come back to CR singularities in §7.

2 | LOCALLY APPROXIMABLE GENERALISED CR FUNCTIONS
2.1 | Closure operations on sheaves of continuous functions

Let A be a first-countable Hausdorff space. Denote by C, the sheaf of germs of continuous
complex-valued functions on A, by €, its total space, spread over A, and let H be any subset
of €. For U°P™ C A, we use the notation H(U) for the set of sections feC(U) such that, for each
x € U, the germ f ) belongs to H. We define the local uniform extension H® of H to be the set of all
germs [ having, for some neighbourhood U, of x in A, a representative f€C,(U,), which is on
U, the uniform limit of a sequence {f,} C H(U,) on compact subsets of U,.. The correspondence
H — HE is a closure operation in the sense of [28]: this means that the following are satisfied:

o =g, 6)
H CHE, VH CG,; (ii)
Hy CH, C Gy = HECHE. (iii)

When U — H(U) is a sheaf, its uniform extension U — H¢(U) is also a sheaf.
We say that H is locally uniformly closed if H = H°.
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The local uniform closure H(®) of H is the smallest locally uniformly closed subset of € , contain-
ing H. In fact, #(©) may be larger than ¢ (see Example 2.7 below). Local uniform closure enjoys
the following basic property (see [28, Prop.8.1]): By employing transfinite induction, one can
uniquely associate to every subsheaf H of C, an ordinal u and a resolution {H, | v < u} consisting
of a well-ordered family of sheaves, such that

MHy=H, H,=H, ()

M, G Hy ifo<a<p=yu (i)
c

M, = (Umﬂa) for v < . (iif)

It is convenient to define H,, also for larger ordinals, by setting , = H,, for a > u.

If A is a o-locally compact” Hausdorff space, then for each open subset U of A, the space C,(U)
of continuous complex valued functions on U is Fréchet for the topology of uniform convergence
on compact subsets of U. We recall that a sheaf S of vector subspaces of C, is Fréchet if we can find
abasis U = {U,} of open sets in A such that S(U;) is a Fréchet subspace of C,(U;) for all indices i.

Lemma 2.1. If A is a o-locally compact Hausdorff space, then the uniform closure H'© of any
subsheaf of vector spaces of C, is a Fréchet sheaf.

2.2 | CR functions generated by local approximation

Let X be a complex manifold. Denote by Oy the sheaf of germs of holomorphic functions on X,
by Oy its total space and by my : Oy — X its spread over X. We apply the notion of local uniform
extension and closure introduced in §2.1 to define continuous CR functions on rather general
subsets of X.

Let A be a locally closed subset of X and Oy|, the induced sheaf on A by the inclusion map
A & X (cf. [19]). By evaluating at points of A, we obtain a morphism of Oy|, into a subsheaf of
vector spaces O of Cy.

Definition 2.1. We define the sheaf 6, of germs of continuous CR functions generated by local
approximation (in the sequel, for short, LACR) to be the local uniform closure @E\C) of O,.

We have (see, e.g. [6])
Lemma 2.2. For any locally closed A C X, O, is a Fréchet sheaf.

We will indicate by 0, , the terms in the resolution of §2.1 with first term 0, , = O, and use
‘| o’ to signify ‘restriction to A’, for example, of a continuous function defined on a subset E of the

ambient space X to the intersection E N A.
LACR functions are well behaved with respect to restrictions.

A topological space is said to be o-compact if it is the union of countably many compact subspaces and o-locally compact
if it is both o-compact and locally compact.
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Lemma 2.3. If A, B are locally closed subsets of a reduced complex space X, with AC B, then
(O)y|p €(O4), for all ordinals a.

In particular, restriction of functions yields a morphism 'rf : Og — O,, which is continuous with
respect to the natural Fréchet structures.

Proof. We prove the statement by transfinite induction. It is clear, in fact, that all germs of 0, at
a point p of A are restrictions of germs of 0.

Let a>0 and assume that Og g A C Opp for B<a. If f € Og ,(U N B) for an U open in X, then
for each point p of U N A, we can find an open neighbourhood U’ of p in X and sequences {f3 i of
ordinals smaller than o, {f;} with f; € @B,B,—(U’ NB), such that f;— f uniformly on compact sub-

sets of U'NB. By the inductive assumption, f

€ Oy 5,(U’ NA) and, since f; converges
U'nA o+ Tlu'na
to flysna uniformly on compact subsets of U'NA, this means that f|i s € Oa o(U'NA). This is
true for all points p of A, proving that O ,|, C O, ,. Since this is true for all ordinals «, it follows
that Og|, CG6,.Since Og and O, are Fréchet subsheaves of C and C,, the restriction map is still

continuous for their Fréchet structures. O

Example 2.4. If A is a reduced complex analytic subvariety of a complex manifold X, then @, is
a Fréchet sheaf (see, e.g. [32, Theorem 11.2.5]) and hence 0, = 0,.

Example 2.5. If A is a smooth CR submanifold of a complex manifold X, the Baouendi-Treves
approximation theorem [7] implies that LACR functions are the same as usual continuous CR
functions and 6, = Oy ;.

Remark 2.6. The concept of LACR function naturally extends to hypo-analytic structures as con-
sidered in [7], by replacing holomorphic functions by hypo-analytic ones at the beginning of
the construction.

The smallest ordinal u for which 6, = Op , may be larger than 1.

Example 2.7. Let A be a smooth real surface properly embedded in a 2-dimensional complex
manifold X. The complex points of A are those p for which T, A is a complex line. In suitable holo-
morphic coordinates centred at its isolated complex point p, the real surface A can be represented
by

z, = |z, +v(z] + 21) + O0(Iz,*) = (1 + 29)x] + (1 — 2y)y; + O(|z,|*), (2.1)

for a real y > 0, which is a local biholomorphic invariant. Following [10], p is called an elliptic,
parabolic or hyperbolic point if y < 1/2,y =1/2 or y > 1/2, respectively. Elliptic and hyperbolic
complex points are isolated and stable with respect to small deformations of A.

Let us assume next that A is in generic position, meaning that its complex points are isolated and
either elliptic or hyperbolic. It is known that on A, each totally real point has a fundamental system
of open neighbourhoods on which every continuous function can be uniformly approximated by
restrictions of holomorphic functions. By [17], the same holds at hyperbolic complex points. This
implies O, = (0,); = C, if A has only hyperbolic complex points.

To examine the local geometry at an elliptic complex point p, we can assume that X is a ball
around p = 0 in C2. In [10], Bishop shows that there is s, > 0 and a family of complex discs A,
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0 < s < s, attached to A at 0. More precisely, A : D — C? is continuous on the closed unit disc
D, holomorphic in its interior and maps the unit circle into A. Moreover, it may be arranged that
A, is continuous on D X [0, s, ], injective on D x (0, s,], while A, = 0.

If f is the uniform limit on a neighbourhood V of 0 in A of a sequence of functions that are holo-
morphic on some open neighbourhood of V in C?, then the maximum modulus principle implies
that, for s sufficiently small, f o A({), [{| = 1, has a continuous extension which is holomorphic
on D. Thus, (0,); is a proper subsheaf of C;;. On the other hand, if we fix a continuous function
on C2, which equals 0 for |z| < (1/2) and 1 for |z| > 1, then for a continuous g € C,,(V) and any
positive integer v, the function ¢,(z) = g(0) + x(v-z)(¢9(z) — g(0)) belongs to (0, ),(V), being con-
stant on a neighbourhood of 0, and the sequence {g,} converges uniformly to g on V. Therefore,
(Op)o G (Op); G (O4), = C, when A has elliptic complex points.

Finally, we observe that A is set-theoretically 1-pseudo-convex at every p € A. This is well
known for p totally real. Otherwise we rewrite (2.1) as

2, = |z +1(2] + 2) + 9(21, 2)) + ih(z2, 2)
with real-valued third-order terms ¢ and k. The hypersurface
{x, =lz,1* + Y(Z% + Z%) + 9(z1,21)}
(which contains A) is strictly pseudo-convex at 0.
Example 2.8. When k is a positive integer,
A=A ={z€C|x; =z, + 2, y; = 0}

is a C®-smooth real 4-dimensional submanifold of C3, having an isolated CR-singularity at 0 and
is a generic CR manifold elsewhere. We consider on A a gap sheaf @NA’[O], defined by

Onj0](U) = Oo(U\{0}) N CA (D).

SetU,=An{x; <eL H={y; =0LH,={(|z|*+ |22|2)k < X3 <€, y3 = 0}. Slice-wise applying
the Hartogs-Bochner theorem yields unique extension from 6, [4)(U,) to Gy (H,) N C(H, U U,).
Since O = (Oy), and since restrictions of (0y), functions are of class (0,),, approximation
of LACR functions on A by the values of their extensions on {x; = (|z;|> + |22|2)k +7, y; =0},
where 7 | 0, shows that O, = (0p), = 04 (o)

For k = 2, higher regularity is not preserved by CR extension. As observed in [22], the restriction
\/x_3 | is of class C*, whereas its extension is only Holder continuous at O.

It may be interesting to study in general when @A’[p] equals 0,. In §6, we will verify this for
a class of manifolds generalising Example 2.8. One may wonder whether set-theoretical weak
1-pseudo-concavity is enough, which would amount to a generalisation of the Riemann remov-
ability theorem. However, the following simple example shows that at least some ‘normality
condition’ has to be added.

Example 2.9. Let us consider the complex analytic subvariety

A={z’=w’lc?
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which is set-theoretically weakly 1-pseudo-concave by Corollary 1.5. In this case, the gap sheaf
O [o] is the normalisation of the sheaf O,, which equals 6, (see Example 2.4). The two are differ-
ent because z/w (extended by 0 at 0) defines a global section of 6A,[0]’ whose germ at 0 does not
belong to 0.

Remark 2.10. Let A be a closed subset of a smooth manifold X. Let £x be the sheaf of germs of
smooth complex-valued functions on X and Zy , its subsheaf consisting of germs which vanish to
infinite order on A. The sheaf W) , of germs of Whitney functions (of infinite order) on A is the
quotient sheaf defined by the exact sequence

0 ZX,A (S.X WX,A 0.

Note that, if p, € X\A, then Wx 5 o) = {0}. In general, if we fix any smooth local chart on an open
U C X, then a section f of Wy 4 on U uniquely determines the Taylor series of its representative
in &(U) at points of A N U. The coefficients of these Taylor series need to satisfy extra conditions:
for example, when A is a smooth real submanifold of codimension k in X, p, € A, and, for an open
neighbourhood U of p, in X,

ANU={peU|p) =0, .., p(p) =0},
with
dp(P)A - Adpe(p) #0 VpeEANU,

then germs of Wy , at p, are represented by formal power series

[se]
i i
f= FiniP P *)
i] ik:()

.....

in the transversal variables p,, ..., oy, Whose coefficients f; ; are smooth functions defined on
a common relatively open neighbourhood w of p, in A. We note that from (), we can compute
the Taylor series of f at p, for any choice of smooth coordinates on X about p,,.

When the ambient X is a complex manifold, it is natural (cf., e.g. [26]) to define germs of Whit-
ney CR functions (W CR for short) on A by the requirement that their Taylor series in holomorphic
coordinates are formal series of holomorphic polynomials. When A is a smooth generic CR sub-
manifold of X, the notion of WCR function coincides, by the equivalence of ‘generic’ and ‘formally
non-characteristic for 9’ (see, e.g. [5]), with that of smooth CR function.

The last observation in Example 2.8 shows that instead, when a smooth A carries CR-

singularities, smooth LACR functions on A may not be WCR (see also [20, Theorem 2.4]).

3 | MAXIMUM MODULUS PRINCIPLE I

Example 2.7 shows that the sheaf of LACR functions may coincide with the sheaf of germs of
complex valued continuous functions even in cases where the objects we consider are not totally
real. Our purpose is to show that Conditions (1.2) in Definition 1.1 are appropriate to charac-
terise classes of locally closed subsets of reduced analytic spaces whose LACR functions have
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special properties. We begin by investigating relationships between weak pseudo-concavity and
the validity of local maximum modulus principles.

Proposition 3.1. Let A be a locally closed subset of a reduced complex space X. The following are
equivalent:

(1) A is set-theoretically weakly 1-pseudo-concave;
(2) forevery p € A, there is an open neighbourhood U, of p in A such that

YV e Uy, Yu € Oo(V)NCUV), supy|u| < supg,y|ul; (3.1)

(3) thereis an ordinal o> 0 such that for every p € A, there is an open neighbourhood U, of p in A
such that

VYV e Uy, Yu € Op, (V)N V), supylul < supy, v lul; (3.2)
(4) forevery p € A, there is an open neighbourhood U, of p in A such that
YV e U, Yu € Go(V)NCOV), supy|ul < supg,y|ul. (3.3)

In formulas (3.1)-(3.3), we wrote d, V' to stress the fact that we are taking the boundary of V
with respect to the subspace topology of A.

Proof. As O C 0, C O,, we have (4)= (3)= (2).

We prove that (2)= (1) by contradiction. If A is set-theoretically 1-pseudoconvex at p, then
there is a local model of X at p representing a neighbourhood w;, of p in A as a closed subset
of an open subset U of CN for which there is an f € O(U) with Re(f(p)) = 0 and Re(f(q)) < 0
for q € w, \{p}. Clearly, u = exp(f) violates the local maximum modulus principle (3.1) for p €
VPl € w,,. Therefore, the local maximum modulus principle (3.1) is a necessary condition for
set-theoretic weak 1-pseudo-concavity.

Let us prove that (1)= (4). We will do it in two steps, showing first that (2) is valid and then
extending this result by transfinite induction.

While proving the local maximum modulus principle, we can restrain to the case where Aisa
closed subset of the open ball of C". We show that in this case, (3.1) is true for all relatively compact
open subsets of A. Assume by contradiction that there are an open subset U of A and a function
f € 0A(U) n C°(U) for which (3.1) is false. We can assume that 0 € U and that 1 = maxg | f| >
max;, ;| f|. Let us consider the embedding

¢ UBZ—»(z,f(z))EC”H:CZXCiU.

Fore,c € R and € > 0, the domains Q. . = {Re(w) + €|z|? < c} are strictly pseudo-convex. More-
over, if € > 0 is sufficiently small, the set $(d,U) is contained in Q. for all ¢ > 1. Having fixed

an € > 0 with this property, there is a minimal ¢ > 1 for which ¢(U) C Q cc- In particular, we can
find z; € U with (z,, f(z;)) € 0Q, .. Then, we take a0 < § < ¢, in such a way that

Q' ={z e " |Re(w) +¢|z|> =8|z — z;|* < ¢}
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has still a strictly pseudo-convex boundary. We fix a holomorphic extension f of f on a neighbour-
hood w of z; in X and, accordingly, we extend ¢ to a holomorphic embedding ¢ of w into C**1. We
have (A N w\{z;}) C Q' and §(z,) € dQ/, contradicting the assumption that A is set-theoretically
1-pseudo-concave at z,. This establishes (2).

Let {Op o | 2=t} be the well-ordered family of sheaves, with 05, = O and O, = G,, each
being the local uniform extension of the union of the preceding ones. We will prove by trans-
finite induction that the maximum modulus principle for O, , holds on all V°P¢" € A for o <.
We argue by contradiction. If (3.3) is not valid, then there is a smallest ordinal a < for which we
can find a domain D € X such that, setting V. = D N A, thereisanu € @A,Q(V)OC(Y_/) for which

1 = max,cp|u(z)| > max,cspnalu(2)l. ™
Let
L={zeV]| |ulz)|=1}eV.

By the first part of the proof, we have a > 0, and the maximum modulus principle is valid for
sections of O, g when 0 < § < a. Fix z;, in L with |z,| = max; |z|. By a unitary change of coordi-
nates, we can assume that z, = (k,0, ..., 0), for a real k > 0. Fix an open neighbourhood w of z,
in A, with w € A, for which there is a sequence {u;} with u; € @A’a}_ (w) N CO(®), with 0 < a; <o
and sup,, |u(z) — u;(z)| < 27.

The modulus of the function u(z)- exp(z! — k) on & has an isolated maximum at z,. In
particular, if we fix € > 0 in such a way that {|z — z,| < e)nAEw, then

lu(z) - exp(z! —k)| <1 -5 forsome0 < <1ifz€ Aand |z -z =¢.

If we choose j with 2!~/ < &-e¢, we obtain that, for fi@)=u;(2)- exp(z! — k), we have Ifi(zo) >
MaX e, |z—z,|=|f |- This yields a contradiction, completing the proof of the statement. O

The final argument in the proof of Proposition 3.1 yields the following slightly more general

Corollary 3.2. Let A be a locally closed, set-theoretically weakly 1-pseudo-concave subset of a reduced
complexspace X. Ifu € O,(A) and |u(p)| attains a maximumsin A, then theset L = {p €A | lu(p)| =
s} is set-theoretically weakly pseudo-concave.

Proof. Assume by contradiction that, under the assumptions in the statement, L is not set-
theoretically weakly pseudo-concave. Then, there is a point z, € L, an embedding¢ : U < CN of
some neighbourhood U of z,, with ¢(z,) = 0, and a smooth strictly plurisubharmonic function p
defined near 0 such that p(0) = 0, dp(0) # 0 and (L N U) C {p < 0}. After a quadratic coordinate
change, we may assume that {¢ < 0} is strictly convex at 0, and even that it is an open subset of a
round sphere in CV. Now we got into the situation of the final part of the proof of Proposition 3.1,
and can obtain a contradiction to the local maximum modulus principle as before. O

Inspection of the proof leads to another way of generalising Proposition 3.1. Replacing in the
construction of LACR functions 0, by some sheaf 7, = F, ; of germs of continuous functions on
A, we define 7, = F/(f) and obtain as before a chain of intermediate sheaves ¥, .. The question is
to what extent the validity of a local maximum principle may be a hereditary property. By repeating
the arguments at the end of the proof of Proposition 3.1, we obtain the following.
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Corollary 3.3. If a local maximum modulus principle is valid for an O-submodule Fy of C,, then
it is also valid for F,: this means that the following are equivalent:

(i) forevery p € A, there is an open neighbourhood U, of p in A such that
YVt e Uy, Yu € FA(V)NCV), supy|u| < supy,ylul; (3.4)
(ii) forevery p € A, there is an open neighbourhood U, of p in A such that

YV Uy, Vue FA(V) N CO(V), supy [u| < supg, v |ul. (3.5)

Example 3.4. If A is a set-theoretically weakly ¢-pseudo-concave subset of C", then a local
maximum principle is valid for the sheaf F/(f) obtained by restricting continuous functions
which are holomorphic in the variables z o> Zn This follows from Proposition 3.1 since non-
empty sections AN{z, = cy,..,2,_4 =c,_4} are set-theoretically weakly pseudo-concave, see
Lemma 1.8.

If A is a set-theoretically weakly 2-pseudo-concave subset of C", a local maximum modulus
principle is also valid for the sheaf 7-‘['] obtained by restricting holomorphic functions and allowing
in addition discrete sets of gaps. More precisely, u € Fl ](p) if there is a representative i continuous
on some relative neighbourhood U C A of p such that u|i\,; € OA(U\{p}). To show the validity
of the local maximum modulus principle, first observe that at most countably many sections A N
{z; = c} contain ‘gap singularities’ of a given function, and then deduce the maximum modulus
principle along these sections by continuity.

Example 3.5. Denote by £(E) the set of connected components of a topological space E.

Let A be a locally closed subset of a reduced analytic complex variety X. We call c-negligible
a closed subset B of A such that, for every relatively open subset U of A, the natural map
€(U\B)—L(U) is bijective. Then, we can define the gap sheaf O, [g) by setting

O 15](U) = CA(U) N O5(U\B), VU openinA.
Then, (3.4) is valid for Fp = O [g)

Now we are ready to prove a global maximum modulus principle for LACR functions on locally
closed subsets of reduced complex spaces.

Theorem 3.6. Let A be a set-theoretically weakly 1-pseudo-concave locally closed subset of a reduced
complex space X on which a global strictly plurisubharmonic function p is defined. Then, for every
relatively compact open subset D of A, we have

max,ep | f(2)] = max,e;,plf(2)l,  Vf € Go(D) N CO(D). (3.6)

Note that p is not required to be an exhaustion function. Looking at the example where
X = C x CP! with coordinates (z, (w, : w,)), the weakly 1-pseudo-concave hypersurface A = R X
CP!,D = (-1,1) x CP! € X, and takingu = e~7°, we see that some global assumption on X cannot
be avoided.
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Proof. 1t is convenient to begin by preparing the function p. By the definition of plurisubhar-
monic function on complex spaces, there is a countable locally finite covering of X by subdomains
X;, each equipped with a proper embedding ¢; : X; < U; into an open subset U; of C", such
that each p; = po (¢ j)‘1 has a strictly plurisubharmonic extension §; € CZ(UJ-). By generic and
consistent deformations of the f;’s, followed by slight shrinking of X; and U, we may achieve
that the §;’s are Morse functions. Replacing n; by n; + 1, we may even assume that the $;’s do not
have critical points, after adding an appropriate strictly subharmonic function depending only on
the new variable.

To argue by contradiction, we assume that there is a relatively compact open subset D of A and
a function u € G,(D) N C°(D) with

1 = maxg |u| > max;, p |ul.

As in the proof of the previous lemma, we consider L = {p € D | |u(p)| = 1} € D and pick a point
Po € L at which p|; attains its maximum.

LetX; be a member of the covering {X;} containing p,. The rest of the proof is a local argument
dealing only with A" = ¢; (AnX; ), L' = ¢; (LN X; ) and p = p; . Note that the push forward
fi=uo(p j)‘1 is an LACR function. Certainly, we may deform p so that {$ = p(p;)} N L" = {p,}.
Hence, L’ touches the smooth strictly pseudo-convex hypersurface {p = p(p)} from the pseudo-
concave side at an isolated point, and we get a contradiction to Corollary 3.2. This completes the
proof. O

A natural example of a weakly 1-pseudo-concave set can be obtained by taking, for a compact
K in C", the essential part K\K of its polynomial hull, considered as a closed subsets of C" \K. In
this case, our maximum modulus principle generalises the local maximum modulus theorem in
Rossi’s paper [29].

Condition (3.6) in Theorem 3.6 is, in fact, by Proposition 3.1, necessary and sufficient:

Theorem 3.7. Let A be a locally closed subset of a reduced complex space X on which a strictly
plurisubharmonic function p is defined. Then, the following properties are equivalent:

(a) A is set-theoretically weakly 1-pseudo-concave.
(b) Forany domain D € A, we have

max 5 |u(p)l = max,cs plu(P)l, Yu € G,(D)N c(D). (3.7)
(c) Thereis an ordinal a = 0 such that for any domain D € A, we have
max 5 |u(p)l = maxyes, pluP)l,  Vu € Op4(D) N c(D). (3.8)

Notation 3.1. We will denote by W ,(A) the set of points where A is set-theoretically z-pseudo-
convex.

Theorem 3.8. Let A be a compact subset of a reduced complex space X on which a strictly
plurisubharmonic function p is defined. Then, ¥,(A) # @ and we have

max,|u| = sup,ey, a)[U)l, Yu € Go(A\W;(A) N CO(A). (3.9)
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Proof. The point p, where p attains its maximum on A belongs to ¥, (A), which therefore is
non-empty. If A =¥,(A), then there is nothing to prove. Assume that A#¥,(A) and let u €
OA(A\P,(A)) N CO(A). Set

L={p €A |u(p) = maxy|ul}.

By Corollary 3.2, if L N ¥, (A) = @, then L is set-theoretically 1-pseudo-concave. This yields a con-
tradiction, because the compact subset L is set-theoretically 1-pseudo-convex at points where the
restriction of p to L has a maximum. Hence, L N ¥, (A)#f, and therefore, (3.9) holds true. O

We get a slight strengthening of (3.9) by setting B = A\int,(¥,(A)), where int, denotes the
relative interior. Since 6, ¥; (A) = ¥, (A)\int, (¥, (A)) is contained in ¥, (B), we obtain

maxg|u| = max,, g a)lul, Yu € Oo(A\¥;(A) N CO(B).

4 | MAXIMUM MODULUS PRINCIPLE II

We may use Theorem 3.6 as a first step in the proof of a maximum modulus principle for
LACR functions on locally closed subsets of reduced complex spaces satisfying weaker global
assumptions.

Theorem 4.1. Let 12, ¢ be positive integers, X an n-dimensional complex manifold on which one can
define a global C?-smooth real-valued function whose complex Hessian has at each point at least n —
72 + 1 positive eigenvalues, and A a set-theoretically weakly ¢-pseudo-concave locally closed subset
of X. If ¢ > p, then the maximum modulus principle for LACR functions holds on A. This means
that, for every relatively compact domain DEA,

max 5u(p)| = max,e;, plu(p)l,  Vu € Oo(D) N C(D). (41)

Proof. We argue by contradiction. Assume that there are a relatively open subset D of A with
D € A and a function u € 6,(D) N C(D) for which (4.1) is not valid. Then,

L={p e D||u(p)l = maxg|ul}

is compact, and therefore, there is p, in L with p(p,) = max; p. We choose local coordinates (U, z)
centred at p, such that on the (n — 2 + 1)-dimensional complex linear subspace Y = {z = 0, 1 <
i < 2 — 1}, the complex Hessian of p is positive definite.

By Lemma 1.8, we know that B:=A NY is set-theoretically weakly pseudo-concave. But the
restriction of p to Y is strictly plurisubharmonic and then LN B C Y n{p < p(p,)} shows that
LnB={peB||ulp)| = |lu(py)|} is not set-theoretically weakly pseudo-concave, contradicting
Corollary 3.2. O

If K is a compact subset of C", then every holomorphic curve with boundary in K is contained
in its polynomial hull. Theorem 3.7 yields the following generalisation of this fact.
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Corollary 4.2. Let M be a locally closed C*-smooth weakly 1-pseudo-concave submanifold of C"
and KeC" compact. Then, every component of M\K which is relatively compact in M is contained
ink.

Theorem 4.3. Let z be a positive integer and X an n-dimensional complex manifold on which one
can define a global C?-smooth real-valued function whose complex Hessian has at each point at least
n — 7 + 1 positive eigenvalues and A a compact subset of X. Then, ¥ ,(A) # @ and

lu(p)l < supy (alul, Vu e GA(A\W ,(A) N CO(A). (4.2)

Proof. Let p be a C?> smooth real-valued function on X whose complex hessian has everywhere
n — 7z + 1 positive eigenvalues. The points of A where p|, has a maximum make a non-empty
subset of v, (A).IfA = v, (A), then there is nothing to prove.

Assume that A# W (A) and let u € G,(A\¥ ,(A)) N CO(A). Set

L={p €A |u(p)| = maxy|ul}.

Assume by contradiction that L n'¥ ,(A) = #. Fix a point p, in L where the restriction of p to L has
a maximum and take an (n — 2 + 1)-dimensional complex submanifold Y of X containing p, and
such that the restriction of p to Y has a positive-definite complex hessian at p,. The intersection
YN (A\W¥,(A)) is a closed subset of Y which, by Lemma 1.8, is set-theoretically pseudo-concave.
Then, L N'Y should be set-theoretically pseudo-concave at all points because of Corollary 3.2. This
contradicts the fact that L n'Y C {p < 0}. We proved that L N'¥ ,(A) # @ and this implies (4.2). []

An analogous refinement as the one following Theorem 3.8 is valid.

5 | APPLICATIONS TO CR MANIFOLDS

Recall that a C2-smooth real submanifold M of a complex manifold X is CR if the dimension of
HoM = T,MNJ, T M (here J: TX—>TX is the almost complex structure of X) does not depend on
p € M. If M is a CR submanifold, then HM = UpeMHpM is a real vector subbundle of TM. The
characteristic bundle H'M C T*M of M is the annihilator bundle of HM. The restriction to HM
of the complex structure J of X defines a complex structure on the fibers of HM and we call the
integers

ny, = rankc HM and d,; = ranky H'M = dimz; M — 2n,,

its CR-dimension and CR-codimension, respectively. The vector-valued Levi form L), : HM —
TM/HM is defined by

H,M 3 X — L£y(X) = [JX, X](p), mod H,M,

where X is any smooth HM-valued section extending X. For £ € HgM, the &-directional Levi form
is

£:,(X) = (£ [IX,XI(p)) = (& L1y(X)).
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Definition 5.1. We say that M is weakly ¢-pseudo-concave at p € M if for every £ € HgM, the

directional Levi form EFVI has at least ¢ non-positive eigenvalues.

The notions of weak pseudo-concavity of Definitions 1.1 and 5.1 coincide for C?>-smooth CR
submanifolds.

Lemma 5.1. An embedded CR manifold M of class C? is weakly ¢-pseudo-concave atp € Mifand
only if it is set-theoretically weakly ¢-pseudo-concave at p.

Proof. Let X be an n-dimensional complex manifold and M a CR submanifold of class C? of X. If M
is not set-theoretically weakly ¢-pseudo-concave at p, then there are an open neighbourhood U of
pinXandan (n — ¢ + 1)-pseudo-convex real-valued smooth function ¢ on U such that d¢(p) #0
and MNU C {¢ <0} U {p}. Then, & = d°¢(p) € Hg(M) and Eﬁ/l is the restriction of i~1dd¢(p) to
H,M. This Hermitian symmetric form has at least ny; — ¢ + 1 positive eigenvalues on H,M, and
therefore, M is not weakly ¢-pseudo-concave at p.

Conversely, if M is not weakly ¢-pseudo-concave at p, then there is § € HgM and a complex

subspace W of dimension n,, — ¢ + 1 of HgM on which Efw is positive definite. Let § = d°p(p)
for a smooth real-valued function vanishing on M n U,,. We can assume that U}, is the domain of a
coordinate chart (Up, z) in X, centred at p, where M is described as the set of common zeros of real-
valued C2-smooth functions p, ..., Pa,,» With p; = pand dp;(p), ..., py,, (p) linearly independent.
Then, having fixed holomorphic coordinates z, ..., z,, centred ad p, the function

dy
$(2) = p1 + ) P} —elzl’
i=1

has at p, for small € > 0, a complex Hessian with at least n — ¢ + 1 positive eigenvalues and we
can find an open neighbourhood U of p such that M N U cC {¢ < 0} U {p}. It suffices to approxi-
mate ¢ with a smooth real-valued function P with |¢ — ¥| < §|z|?> with 0 < § <« 1 and $(0) = 0,
d{(0) = d¢(0), to show that M is not set-theoretically weakly ¢-pseudo-convex at p. The lemma
is proved. O

Recall that a complex-valued C'-smooth function is CR on M if its differential vanishes on
T%'M = (C ®,, HM) n T>!X.

If M is sufficiently smooth, this condition can be interpreted in the weak sense in order to
introduce the sheaves @1(\)/| of germs of continuous CR functions and O,* of germs of CR distri-
butions on M. If M is C2-smooth, the Baouendi-Treves approximation theorem ([7]) implies that
Oy, = Oy If we only assume that M is of class C?, then we still have the inclusion 6y, ; C 6,;, but
there are both cases in which the two sheaves are equal and cases in which they are not. More-
over, the size of the domains on which a given LACR function can be uniformly approximated by
restrictions of holomorphic functions defined in the ambient space may depend on the individual
function, whereas, according to the Baouendi-Treves approximation theorem, when M is a CR
manifold of class C? it may be taken to depend only upon its domain of definition.

Theorems 3.6, 3.7 and 4.1 yield as corollaries maximum modulus principles for continuous CR
functions on embedded CR manifolds of class C2. For M of class C!, one still obtains maximum
modulus principles for CR functions which are C!'-smooth and continuous up to the boundary.
For later reference, we state the following consequence for CR submanifolds of Stein manifolds.
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Let M be a smooth CR submanifold of an n-dimensional complex manifold X. Denote by M,
the set of points at which M is 1-pseudo-convex:

My = {p € M| 3E € HOM, with £}, > 0},

Corollary 5.2. Let M be a CR submanifold of a complex manifold X on which a strictly
plurisubharmonic function p is defined.

(a) Forevery domain D € M, we have

max__z|u(z)| = max Yu € 0,,,(D) N C(D). (5.1)

2€0DU(DNMycy) |u(2)I,

(b) The maximum modulus principle (3.8) holds for every domain D € M if and only if M is weakly
1-pseudo-concave.

This result was first proved by A. Daghighi and the second author (see the Ph.D. thesis [13]), as
the optimal one in a longer chain of results for embedded CR manifolds. After earlier results in [21]
(mainly sufficient conditions for the maximum modulus principle in terms of barrier varieties),
Corollary 5.2 was proved in [31] for M of class C* and u of class C3. More recently, a refinement
for functions of class C?> was obtained in [9].

6 | HOLOMORPHIC EXTENSION TO AMBIENT NEIGHBOURHOODS

In Example 1.9, we constructed smooth set-theoretically weakly (n — 1)-pseudoconcave subman-

ifolds M,, of codimension 2 in C?**!, having an isolated CR singularity at the origin. Those M), are

actually strictly (n — 1)-pseudo-concave at all points p #0, and hence, if n > 2, all CR functions

defined on relatively open subsets of M, \{0} holomorphically extend to open neighbourhoods

in the ambient space C***!. A natural question is whether this is still valid for LACR functions

defined on a neighbourhood of 0 in M. Theorem 6.1 will answer this question in the affirmative.
Let M be a smooth real submanifold of a complex manifold X. Following [4], we say that

Definition 6.1. M has the holomorphic extension property at its point p if every LACR function
defined on M near p has a holomorphic extension to an open neighbourhood of p in X.

Sufficient conditions for the validity of the holomorphic extension property in the case of
CR manifolds can be found in [3, 27]. Here, we extend some of these results to smooth real
submanifolds carrying CR-singularities.

6.1 | Isolated CR-singularities

We begin by proving a result on holomorphic extension at isolated CR-singularities.

Theorem 6.1. Let M be a weakly I-pseudo-concave locally closed smooth real submanifold of a
complex manifold X and E a discrete subset of M. Assume that
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* theset M,
X;

* M\E has at each point the holomorphic extension property.

of CR-regular points of M is open and dense in M and is a generic CR submanifold of

Then, for each relative domain w C M, there is an ambient domain Q C X with = Q N M such
that all LACR functions on w have a unique holomorphic extension to Q. In particular, every LACR
function defined on some open subset of M is C*®-smooth and we have 6, = O,

Proof. By the assumption that the embedding M <X is almost everywhere generic, a holomorphic
function defined on a connected open subset Q of X intersecting M is determined by its values on
M n Q, implying the uniqueness of the extension.

Next, we study extension from sets avoiding E.

Lemma 6.2. If w is a subdomain of M\E, a set Q as required in the statement can be
chosen uniformly.

The proof relies on a standard category argument, which we recall for the reader’s convenience.

Proof. Fix p € w and consider for large integers v the space

S, = {1, NEG(®) X OB, | f(2) = u(z), Vz € wnBy(2™)}

and the projection, : &, 3 (u, f) = u € O(w).

The holomorphic extension property yields Oy,(w) = UV>V0 7,($,)- Since each §, is a Fréchet
subspace of the product 6,,(w) X @(BP(Z_”)), Baire’s theorem implies that some 7, (g,) is of the
second Baire category and hence equal to 0),(w) by Banach’s open mapping theorem. We obtain
holomorphic extension to a uniform neighbourhood of p and construct Q by a straightforward
gluing, using the above remark on uniqueness. O

According to Lemma 6.2, it is enough to show the extension property at points of E. Since they
are isolated, we can localise, reducing to the case in which X is the unit ball in C" and E = {0} Cc M.
We want to prove (Oy) gy = (Om)(), Which is equivalent to showing that 6 (w) = Oy o(w)
holds for a family of arbitrarily small open neighbourhoods w of 0 in M. For u € Oy ;(w), we
can find a smaller connected neighbourhood w; €w of 0 in M such that u can be uniformly
approximated on @&, by a sequence {v;} C Oy o(®).

Fix a connected open neighbourhood w, of 0 in M with w, € w;. By Lemma 6.2, the functions
in 6,,(w,) holomorphically extend to a domain Q, satisfying Q; N M = w,\{0}. For a function
L € Oy o(@,), its extension U to Q, attains the same values on Q; as v on w,, allowing us to estimate
supq, |0;| by a constant independent of j.

Let P,(r) denote the polydisc {max;_,
¢ € dw,. Consider the Taylor series

|z; = ¢;| < r}. Pick r > 0 such that P,(r) C Q, for all

,,,,, n

DZv;(%)
Uj(Z) = Z :Cj' C (Z_C)a7

aeN”"
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at{ € d, w,. Applying the Cauchy estimates on slightly larger polydiscs and using the bound for
supq, |0;], we obtain j-independent estimates of the form

ol

m; Va € Nna (*)

ID;v;(Dl < C
first locally near a given point { € d,,w,, and then globally on d,,w, by compactness.

By the maximum modulus principle of Theorem 3.6, the restrictions to w; of the holomorphic
derivatives of the v;’s, which are LACR functions on «,, satisfy () at all points of w,. In particu-
lar, the v;’s extend to holomorphic functions 0;’s, which are defined and uniformly bounded on
compact subsets of P(r). This implies that also their uniform limit is, on M n P (¥), the restriction

of a function which is holomorphic on P, (r). O

Remark 6.3. In case the set M* of CR-singular points of M is contained in E, by [27], the second
assumption of Theorem 6.1 is equivalent to the fact that every continuous CR function on an open
subset of M \ E is C*°-smooth.

Theorem 6.4. Let M be a smooth real submanifold of a complex manifold X and E a discrete subset
of M containing its CR-singularities. Let E,., C E be the subset of points of E where Mis CR regular.
Assume that:

* M\E s a generic weakly 1-pseudo-concave CR submanifold of X \ E;

* M\E,; has the holomorphic extension property at each of its points.

Then, for each relative domain w C M, there is an ambient domain Q with w = Q N M such that
all LACR functions on w \ E;., have a unique holomorphic extension to Q.

Proof. Localising as in the proof of Theorem 6.1, we reduce to the case where M is a generic CR sub-
manifold of C", E = E,, = {0} and the LACR function u is defined on M\{0}. By assumption, CR
functions on M\{0} have holomorphic extension to an ambient neighbourhood Q of M\{0}. Since
isolated points are wedge removable (see, e.g. [23]), there is a wedge-like domain V attached to all
of M and a wedge-like domain V' C ¥ n Q attached to M\{0} such that holomorphic functions u
on Q have holomorphic extensions i to V agreeing on V’.

Let now v be a unit vector at 0 pointing into ¥ and w € Q a small neighbourhood of 0 in M. For
small € > 0, the function u.(z) = #i(z + €-v) is defined and holomorphic on a neighbourhood of
w. By the argument in the proof of Theorem 6.1, there isn > 0, only depending on w, such that u,
extends to a holomorphic function on B, (0). This means that # holomorphically extends to B.,,(1)
for all sufficiently small € > 0, and hence, that it extends holomorphically on a neighbourhood
of 0. O

To utilise the argument in the conclusion of the proof of Theorem 6.4, it suffices that the exten-
sion property is valid at points of dw. Hence, the following variant follows by repeating the same
reasoning.

Corollary 6.5. Let M be a smooth real submanifold of a complex manifold X, E a discrete subset of
M and A a relatively closed subset of M\ E. Assume that:

* M\E s a generic set-theoretically weakly 1-pseudo-concave CR submanifold of X \ E;
* M\E has at each point the holomorphic extension property;
* Ais V-removable.
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Then, for each relative domain w C M, there is an ambient domain Q with w = Q N M such that
all LACR functions on w\A have a unique holomorphic extension to Q.

We obtain in this way a generalisation of a result of [27].

Theorem 6.6. Let M be a smooth real submanifold of a complex manifold X and E a discrete subset
of M containing its CR-singularities. Then, the following are equivalent.

(1) All germs of CR functions at points of M\ E are C*®-smooth.
(2) All germsin 0,, are C*®-smooth.
(3) M has the holomorphic extension property.

Proof. By [27, Theorem 1.1], (1) is equivalent to the fact that M \ E has the holomorphic extension
property. By Corollary 6.5 this implies (3). Since it is clear that (3)=(2)=>(1), this completes the
proof. O

6.2 | Massive sets of CR-singularities

In §6.1, we showed connections between holomorphic extension property and wedge removabil-
ity. Actually removable sets can be quite massive. For example, it was shown in [24] that, in the
situation of Corollary 6.5, each E whose (dimg(M) — 2)-dimensional Hausdorff volume is zero
is removable.

Here, we prove some further result of holomorphic extendability by using the results of §6.1
and Lemma 1.8.

Let E be a locally closed subset of an n-dimensional complex manifold X. Fix an integer d, with
0 < d < nandapoint p of E.

Notation 6.1. Let Y(E, p, n — d) be the set of germs (Y, p) of smooth (n — d)-dimensional complex
submanifolds of X such that p is an isolated point of EN'Y.

We have a natural map
n, : Y(E,p,n—d)> (Y,p) —» T;'OY € Gr;cl_d(x, D), (6.1)

where we denoted by Grg_ ;X p) the Grassmannian of complex (n — d)-dimensional linear
subspaces of Tll,’OX.

Definition 6.2. We say that a subset E of an n-dimensional complex manifold X has transversal
complex dimension d at its point p if d is the smallest non-negative integer for which

* Y(E,p,n — d) is not empty;
* n,(Y(E,p,n — d)) is dense in an open subset of Grg_d(x, p).

We say that E has transversal complex dimension less or equal to d when its transversal
dimension is less or equal d at all points.
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Example 6.7. An analytic subvariety of pure dimension d of X has complex transversal dimension

d. A smooth CR submanifold of X having CR dimension m and CR codimension k has transversal

complex dimension m + [%]

Theorem 6.8. Let M be a smooth real submanifold of a complex manifold X and E a relatively closed
subset of M, containing its CR-singularities. We assume that

* Mis set-theoretically weakly ¢-pseudo-concave;
* the transversal complex dimension of E is less than ¢.

Then, the following are equivalent:

(1) M\E has the holomorphic extension property;

(2) M has the holomorphic extension property;

(3) all germs of CR functions at points of M\ E are C*°-smooth;
(4) all germsin 0,, are C*®-smooth.

Proof. Clearly, (2)= (4)= (3). Since (1)< (3) by [27, Theorem 1.1], it suffices to check that
(1)= (2). This follows by applying the argument in the proof of Theorem 6.1 to the transversal
intersection of M with complex submanifolds Y,, of dimension larger than n — ¢, locally inter-
secting E at a single point p and transversal to M at p. The intersection is, in fact, a smooth real
submanifold and set-theoretically weakly 1-pseudo-concave by Lemma 1.8. Let us point out the
only additions needed here. We reduce as before to the case where M is a smooth real subman-
ifold of an open subset of C". To show that Oy, ; = Oy, it suffices to prove that, for each point
p of E and every open neighbourhood w of p in M, functions f in Oy ((w) have a holomorphic
extension to a fixed neighbourhood of p in C". Take a Y,, of dimension larger than n — ¢, locally
intersecting E at the single point p and transversal to M at p. If ' is an open neighbourhood of
p in M with o’ € w, by a standard open mapping theorem argument, there is r > 0 such that, if
f € Oy o(w) and f is its extension to an open neighbourhood & of w in C", then the Taylor series
of f, centred at points ¢ € Y, N dw’ converge in the ball B({, r). Since Y, N M is set-theoretically
weakly pseudo-concave, by the maximum modulus principle also, the Taylor series of f centred
at p converges on B(p, r). This completes the proof. O

7 | MANIFOLDS WITH CR-SINGULARITIES

Real linear subspaces of C" are CR submanifolds. We consider the underlying real structure of
C", by fixing an isomorphism C" ~R?" and denoting by J €GL,,,(R) the corresponding complex
structure.

Let E be areal linear subspace of C". Its CR -dimension is the dimension of its complex subspace
E NJ(E). The sum E + J(E) is also a complex subspace and, by the intersection formula,

dim:(E N J(E)) = dimy(E) — dim(E + J(E)). (7.1)

If T is a real (2n) X d matrix, whose columns generate a d-dimensional R-linear subspace E of
R2", then the real dimension of E + J(E) is the rank of the (2n) x (2d) real matrix (T,J T). This
rank is always an even integer, greater than or equal to d. Given a rank d matrix T in R¥**?, let us

35UBD1T SUOWILLOD dAIERID 3|edt|dde auyy Ag pausenob a1e SSPILE YO ‘38N JO S3|NJ 10§ AIg17 UIIUO AB|IAA UO (SUOIIPUOO-PUE-SWBIAL0D"AB | 1M ARG 1BUUO//SANY) SUORIPUOD U SWIB | 84} 39S *[5202/90/0T] U0 Ariqiauliuo A8|1M *AHSIAIUN UBPSMS PIIAl A SETOL SW(/ZTTT OT/10p/Woo" A3 1M Aeiq 1 U1 |uo-d0syIewpUo|//:sdny Wwoly papeoumod ‘S ‘G20z ‘06LL697T



26 of 41 | NACINOVICH and PORTEN

denote by E; the real subspace of R?" generated by the columns of T. By (7.1),
dimqx(E;) =d — %rank(T,JT), codimx(Ey) = rank(T,JT) — d.

In particular, when 2d > n, the d-dimensional real subspaces which are not CR-generic are the
E;’s for which the minor determinants of rank 2n of (T, J T), obtained by adding 2n — d columns
of JT to T, vanish.

The grassmannian GrS{(C”) of d-dimensional real linear subspaces of C" is a (d-(2n —
d))-dimensional real projective manifold.

For any pair of non-negative integers (m, h) with 2m + h = d, denote by Gr(,, )(C") the set of
real d-planes in GrE(C”) having CR-dimension m and CR-codimension h. This is a smooth real
submanifold of Gri’f(@”) of real dimension

2m(n — m) + h(2n — 2m — h) = 2(m + h)(n — m) — h>.
Let k be a positive integer with 2 < k < n and take d = 2n — k. Then,

R —
Gr2n—k(Cn) - U 1<h<k<2hGr(n—h,2h—k)(Cn)

is a real-analytic Whitney stratification of Gr?n_k(c") (cf. [34]).

The first term is a compact stratum, equal to GI(,_(k+1)/2))(C") for odd k and to
Gryp_(k/2)(C") = GI(y_(x/2)0)(C") When k is even. The last one is its open dense submanifold
Gr(,_i 10 (C"), consisting of CR-generic (2n — k)-dimensional real planes of C". For each h, we
have

{dimR<Gr(n_h,2h_k><«:”>> =2h(n+k—h)— k2 o

codimg (Gr,_p, 241 (C™), Gy, (CM) = 2(n — h)(k — h).

For a smooth (2n — k)-dimensional real submanifold M, by using the (real) affine structure of
C", we may consider the Gauss map

T:M3p—T,MeGr) ,(C". (7.3)

Definition 7.1. Let M be a C!-smooth real submanifold of C* and p € M. We say that M has
CR-type (m, h) at p if T,Me G 1y (C™).
We introduce the notation

Mmm ={PEM| T,Me GI)(CM ], (7.4)

and say that M has a transversal CR-singularity at p € M, ) if m + h < n and its Gauss map (7.3)
is transversal to Gr,, ,,,(C") at p.

Remark 7.1. The notions of CR-type and transversal CR-singularity are invariant by local biholo-
morphisms and thus naturally extend to the case of general C!-smooth real submanifolds of
complex manifolds.

Proposition 7.2. Let M be a smooth (2n — k)-dimensional real submanifold of C", having
transversal CR-singularities. Then,

8518017 SUOULLIOD AT 3[R0l jddle 8Ly Aq peusenob ake sapile O ‘8sn J0 S9N 104 Aeid18UIIUO AB]IA UO (SUORIPUOO-PUB-SWLBY/WI00 A 1M Ae.q 1 jBul|Uo//Sd1L) SUORIPUOD pue SWwie | 8L} a8S *[5202/90/0T] Uo Areiqiauiuo A|im 'AisIeAun Wepems PIN AQ SETOL SW(/ZTTT OT/I0p/woo A8 1M ARe.q Ul Uo"d0SUeWpUO|//Sdiy WO pepeojumoq 'S ‘G20z '0SL.69vT



UNIFORM COMPLETION, MAXIMUM PRINCIPLE, HOLOMORPHIC EXTENSION | 27 of 41

* Mk k) is open and dense in M and is a locally closed generic CR submanifold of C";
* {Mu—h2n—r)} is a smooth stratification of M, each M,_»p_k) being a smooth totally real
submanifold of codimension 2(n — h)(k — h) in M.

Proof. Indeed, by the transversality condition, the codimension of M,,_j, 55—k in M is the same
as the codimension of Gr(,,_, 5,_)(C") in Gr”fn_k(C”). O

Remark 7.3. In particular, if M has transversal CR-singularities, then either M,_; 1 x_) is empty,
or has dimension

@en—-k)y-2mn—k+1)=k-2,

independent of n.
The integers h, with h < k < 2h, for which a smooth M of real dimension (2n — k) may carry a
transversal CR-singularity of type (n — h, 2h — k) must satisfy

2(n—h)(k —h) <2n—k. *)

If n = k, we obtain the condition that 2(n — h)? < n, that is, that

n—+y/m/2)<h<n.

When k < n, condition () is always satisfied if k > 2and h = k — 1. In general, for h < k < n, we
obtain
2n—k n—k k k
k—h< = + <14 —,
2n—h) n—-h 2n-nh) 2(n —k)

showing that, when 2n > 3k + 8, there are at most transversal CR-singularities of type (n — k +
1, k + 2); this observation justifies our special focusing below on CR-singularities of this type.

Proposition 7.4. Let k, n be integers with 2 < k < n and M a (2n — k)-dimensional smooth real
submanifold of C"", whose non-transversal CR-singularities are isolated. If M,,_y 1 is weakly [%] -

pseudo-concave and has the holomorphic extension property, then M has the holomorphic extension
property at all points.

Proof. Indeed, denoting by E the set of non-transversal CR-singularities of M, the CR-singular
locus of M\ E is contained in a locally finite union of smooth submanifolds of real dimension less or

k=1

equal to k — 2 and thus of transversal complex dimension [ > ! ] . The statement follows from The-

orems 6.1 and 6.8, after recalling that, by Proposition 1.7, the notions of weak ¢-pseudo-concavity
and set-theoretical weak ¢-pseudo-concavity coincide for smooth real submanifolds. O

We note that, if in Proposition 7.4, we strengthen the assumption from weak to strict pseudo-
concavity, then M can only have transversal CR-singularities of type (n — k + 1,k — 2). Indeed,

k“] < "—;k This implies that

for the strict [%]-pseudo-concavity of M(,,_ k), one needs that [T

k 1
20n—k) 2"
By using invariance with respect to coordinate changes, as stated in Remark 7.1, we get from

Proposition 7.4.

n > 2k and hence
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Proposition 7.5. Let M be a real submanifold of codimension k of an n-dimensional complex
manifold X and assume that the non-transversal CR-singularities of M are isolated and that its
CR-regular points form a generic CR submanifold M,_ iy of X, open and dense in M, weakly

[%] -pseudo-concave and having the holomorphic extension property. Then, M has the holomorphic
extension property.

To study transversal CR-singularities of type (n — k + 1, k — 2), we begin by describing an open
neighbourhood of an element of Gr,,_j 41 x—2)(C").
Set for simplicity m=n—-k+1, h=k—2. Having fixed complex coordinates

1., zmw!, ..., wh tin C", we take the real (2n — k)-plane

z
By ={w/ +w/ =0, 1<j<h, t =0} € Gr(, ) (Ch).
It is convenient to introduce real coordinatesx,y € R", u,v € R", r,s € R, with
z=x+iyecCc”, w=u+ivec", t=r+isecC.
The corresponding complex structure on
R* = RE X R} X R} X R} X R} X R}

is

0o -1, 0 0 0 O
I, 0 0 0 0 O
|0 0o o -, 0 o0
o o 1, 0 0 O
0 0 0 0 0 -1
0 0 0 0 1 0
We have E, = Er, with
I, 0 0
0 I, O
0 0 I,
T, = : :
0 0 0 o (7.5)
0 0 O
0 0 O

We can represent a coordinate neighbourhood of T in Grggm +h(C”) by associating to matri-

ces V,,V, € Rhxm v e xR B, By, Ex, E, € R™™, and E,,E, € R the R-linear space
generated by the columns of the matrix

I, 0 0
0 I, O
0 0 I
T = h
Ve V, V,
E, & B,
E. E, E,
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We get
I, 0 0 0 -I, O
o I, 0 I, 0 0
0o 0 I, -V, -V, -V
(T,JT) = h x y v
V., V, V, 0 (.
g, & &, -E. -E, -E,
E. E, E, & & &,

The matrix obtained by adding to T the last h columns of JT has rank 2m + 2h in a neigh-
bourhood of 0 where V', has not the eigenvalue i. The rank of (T, JT) is equal to the rank of the
matrix

I, 0 0 0 0 0
0 I, 0 0 0 0
o o I, -V, -V, -V,
Ve V, Vo V. -V, ’
E, 8 &, -E, E,—E, -E.—E,
E, E, E, E, E,+E, E,-E,
that is, to 2m plus the rank of the matrix
I, -V, -V, -V,
v, I, V., -V,
&, -E, E,—-E, -E,-E,
E, B, &,+E, &, -E

Thus, in the set where V, has not the eigenvalue i, the rank of (T, JT) is equal to 2m + 2h plus
the rank of the 2 X 2h matrix

- - - -1
<:x -E, -E, —Ey> N (av —Ev> <1h —VU) < v, Vx> ' ™)
E,+E, E,-E, E, &, vV, I Ve V,
Since we know that (T, J T) has even rank, this matrix is either 0 or has rank 2. We note that the

second summand in (x) vanishes to the second order at 0. Thus, the tangent space to Gr,, ,)(C")
at 0 is the space where

that is,

~
~

= <

h hxh
V, e RV e R™"

Y 7.6
B, € R*™ E E, € R (7.6)

[1]

=

TEO Gr(m,h)(Cn) ~

[1] [1
o m <

=

|
[1]
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Consider, for hermitian symmetric m X m matrices Hy, ..., H,, complex matrices B, C € C"™*™,
with C symmetric, and D € C"™*",

w! +w! =z*H, z,

M : (7.7)

wh + wh = z*Hz,
t =2z"Bz+ %Z*CZ + z*Duv.

The quadric M is a smooth real submanifold of dimension (2n — k) of C". For B =0, C = 0 and
D =0, M is a generic CR submanifold of type (m, h) of the hyperplane {t = 0}.

IfB,C, D arenot all 0, then M is at general points a generic smooth CR submanifold of type (m —
1, k) of C", its CR-singularities occurring at points where the space of holomorphic differentials
of real functions vanishing on M have rank less than k, that is, on its subset M* where

dw' - z*H,dz, .., dw"—2z*H,dz, dt—z'Bdz— Lz#D dw,
2 (7.8)

(z*B* + z1C* + v'D*)dz + %ZTD dw

are linearly dependent. Set D = (D; ;) i=1,..m,, Hy, = (Hy ;. j) i,j=1,...m, - Modulo the first h differen-
a=1,...,.h a=1,...,.h
tials, we have

m h
z'Ddw = 2 Z z'D; ,dw®

i=1a=1
m h
_ in. s s
= Z ZzDi,az Hg;dz’.
i,j,s=1a=1
We may consider DH := (ZZ_l D, aHa.jS> as a tensor two-covariant and one-
- ’ /0L js=1,..,m

contravariant, so that its adjoint defines a bilinear map
HDT : C"xC™ - C™.
The h + 2 differentials of (7.8) are linearly dependent if and only if
z*B* + z1C* + v'D* + %ZTD(Z*H) =0.
With the notation introduced above, by taking the adjoint this becomes
Agcp(z,0) + %(H D7)(z,z) =0, (7.9)

where Ag ¢ p is the R-linear map

Agcp : C"XR" 3 (z,0) » Bz +Cz+Dv € C", (7.10)
yielding

M? = {(z,w,6) €M | A p(z.v)+ %(HDT)(Z, z) = 0}, (7.11)
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Let us consider first the simpler case where D = 0. Any R-linear endomorphism of C™ has a
unique decomposition as a sum of its C-linear and its anti-C-linear components. Using the real
coordinates of page 29, we set B = F +iG, C = P +iQ, with F, G, P, Q real m X m matrices, P, Q
symmetric. The R-linear map

Apc:C"3z— Bz+CzeC" (7.12)

has matrix representations

F+P Q-G (x or B C\ [z
G+Q F-P)\y)’ C B)\z)’
the rank of the real matrix on the left being half the rank of the complex matrix on the right.

Indeed, if () belongs to the kernel of < gig 3 ) then (ﬁfg ) belongs to the kernel of (2 £).

On the other hand, the kernel of (£ ) is invariant under the involution () +~ (%) and the
corresponding eigendecomposition of C? yields a direct sum decomposition of this kernel into
two spaces having equal dimensions.

Being an R-linear subspace, ker(Ag () is a CR submanifold of C™. Let (rg ¢, Sp ) be its CR-type:

we have
rpc = dimc(ker(B) nker(C)),  2rpc +spc = dimg ker(Ag o).

In this case, the set M* is a smooth CR submanifold of type (rg,c»Spc + h) of M. Tt is totally
real when rp - = 0. In particular, when Ag - is non-singular, it is an h-dimensional real linear
subspace. In general, we get:

Lemma 7.6. If Ag ¢, has real rank 2m, then there is an open neighbourhood U of 0 in C" such
that M* N\ U is a smooth real h-dimensional submanifold of M N U.

Proof. This follows from the implicit function theorem applied to the map
C" xR" 3 (z,v) - Apcp(z,v) + %(Z*HZ)TDTZ ec™.

Indeed, ifits Jacobian at 0 has rank 2m, then its zero set is, near the origin, a smooth h-dimensional
real submanifold. O

We prove, under this rank condition, a transversality result for the Gauss map (7.3), slightly
generalising some results in [12, 18].
Using the real coordinates of page 29, we have for the M of (7.7) the parametrical description

g )
uw = EZ*HJ'Z’ 1<j<h,
r= %z*(B + B*)z + %Re(z*C Z) + Re(z*Dv), (**)

s=32"(B* - B)z+ %Im(z*C Z) + Im(z*Dv).

The tangent space to M at O is generated by the columns of the matrix T, of (7.5). We write
H; =K; +iL;, with K; real symmetric and L; real antisymmetric. Then, the first lines in (%)
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can be rewritten in terms of the real coordinates by
2u/ = xK;x +y'K;y+y'Lix—y'Lix, 1<j<h.
LetD = R+ i S, with R, S € R™%"_The last two lines are, in terms of real coordinates,
r=xI1 (F+ %P>x+yT <F—%P)y+xT (%Q—G)y+yT <G+ %Q>x+xTRU+yTSv,

S=xT<G+%Q>x+yT<G—%Q>y+xT<F—%P>y—yT<F+%P>x+xTSv — YTRv.

We use below

Ky Ly

The Gauss map t(x, y, v) of (7.3) has the parametric expression

I, 0 0

0 I, 0

0 0 I,

XK +yTL YIK —xTL 0
XTF+FT+P)+yI(G—-G"+Q)+v'RT Yy(F+FT'—P)+x"(GT-G+Q)+v'ST xTR+Yy'S
XI(G+GT+Q)+YyI(FT—F—-P)+v'ST yI(G+G"—Q)+xT(F—F"—P) — vIRT xTS—y'R

Being linear in the parameters x, y, v, its tangent at O is, in the local coordinates corresponding to
the last k lines of the matrix above:

XK +y'L YK — xTL 0
XI(F+FT+P)+yI(G—-G"+Q)+v'RT y(F+F' —P)+x"(GT—G+Q)+v'ST XxTR+)yTS|.
X(G+G"+Q)+ Yy (FT—F—-P)4+v'ST y/(G+G"—Q)+x"(F—F"—P) — vT/RT XxTS—Yy'R

In the description (7.6) of T T, Gt m(C"), V., V), Vy, By, E, can be arbitrarily chosen. Thus, the
condition for the Gauss map of M to be transversal to Gr,, ,y(C") at 0 reads off as the fact that
R2X(2m) is sum of the subspaces

{< - >
X =y

- =
=y Sy

XI((F+F +P)+y"(G—G"+Q)+v'RT YyI(F+F"—P)+x(GT—G + Q) +vTST
X(G+G +Q)+ Yy (FT—F—P)+0'ST y7(G+G"—Q) + xT(F —FT —P) — v'R'

(1

EnE, € Rlxm} and

X,y € R"
veR" ’
We can sum to all elements of the second subspace an element of the first one to obtain a matrix

with zero second row. Thus, the condition for transversality is that

{(XT(FT+P)+y"(Q—=G") + v'RT, xT(GT + Q) + yT(FT = P) + U'ST | x,y € R", v € R"}

— Rlx(Zm).
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Thus, the transversality condition means that the real matrix

F+P Q-G R> (713)

[AB’C’D]:<G+Q F-P S

has rank 2m. We conclude with

Proposition 7.7. Let M be the quadric of (7.7). A necessary and sufficient condition in order that
the Gauss map (7.3) be transversal to Gr(,, ),(C") at 0 is that the matrix [Ap.cplof(7.13) has rank
2m.

Remark 7.8. This holds true, in particular, when Ap . is non-singular.
When h =0, the condition reduces to the fact that the R-linear map Ap of (7.12) is
non-singular and we recover the transversality criterion of [12, 18].

Example 7.9. Let z, w, t be holomorphic coordinates in €3 and consider, for A € C,

M, : {w+u‘f=?,_2 _
t=zz2+32 +Awz.
The CR-singularities of M, occur at points where the differentials
dw, dt—zdz —Azdw, (z+2z +Aw)dz
are linearly dependent. Thus, we obtain that
M! =M = {zw,0) €M, | z+2 - ilIm(w) = 0}

is a smooth submanifold of real dimension 1 if Re(1) # 0 and 2 when Re(A) = 0. The associated
matrix (7.13) is

1 0 —ImQ)

0 0 Re®)

and, according to Proposition 7.7, the CR-singularity at O is transversal if and only if Re(A) #0.
Consider next

M w+w=0,
T \t=wz.

The CR-singularities of M’ occur at points where the differentials
dw, dt — zdw, wdz
are linearly dependent: we obtain
W g — _
M =M, ={w=0,1=0}

The associated matrix (7.13) is, in this case, ( 8 8 (i) ): the CR-singularity at 0 is not transversal and

in fact the real dimension of M'* is two, larger than what it would be in the transversal case.
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Example 7.10. Let z, w', w?, t be holomorphic coordinates in C*. Let u/ = Re(w/), v/ = Im(w/)
(j=1,2)and

ul =0,
M :u?=0,

This is a smooth submanifold of real codimension 4 of C*. Its CR-singularities occur at points
where

dw', dw?, di+iz (Aldwl + /12dw2) ) (lel +/Tzu'12) dz,
are linearly dependent. Hence,
M* =M, ={(z,w,£) € M | 4,v; + 4,0, = O}.

When A, A, are linearly independent over R, the CR-singularities are transversal and M¥ = {fw=
0, t = 0} is a complex line (real dimension two). When A,, A, generate a real line, then the CR-
singular locus is not transversal and in fact M is a 3-dimensional real subspace of CR-type (1,1)
of C*.

By the implicit function theorem and some easy change of holomorphic coordinates, we obtain

Lemma 7.11. Let k,n,p be integers with 2<k <n, 0<2p <k and M a smooth (2n — k)-
dimensional real smooth submanifold of an n-dimensional complex manifold X. Assume that
pE Mand T,M € Gr(n_k+p,k_2é,)(TpX). Seth =k —2p, m = n — h — p. Then, we can choose real
coordinates x,y € R™, u,v € R", r,s € RP such that

z=x+iyecCc™”, w=u+ivec", t=r+isecCP

are holomorphic coordinates centred at p and locally

J
t

< h5
(7.14)
<

wo=Ll2H 7+
M : 37 Hjz +00)
p’

1<
t'=z"Bz + %Z*CIZ +z*Dv+0(3), 1<

where H ;»B,C € cmm D, e cm™h with C, symmetric and H f hermitian symmetric.
If M is described by (7.14), we set
1 * i *
Hh+2[—1 = E(B[ + BL ), Hh+2[ = E(BL —B[), 1< D. (715)

and, for ¢ = (¢!, ..., c¥) € R¥, we set

k
Hz=) ¢/H;. (7.16)
j=1
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Remark 7.12. Using the notation of (7.10), (7.11), (7.15), we note that

* the ranks of the maps in the C-linear span of Ag ¢ p . »Ag, D,
* the signatures of the hermitian symmetric matrices in the R-linear span of H, ..., H},

are biholomorphic invariants of M at p.

‘We consider next examples with p = 2and h = 0.

Example 7.13. Let m > 2 be a positive integer, B;, B, complex m X m matrices. We consider the
quadric of C**"™ = C2 x C

M - w! = z*B, z,
" \w?=zB,z,

which is a 2m-dimensional smooth real submanifold of C**™.
If B, and B, are linearly independent, then the CR-regular points form a CR manifold M,,, _, ,
which is open and dense in M and
M = Mn—2.4) U M1 UM, 0,
its CR-singularities occurring at points where the four differentials
dw! — z*B,dz, dw? — z*B,dz, z'Bidz, z'Bjdz

are linearly dependent: M? = M(n-12) UM, o, with

Mmo) = {(w,2) € M | Biz =0, B,z =0},
M(m—1,2) = {(w; Z) eM \M(m’o) | E (/11’2,2) = Cz \{0} s.t. /’llBlZ + AZBZZ _ 0}

If ker(B,) N ker(B,) = {0}, then M(,, 5) = {0}. Let us assume, in addition, that B, is non-singular.
The points (w, z) of M(,,_, , are those for which z is a non-zero eigenvector of B IB,. If the
geometric multiplicity of all eigenvalues of B} !B, is one, then M(n—1,2) is @ smooth totally real
submanifold of dimension 2 of M.

Let us consider a specific singular example, with m = 3 and

1 00 010
B,=]0 0 1], B,=|0 0 O
0 0O 0 01
In this case, being
A
(MBy+MBy) A, | =0, VALA EC,
0

we get M, ) = {(w,2) € M | z° = 0}: the set M? of CR-singularities is a smooth submanifold of
M of real dimension 4.
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Let us consider next the more general quadric of C**™ = Cfv x

: 1 s o
w' =z"Bjz +52°C, 2,
M :
: ‘ 20
w? =z"Byz + 52°Cy2.

where m > 2 and By, B,,C;,C, are complex m X m matrices, with C; and C, symmetric. This
is a 2m-dimensional smooth real submanifold of C**", We keep the notation ABi’Ci’ (i=1,2),
introduced at page 31, to indicate the R-linear maps C" 3 z — Bz +C;z € C". If Ag ¢ and
Ag, ¢, are not proportional, the CR-regular points form a CR manifold M, _, 4, which is open and
dense in M and

M = Mgp_24) UMn_12)U My,
its CR-singularities occurring at points where the four differentials
dw' — z*Bydz, dw®-z*B,dz, (z*B}+z'C))dz, (z*B}+z'C,)dz
are linearly dependent: M? = M(pn—1.2) UM, o, with

M(m,O) = {(w,z) EM | ABI,Cl(Z) = 0, ABZ’Cz(Z) = 0},

3,22 e C?\ {0} s.t.
M, _ = w,z) M \ M .
(m—1,2) {( ) \ (m,0) /‘LIABl,Cl(Z) + /leBz,Cz(Z) =0
If ker(ABl’Cl) N ker(ABz’Cz) = {0}, then M, ) = {0}. Let us assume that Ag, ¢, is non-singular.
Then,

M(m_l,z) = {(w, Z) e M \ {0} | 3/1 E C S.t. ABZ7C2(Z) = /1AB] 5C1 (Z)}.

In this case, the condition that ker(ABz,C2 - }‘ABl,Cl) is, for every A € C, either 0, or a real or a
complex line ensures the transversality of CR-singularities of type (m — 1, 2). This condition can
also be formulated by requiring that, for all complex A, the R-linear endomorphism (Ag, ¢, —
A Ag, ) of C™ is semisimple.

Under the transversality conditions above, the CR-singular subset M¥ has transversal complex
dimension 1. Thus,

If all non-trivial real linear combinations of the hermitian symmetric matrices (B; + B} ), i(B; —
B)), (B, + B), i(B, — B}) have at least four non-positive and at least three positive and three
negative eigenvalues, then M has the holomorphic extension property.

To produce an explicit example, we can take m = 8 and

0 0
0 I 0 0 1x5 1x3
31=< 4>,CI=<I4 0>,32= 03s I3 |, Cy=0.

0 0
O4xcs  Ouxs

Weak pseudo-concavity may be lost under small perturbations. Thus, in the following, to
get examples of smooth manifolds on which maximum modulus principles and holomorphic
extendability are preserved also after small perturbations, we consider situations in which strict
pseudo-concavity is preserved near a CR-singularity.
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Lemma 7.14. Let M be described by (7.14) near 0 and let ¢ > p. If, for all ¢ #0, the matrix Hz
has at least ¢ positive and ¢ negative eigenvalues, then M is a strictly (¢ — z2)-pseudo-concave CR
manifold at all CR-regular points close to 0.

Proof. It suffices to prove our contents for the quadric obtained from (7.14) by erasing the 0(3)
addenda. Indeed, perturbations by defining functions vanishing to the second order at O preserve
strict pseudo-concavity on a neighbourhood of 0. Take the real coordinates of page 35. We can use
X,¥, as real coordinates on a neighbourhood of 0 in M. At a point (x;, ¥y, Uy), We obtain

2ul = (z—z))*H;zo + zjH;(z — 29) + (2 = 20)*H;(z = 2, ), 1< j <k =2,
2rt =(z — 20)"Hpy-120 + 2gHpy0-1(2 — 20) + (2 — 2) "Hpy 91 (2 — 2p) + -,
2s' =(z = 20)"Hpy2,20 + ZyHp42(2 — 20) + (2 — 20) " Hpy (2 — Zp) + -+,

where the dots represent pluriharmonic summands. By restricting the Hermitian forms H; to a
complex (n — k)-plane of C"~%*7, we may lose at most 2 positive and 2 negative eigenvalues. []

To construct strictly pseudo-concave quadrics, we can use, for example, [1, 2].
A positive integer n can be uniquely decomposed by

n=2%*2c +1), witha,b,c e Z,and1<a<3. (7.17)
Set

pc(n) = 2(a +4b) + 2. (7.18)

A Hermitian symmetric m X m matrix can have at most [%] eigenvalues of opposite signs. By [1,
2], we have

Lemma 7.15. The maximal dimension of a linear space of 2¢ X 2.¢ hermitian symmetric matrices
having at least ¢ eigenvalues of each sign is pc(¢) + 1.

By using Lemma 7.15, one can construct several quadrics with the correct amount of strict
pseudo-concavity for any codimension, providing examples where holomorphic extendability
holds at transversal CR-singularities.

Example 7.16. The Clifford algebra generated by 4 anti-commuting imaginary units is the algebra
H(2) of 2 X 2 matrices of quaternions. This can also be represented as a subalgebra of the algebra
C(4) of complex 4 X 4-matrices. In particular, the imaginary units can be represented as complex
4 x 4 invertible matrices Q,, Q,, Q3, Q, taking, for example,

0 0 1 0 0 0 i O

0 0 0 1 0 0 0 —i
Ql_—looo’ Qz_iooo’

0 -1 0 0 0 —i 0 0
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0 0 0 1 0 0 0 i
0 0 -1 0 00 i O
&= o 1 o ol Q= 0 i 00
-1 0 0 0 i 000

Then all non-zero matrices in the real span of

— 0 Ql _ 0 QZ _ 0 Q3 _ 0 Q4
Hl‘<Q’f o>’H2‘<Qz o>’H3‘<oz o)’H‘*‘(Qz o)

are Hermitian symmetric with four positive and four negative eigenvalues and

w! +w! = z*H, z,
w? + w? = z*H,z,
w? + w? = z*H,z,

zeCt, w,wrtwltec

is a quadric of C'? having a 3-dimensional smooth submanifold My ; of CR-singularities and the
holomorphic extension property at all points, because its open dense subset M s is a strictly 3-
pseudo-concave CR manifold. If {;,V,, Ps, Py, Ps are smooth real-valued functions with compact
support in C", then also

w! +w! =z*H,z + ey,

CJwr+w? =z"Hyz + ey,

7w + wd =z"Hyz + e,
t =z*(Hy + iHs5)z + (¥, + ihs),

2

zeC® wl,w*wl,tecC

is, for small real ¢, a smooth real submanifold of C12, having a 3-dimensional real submanifold Mg
of CR-singularities of type (8,3) and the holomorphic extension property.

Example 7.17. Let us consider the 3 X 4 matrices

1 0
R1=0 0 R2:
0 1

o R O
o O O
S © O
[ R
S = O
- O O

and the 7 X 7 Hermitian matrices

0 R 0 R L, 0
H=(_ "), H,=(_. "2}, H,=|(3 )
1 (Rr 0) ’ (Rz 0) : <o -1

All their linear combinations have at least three positive and three negative eigenvalues. Thus,
if P;,,,); are real-valued smooth functions with compact support in C° = C7 x C2, the real
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submanifold

M - w+w=2z"Hz+ ¢y,

is smooth, of real codimension 3 in C°, has a 1-dimensional smooth singular locus M ;) and,
being strictly 2-pseudo-concave at all points of M4 3y, has the holomorphic extension property.

Let us go back to quadric described by (7.7). When D = 0, its CR-singular points of type (n —
k + 1,k — 2) are parametrised by the kernel of Ay ¢, which is the cartesian product of R” times
the kernel of the R-linear map Ag - of (7.12). This is a real linear subspace of C"™ and thus a CR
submanifold of type (rp ¢, s ) for a pair on non-negative integers rg -, sg - With 2rg o +sp - <
m. Its lifting M? is a CR submanifold of type (rg.c»Sp,c + h) and hence has transversal complex

dimension £ = (rz ¢ + [SB‘C+h+1 ]) (see Example 6.7).
Let a slight modification of (7.7) be described by

w! + w!' = z*Hyz + e, (2, 2, v),

M : (7.19)

wh + w" = z*Hyz + ey (2, 2, V),
t= %Z*BZ + %Z*CZ

for smooth real-valued ¥, ..., ;, vanishing to the second order at 0.

Let M be defined by (7.19). Then, there is an open neighbourhood U of 0 in M such that all CR-
singularities of M in U are of type (m, h) and U N M, 1,y is contained in a CR submanifold of type
(rg,c,h +sgc) of M.

If M(jy_1 h+2) is strictly g-pseudo-concave with ¢ > ¢, then M has the holomorphic extension
property.

We note that a small perturbation of the last equation in (7.19) would make the CR-singularity at
0 transversal, reducing the locus of CR-singularities to a totally real h-dimensional submanifold.
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