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Abstract
The local topology of singular points in analytic spaces is known, by work of Milnor

and others, to be determined by its link Lg. In this work, we look at holomorphic

map-germs (X, 0) —f> (C, 0) where X is an arbitrary reduced and equidimensional

complex analytic space in some C”. We compare the topology of the link Ly with
that of the boundary of a local non-critical level, i.e., with the boundary of its Milnor
fiber F;. We study how the topology of the boundary d F; changes as the non-critical
level degenerates to the critical one.
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Introduction

Consider a holomorphic map f : (C**!,0) — (C,0). Its zero setis V = f~1(0)
and Ly = V NS, is its link, where S, is a sufficiently small sphere centered at 0,
called a Milnor sphere for f. The singularities of Ly are the points where the critical
set X meets S;, which is a manifold when f has an isolated critical point. This yields
a rich interplay between manifold theory and singularity theory, that goes back to
the work of Felix Klein in the nineteenth century, and later to remarkable work by
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Hirzebruch, Brieskorn, Pham, Milnor, and others. An essential ingredient is the fact
that the links of isolated complex singularities can be regarded as being the boundary
of the corresponding Milnor fiber Fy := f ~1(t) N B,, that we denote by Fy unless
we want to emphasize the value 7.

It is known that near 0, V is ambient homeomorphic to the cone over its link Ly .
Hence, Ly and its embedding in S, determine the topology of V near 0 and its local
embedding. If Ly is a manifold, then its diffeomorphism type does not depend on
the various choices, so every manifold invariant becomes an invariant of singularities.
This interplay has proved to be important for both, singularity theory and manifolds
theory.

When f has a non-isolated critical point at 0, the link Ly is no longer smooth. Yet,
one still has the Milnor fibration. The family {F;} of smooth manifolds degenerates
to the special fiber V. = f~1(0) N B, as the regular value ¢ approaches the critical
value 0. Since V is locally a cone, it follows that the cycles in the homology of the F;
vanish as these degenerate to V. And while the F; degenerate to V, their boundaries
degenerate to the link Ly .

The boundaries of the Milnor fibers are closed oriented real analytic manifolds
with a rich geometry. For instance, they have a canonical contact structure and the
Milnor fiber is a holomorphic filling. These manifolds have already appeared in work
by Randel [34] and Siersma [37, 38] in the 1990s, and more recently by Nemethi—
Szilard [33], Michel-Pichon [28-30] and [6] Fernandez de Bobadilla and Menegon
[6]. In fact, in [33], the authors remarked the importance of studying in depth these
manifolds, the boundaries of the Milnor fibers, and they did so for functions on C3
with one-dimensional critical set.

The purpose of this work is to study the topology of the boundary of the Milnor
fibers for functions with non-isolated singularities, and the way it changes as the
boundary of the Milnor fiber degenerates to the link Ly .

Our interest actually is twofold. On the one hand, the boundary of the Milnor fiber
is a smooth manifold and understanding the way d F; degenerates into Ly throws light
into the topology of the singular variety Ly, and hence that of V. This is a reminiscent
of the study of the vanishing cycles on the Milnor fiber. On the other hand, we can argue
conversely: understanding the degeneration d F; ~» Ly allows us to get information
about d F; out from Ly itself, and the manifolds 9 F; are of interest in themselves. This
was actually the approach followed in [6, 28, 29] (see also [33] and [1, 26]) to show
that in the case of holomorphic map-germs in three complex variables, the boundary
d Fy is a Waldhausen manifold.

We consider first a general map-germ (X, 0) —f> (C, 0), where (X, 0) is an arbitrary
complex analytic germ and f is a stratified complex analytic map. L&’s theorem in
[15] asserts that there is € > 0 small enough and § > 0 with ¢ > § > 0, such that

XNB N (0} L b}

is a continuous stratified fibered bundle. Then, inspired by the above-mentioned arti-
cles of various authors, we notice that there is a vanishing zone W y, an appropriate
neighborhood of the singular set Ly of Ly, such that for |#| small enough, d F; \ W ¢
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and Ly \W  are isotopic. Hence, for comparing d F; with Ly, we only need to look at
what happens within W . We notice that there is actually a Verdier type specialization
morphism

Sy« Hy(0Fy) —> Hy(Ly).

This leads to the notions of vanishing and nearby boundary cycles, where the word
boundary refers to the link of f, which is the boundary of a neighborhood of 0.

Vanishing cycles spring from Milnor’s fibration theorem for complex singularities
[31] and from Grothendieck’s ideas [4], written down and further developed by Deligne
in [5], who defined the related notion of nearby cycles. These concepts have had
immense applications in algebraic geometry and singularity theory. Notice that while
this work is of alocal nature as in [31], it is also of a global nature as in [5]. Since the link
is the special fiber in the family of analytic sets {0 F;};ep,, where 0 F; = f_l (HNSe
witht € Dg, S, is a Milnor sphere for f and e > § > 0. The d F; are compact varieties
defined by the fibers of the morphism (f,d) : X — R3 = C x R, where d is the
square of the function distance to 0 in C".

The study of the vanishing and nearby boundary cycles takes most of this paper. We
do it mostly in the rather stringent setting where the space X has an isolated singularity
at0 and the critical set X of f is, away from 0, a stratum of some Whitney stratification.
These conditions are always satisfied if, for instance, X is three-dimensional or, more
generally, if ¥ is one-dimensional. We give plenty of other examples.

In this setting, when X \ {0} is a Whitney stratum, one has a very clean descrip-
tion of the degeneration process taking the boundary of the Milnor fiber to the link
(Theorem 2.4). We look at examples were the singular set Ly is, for instance, a three-
dimensional lens space, or higher dimensional homotopy spheres. Then, we look with
more care at the case where the critical set is one-dimensional. In particular, we study
a specially nice family of singularities that we did not find in the literature; we call
these Whitney—Pham—Brieskorn singularities. These are

f ap— ap— .
(20, a2+t S 2 an =0, =2Vi=0,---,n—1

Each of these has the z,,-axe as critical set, and restricting the function to a transversal
slice, we get a Pham—Brieskorn singularity. On the other hand, taking the special case
z% + z%m, we get the classical Whitney umbrella. Hence the name.

We show that, surprisingly, each member in this family satisfies that the boundary of
the Milnor fiber is rationally homologically equivalent to the link (Theorem 4.6). The
proof uses Lé Diing Trang’s construction of a vanishing polyhedron, which generalizes
the Join of Pham (see [16, 17]). We further show (Theorem 3.3) that this cannot happen
when the link of the critical set is a homotopy sphere of dimension greater than 1.

In the last section, we outline how the method we use can be adapted to the general
case, for X with arbitrary singularities, though this is complicated. We give some
examples.

) Birkhauser



81 Page4of26 M. Aguilar et al.

Fig. 1 A Whitney—Pham—Brieskorn singularity that we may call the Whitney butterfly 2(3) - z%zg =0

1 Vanishing and nearby boundary cycles

We let (X, 0) be the germ of an irreducible and reduced complex analytic space of
dimension n + 1 in C™, n > 2. Equip X with a Whitney stratification {7}, such that
0 is a point stratum and assume the representative of X is small enough, so that every
stratum contains 0 in its closure. Let f : (X,0) — (C, 0) be a stratified complex
analytic map and X its critical set, cf. [7]. L&’s theorem in [15] asserts that there is
& > 0 small enough and § > 0 with ¢ > § > 0, such that

XNB: N @) L b

is a continuous stratified fibered bundle.

Now, consider the link Ly of f, which by definition is Ly = V NS, where
V = £~10) and S; is a Milnor sphere for f (see for instance [18]). We assume
further that the stratification {7} is adapted to V, i.e., V is a union of strata, and
these meet the sphere S, transversally. Hence, the intersection of the strata in {7}
determine a Whitney stratification of Ly that extends to a Whitney stratification {R g}
of a neighborhood U(Ly) of Ly in S,. We assume also that the link Ly, := ¥ NS,
is a union of strata.

We now use the idea of a cellular tube of a subvariety of a manifold M as defined
in [2]. We consider a triangulation (K) of U(Ly ), such that each stratum is a union
of simplexes, and the associated dual cell decomposition (D) of U(Ly). We let W ¢
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be the union of cells in (D) which are dual to simplexes in Ly; it provides a cellular
tube around Ly in S; which satisfies the following:

(i) Wy is a compact regular neighborhood of Ly containing Ly in its interior, and
its topological boundary 0W 7 is a retract of W s\ L.
(ii) W retracts to Lx;
(iii) For every regular neighborhood U of Ly in S;, we may refine the triangulation of
S, if necessary, so that we can assume W, C U.

From now on, let us also assume that X has an isolated singularity, so that the link
Ly is a real analytic smooth manifold in S,. In this case, it follows from [11] that
oW can be assumed to be smooth.

Now, consider the sets

o A:={o € (K) ‘ o is a (1)-simplex of Ly whose closure intersects 0W ¢} ;
e B:={0 e (K | o is an (2n — 2)-simplex in dW  whose closure intersects Ly } .

Then, one can see that

B = U d(o).

g€eA

Thence, oW f»whichis aunion of simplexes, intersects Ly transversally in the smooth
manifold Ly (in the stratified sense). Moreover, if Ly is a smooth submanifold, then
W is a fiber bundle over Ly with a fiber 2(n — k)-dimensional ball in S, where k is
the complex dimension of X.

Now observe that by compactness of the fibers 0 F;, given W ¢ as above, we have
the following:

Proposition 1.1 For every t sufficiently close to 0, we have the following:

(1) The boundary 0 F; meets 0W  transversally.

(2) The intersection of d Fy with the strata in {1} determines a Whitney stratification
of 0F;.

3) BF,\Wf is homeomorphic to LV\Wf, where Wf is the interior of W y.

The last statement above follows from Ehresmann’s fibration lemma (see the proof
of Proposition 2.2 in [26]).

Definition 1.2 A vanishing zone for f is a regular neighborhood W of Ly in Ly
satisfying the three conditions in Proposition 1.1. For a Milnor fiber F; close enough
to V, we call the intersection Wy := dF, N W ¢ the vanishing zone for F;.

Given W ; and a Milnor fiber F; with vanishing zone Wy := 0F; N W, one gets
a specialization morphism a la Verdier, cf. [24, 42]

Sit Hy(0Fy) — Hi(Ly),

by observing that the vanishing zone W ; extends to a regular neighborhood Wf of
Ly in Lx that contains the boundary of all Milnor fibers over points sufficiently near
0. Thus, one has a morphism H,(dFy) — H, (Wf) induced by the inclusion. Also,
W f has Ly as a deformation retract, so one gets a morphism H, (W ) — Hy(Ly).
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Definition 1.3 The specialization morphism Sy : Hy(0 Fy) — H,(Ly) is the compo-
sition of the above two morphisms. The cycles in d Fy representing elements in the
kernel of S, are the vanishing boundary cycles of f.

It is clear that away from W ¢, the morphism S, is an isomorphism, induced by a
homeomorphism d F;\ (0 F;NW r) — Ly \(LyNW ). Hence, the vanishing boundary
cycles are all concentrated in the vanishing zone Wy of the boundary of the Milnor
fiber. This motivates the next definition.

Definition 1.4 The cycles in 0 Fy representing elements in H,(Wj) are the nearby
boundary cycles of f.

Remark 1.5 We note that D. Siersma in [37, 38] studies map-germs with one-
dimensional critical set. He defines the variation mappings

Hy(Fp, 0F, \ 0F, NW ) — Hy(Fy)
and
Hy(Fp,0F7) — Hy(Fp, 0F; N Wyp)

that are used to describe how the vanishing cycles behave under the action of the
horizontal monodromy of f. Our specialization morphism Sy : Hy (0 Fy) — Hy(Ly)
has a nature somehow similar to Siersma’s variation mappings, but S, is defined for
maps with arbitrary singularities, and it concerns the vanishing of the nearby cycles
as the boundary of the Milnor fiber degenerates to the link of f.

2 The case where the singular set is a single stratum

Now, let the germ (X, 0) have an isolated singularity at 0 and (X, 0) —f> (C, 0) is such
that its critical set X has an isolated singularity at 0. Assume further that there is a
Whitney stratification of X adaptedto V = f ~1(0) for which 0 and X \ {0} are strata.
These are stringent conditions, but there are plenty of interesting examples satisfying
these conditions. For instance:

Example 2.1 If X has dimension 3 and V is reduced, then its singular set is one-
dimensional and the above conditions are always satisfied, since, by [9], given any
complex analytic subspace Z of a X, there is a Whitney stratification of X adapted to
Z. The claim follows, because V is one-dimensional.

Example 2.2 (The Whitney—Pham—Brieskorn singularities) Let f : (C"*',0) —
(C, 0) be defined by

Aap—2 Aan—1

f@osvz) =z20" + 2,5 2, 2
withn > landa; > 1foralli =0, ...,n — 1. Then, the critical set X is the z,,-axis

and one has a Whitney stratification as stated by the same reasons as in the example
above.
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Example 2.3 Consider arbitrary map-germs
h:(C",0)— (C,0) and g: (C*,0) — (C,0),
with isolated critical point at 0. Then, it is easy to show that
FGL e Awr, e w) =h(@ ) A+ AR g(wr, e w),

satisfies the above conditions.

In the setting, we now envisage, if ¥ has complex dimension k, then its link Ly
is a smooth manifold of real dimension 2k — 1. Every Milnor fiber F; sufficiently
near V intersects transversally the boundary of a chosen vanishing zone W 7. The set
Wy = 0 F, "W £ is a smooth compact manifold of real dimension 2n — 1. By the local
topological triviality of Whitney stratifications (see [41]), Wj is the total space of a
fiber bundle over Ly with fiber F*, the Milnor fiber of a complex plane in C"*! of
dimension n — k + 1, transversal to £ at a point in L. By [31], F has the homotopy
type of a bouquet of spheres of middle dimension, and the number of such spheres is
by definition the transversal Milnor number .

For instance, in Example 2.2, the transversal Milnor number is that of the corre-
sponding Pham—Brieskorn singularity, so it equals (ag — 1)(a; — 1)....(ap—1 — 1), by
[31]. In Example 2.3, it is an exercise to see that - is the Milnor number of g.

The following is a beautiful topological result that follows easily from well-known
properties of Whitney stratifications.

Theorem 2.4 Let X and f be as above, so X is irreducible and reduced, of dimension
n+1inC" n > 2, withanisolated singularity at 0, and f is such that £\ 0 is a single
stratum of some Whitney stratification, where ¥ C 'V is the critical set, which has
dimension k. Let W y be a compact vanishing zone for f and Wy the corresponding
vanishing zone of the boundary o F; of a Milnor fiber close enough to V. Let Ly and
Ly be the links of V and 2. Let F; be a Milnor fiber of f with |t| small enough and
boundary 0 F;. Then:

(1) One has the following topological fiber bundles:

(a) LyNW y — Ly, with fiber the singular hypersurface in a slice H = Crk+l
transversal to T defined by the restriction of f.

(b) Ly N 0W ¢ — Ly, with fiber the link of the hypersurface in 'H defined by
fln

(c) 0F; "Wy — Ly, with fiber the Milnor fiber of f|x.

(d) aF, N oW ¢ — Ly, with fiber the boundary of the Milnor fiber of f . This
bundle actually is equivalent to the one in ((b)).

(2) To get the link Ly from the boundary of the Milnor fiber d F;, we remove
Ly "W from Ly and replace it by 0 Fy "W ¢ fiberwise. Conversely, removing
0F, "Wy from 0 F; and replacing it fiberwise by Ly N'W ¢, we recover the link
out from 9 Fy.

) Birkhauser
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Proof Let us prove the statement 1(a); the proofs of 1(b), 1(c) and the first part of
1(d) are similar. Fix a Whitney stratification for which X\0 is a single stratum; we
may further assume that 0 also is a stratum. By the local conical structure of analytic
sets, we can assume that Ly is transversal to the Whitney strata; therefore, it inherits
a Whitney stratification for which Ly is a single stratum.

By the local topological triviality of Whitney stratifications, each point in Ly has
a neighborhood in Ly which is a product U x H where U is an open set in Ly, and
‘H is as in statement (1) above. It follows that Ly N W ¢ is a topological fiber bundle
over Ly as stated in item (1).

The second statement in 1(d) follows, because for isolated hypersurface singulari-
ties, the link and the boundary of the Milnor fiber are isotopic.

Now, the proof of (2) is easy: if we remove Ly N'W  from Ly, we get a boundary
which is the fiber bundle in (2). This is isotopic to the fiber bundle in (4), and we can
attach 9 F; N'W ¢ fiberwise to get d F;. The converse is similar. ]

To study further the topology within the vanishing zone W ¢, we prove the following
general theorem.

Theorem 2.5 Let p: E — M be a fibration with fiber F, where E, M, and F are
CW-complexes of dimensions 2n — 1, 2k — 1, and 2(n — k) respectively. Assume that
F ~ \/M "% M is O-connected and 2k — 1 < n — k (k > 0). Then:

(1) The Leray-Serre spectral sequence of p collapses to the term E f*
(2) The induced homomorphism py: Hy(E; Z) — H¢(M; Z), withO < £ <2k — 1,
has the following properties:

(@) If2k — 1 < n — k, then py is an isomorphism,

(b) If 2k — 1 = n — k, then py is an isomorphism when £ < 2k — 1 and when
€ = 2k — 1 it is surjective with kernel isomorphic to (Z")x,(m), the group of
coinvariants of the action of w1 (M) on H(F).

Recall that given the action of 7r1 (M) on H,(F'; Z), the group of coinvariants is the
quotient Hy(F; Z)/K , where K is the subgroup generated by all elements of the form
a—g-awitha € Hy(F;Z) and g € 71 (M). Notice that if k = 1, the projection map
above is always surjective.

Proof By hypothesis, if p > 2k — 1, then H,(M;Z) = 0, and if ¢ # 0,n — k,
then Hy(F;Z) = 0. The differentials of the spectral sequence are d), ,: E}, , —
E;—r,q—i-r—l' When r = 2, we have

A2 EX = Hy,(M: Hy(F:2)) > E%_, = Hy_o(M; Hy oy (F: 7)),
where one takes the homology with local coefficients and H, (F'; Z) denotes the homol-
ogy group H,(F; Z) with the action of 71 (M).

Therefore, in E2 _, all rows different from ¢ = 0 or ¢ = n — k are zero. Since

Pq’
E;jkl = H.(E] ,,d"), the only possible nonzero differentials are those going from
q=0tog =n—k,ie, d;,03 E;,o — E;_”_l, butr — 1 = n — k, so we get
n—k+1. pn—k+1 n—k+1
dPsO ’ EP,O - Ep—n+k—l,n—k‘
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By [43, p. 286], the homology of M is concentrated in dimensions p =
0,1,...,2k — 1 and we assumed that 2k — 1 <n —k,hence p —n+k—1 <0,
so that the codomain of d"*kﬂ is zero. Therefore, d’ = 0 for » > 2, and hence,
E” g = E 2 g forallr = 3. ThlS proves the first statement in Theorem 2.5.

Now, H(E; Z) has afiltration by subgroups: 0 C Fo¢ C F1 -1 C--- C Fr—1.1 C
Fp0 = H¢(E; Z) with the following properties:

(1) Foo= ng’Z and
() Fio—i/Fit0-i1 = E ;.

Since the spectral sequence collapses E °° = Ej 2 00 = = Hy(M, Hg (F; Z)) and El i =
Efg . = Hi(M; Hy_;(F: 7).
By [43,p.645], p«: Hi(E; Z) — Hy(M; Z) is equal to the following composition:

Hy(E:Z) = Fpo — Fo/Fi—1,1 = EJ%y = Ef o= Hy(M; Hy(F; Z)) = Hy(M: 7).

Notice that the action of 771 (M) in dimension O is always trivial, so that ﬁo(F V) =
Hy(F;7Z) = Z. Hence, ker p, = F;_1.1. In our case, the spectral sequence collapses
which implies that E7° = E 2 1.q> therefore, p. is surjective for all £.

Since F and M are O-connected, E is also O-connected, so it follows that when
£ =0, py is an isomorphism.

Now, consider 0 < £ < 2k — 1 < n — k. Since El2/z P = H,-(M; ﬁ[_i(F;Z)),
and Hy_;j(F;Z) = 0 fori = 1,2,...,€ — 1, then E7,_, = 0. Hence, by ),
Fog = Fre1 = = Fprap = Fe 1,1. Therefore, kerp* = Fr11 = Foe
which is 1som0rph1c by (1) to E0 = E(%( = Ho(M; H[(F 7)), hence, ker p, =
Hy(M; H@(F, 7)).1f2k—1 < n—k, then Hy(F; Z) = 0, so that p,is an isomorphism.
If2k—1 =n—kand ¢ < 2k —1, then p; is also an isomorphism and when £ = 2k —1,
Hy(F;7Z) = Z" and ker p, = Ho(M, @*) which is isomorphic, by [43, p. 275], to
(Z*) 7z, (m)y- This is the group of coinvariants of the action of 1 (M) on H,(F; Z). O

3 Examples
Example 3.1 Consider the Klein singularity
(0,3, € C x> +y?+" =0}, m = 2.

We know from [ 12, 32] that its link is the lens space S° /Z,, where Z,, is the cyclic group
of order m, acting on S3asa subgroup of SU(2). Now, let f : (€1, 0) — (C,0),
n > 5, be any map, such that its critical set X is homeomorphic to the above Klein
singularity and X \ {0} is a single stratum of a Whitney stratification of some Milnor
ball for f, for whichV = f -1 (0) is a union of strata (cf. Example 2.3). For example,
the function f(z1, ..., 25) = (2] + 23 + 2)z4 + 2 + 22, withm > 2.

We have a fiber bundle as above, p : Wy — Ly with fiber F L, where Wy is
the vanishing zone in a Milnor fiber, and a natural action of the fundamental group

7i(Ls) = Zyp on Hy_o(FL) = 71

) Birkhauser
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Let Z[Z,,] be the group ring of Z,,. The action of Z,, gives to ZM" a structure of
Z|Z,,]-module. Consider the following two elements in Z[Z,,], N = 1 +y + y> +
--.4y"land D = y — 1, where y is the generator of Z,, and 1 the identity. These
elements define homomorphisms N, D: /LN Z“l, given by N(a) = N - a and
D(a) = D - a. We denote by (Z“L)Z'" = ker D the group of invariants of the action
and (Z“L)Zm = coker D the group of coinvariants. Then, using Theorem 2.5, one
gets a full description of the nearby and the vanishing cycles in the boundary of the
Milnor fiber.

In fact, a straightforward computation, using Theorem 2.5 and well-known results
in the literature (for instance [8, p. 144], pages 275 to 286 in [43], [19, p. 122], and
the Poincaré Duality Theorem with local coefficients [40]), one gets

i) Hy(Wy; Z) = Z;
i) Hi(Wy; Z) = Zpy;

ifn > 5,
i) Hy(Wy; Z) = =

7 & (Z“L)Z forn =5;

iv) Hyoa(Wp: Z) = (Z* )z, ifn > 5
V) Hyo (Wi Z) = (Z8 )P IN(ZP);
Vi) Ho(Wy; Z) = ker N/D(Z"");
vid) Hy1(Wa: Z) = (ZF )P
viii) Hy(Wy; Z) = 0 for all other values of ¢;
xi) ps«: Hy(Wy; Z) — Hy(Lyx; Z) is an isomorphism when £ = 0, 1,2 and n > 5;
X) ps«: H3(Wy; Z) — Hz(Lyx; Z) is an isomorphism whenn > 5. If n = 5, py is
surjective with kernel isomorphic to (Z “L) Tom -

Example 3.2 We may consider the case where the link of the critical set of f is a
homotopy sphere. There are plenty of hypersurface singularities in C¥*!, forall k > 3,
whose link is a homotopy sphere, by [3, 10, 31], and therefore, by Example 2.3, there
are plenty of maps (C"*!,0) — (C, 0) for which the link Ly of its critical set is a
homotopy sphere and it is a single stratum of an appropriate Whitney stratification.

In fact, we can give another method for constructing hypersurfaces V, such that
the critical set X \ {0} is smooth of arbitrary dimension, so its link Ly is an actual
sphere, and it is a single stratum of a Whitney stratification. Let f; : C* — C be a
holomorphic equisingular family of isolated singularities on the parameter s € C, and
let f : C" x C — C be the function defined by

fx,s) = fi(x).

Note that the critical locus £ = {x = 0} is the s-axis in C"*!, whichis a single stratum
of a Whitney stratification of V. Now, instead of considering only one function f (x, s),
let us consider k functions f; : C" +1 5 C as above, for some k > 1, so that each
family (f;);, : C" — C is equisingular. We now sum all these (f;),; to obtain a
function g : CN+k 5 C, with N := ny + - - - + nyg, defined by

8(x1, 81, .., Xk, Sk) i= f1(xr,81) + -+ fi(xk, Sk),

W Birkhauser
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where x; € C" foreachi = 1,...,k. Then, ¥, = {x; = --- = x4 = 0} isa
k-dimensional plane in CV ¥ which is a single Whitney stratum of V (g).

We now consider a map-germ f : (C"“,Q) — (C,0);setV := f’l(O), xcV
the critical set of f, and let S, be a Milnor sphere for V and X. Let Ly =S, NV,
Ly =S, N X be the corresponding links. We further assume that Ly is a homotopy
sphere and there exists a Whitney stratification of S, adapted to Ly, for which Ly is
a single stratum. Let k be the complex dimension of X.

As noticed before, the above hypotheses imply that the vanishing zone Wj for f is
a fiber bundle over L. Its fiber F is diffeomorphic to the Milnor fiber of |4, the
restriction of f to an slice H of dimension n — k + 1, transversal to Ly, at some point.
Hence, if k < n — 1, then F* is simply connected and all its homology groups vanish
except Ho(F+) = Z and H,_;(F1) = ZM" where wt is the transversal Milnor
number.

Assume k > 1 (the case k = 1 is considered later), and alson — k > 1, so Ft
is connected. Since Ly is (2k — 2)-connected and F+ is (n — k — 1)-connected, we
have the Serre Exact Sequence

Hyii—2(FY) = Hyi2(Wa) = Hypka(S*7Y) — Hypps(FH) — .
- —=> Hi(Wy) — 0.

Therefore, we have H;(W;) = H.i(Fl) for j < n+k—2with j % 2k — 1 and
Jj # 2k — 2. Moreover, if n +k — 2 # 2k — 1, that is, if n — k > 1, we have the
following exact sequence:

0 — Hy—1(F) = Hy—1(Wy) = Z — Hoyy_2(F) = Hy—a(Wy) — 0,
and if n — k = 1, we have the exact sequence
Hyp—1(F) — Hy—1(Wy) — Z — Hayp—o2(FL) — Hop_2(W;) — 0.

Then, we have the following cases:
Case A: If n # 3k — 1 and n # 3k — 2, one gets

ZM i j<n+k—2withj=n—k
HWy)={zZ ifj<n+k—2withj=2k—1
0 ifj<n+k—2withj¢{n—Fk 2k—1}.

Case B: If n = 3k — 1, one gets

ZW L j < 4k — 3 with j =2k — 1

Hi(Wy) =
iWa) =10 if j <4k — 3 with j # 2k — 1.
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Case C: If n = 3k — 2, then there are two possibilities: either

W if j < 4k — 4 with j = 2k — 2
Hi(Wy) =17  ifj <4k —4with j =2k — 1
0 ifj <4k —4withj ¢ {2k —2,2k — 1},

which coincides with the result of Case A, or

B Wy = 2L it < 4k — 4 with j = 2k — 2
M 1) if j < 4k — 4 with j # 2k — 2.

Note that if Wy is the part of the link contained within a vanishing zone W f for f,
then Wy deformation retracts to Ly, which is assumed to be a homotopy (and thus
homology) sphere. Hence, we have

Z ifj=2k—1

Hi(Wy) =
W) {0 ifj £ 2%k —1.

Thus, Wj is homologically equivalent to Wy if and only if

7 if j =2k — 1

Hij(Wy) =
i(We) {0 if j £ 2k — 1,

which may happen only if # = 3k — 1 and u = 0. However, this never happens,
since dim¢c X =k > 1.
Therefore, we have just proved the following theorem.

Theorem 3.3 Let f : (C"*1,0) — (C,0), n > 3, be a non-constant holomorphic
function with a critical point at O, such that the link of its critical set ¥ is a homotopy
sphere of real dimension 2k — 1, with k > 1, and such that ¥ \ {0} is a single stratum
of a Whitney stratification of V. Then, the boundary of the Milnor fiber of f is not
rationally homologically equivalent to the link Ly .

‘We remark that this contrasts with the case where the critical set is one-dimensional
(Theorem 4.6).

Example 3.4 Consider the equisingular families
h(zi, 22, 1) = 20 + 25 + 2581,
withl <a; <cjand1 < b;; and
gwr, wa, ) = i + wy + ws,
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with 1 < ay < ¢ and 1 < b,. Define the function f : C® — C by
b b
@1, 22,51, wi, wa, 92) i= 27 + 25" 27t st 4+ w4+ wy + wits.

It follows from Example 3.2 that the link of the singular set of f is a 3-sphere in C%
and that its transversal Milnor number is:

uh = (a1 — 1)(by — D(az — (b — 1).

Moreover, since N = 4 = 2k, we get that the nearby boundary cycles are

N Zl@a=Dbi=D@=Dbr=D+1 jf j =3
H;(Wy) =

if j < Swith j #3.

4 The case of a 1-dimensional singular set

Now, consider a holomorphic germ f : (C"*',0) — (C,0), n > 2, with
one-dimensional critical set ¥. We equip C"*! with a complex analytic Whitney
stratification, such that {0} is a stratum, V = f~!(0) is a union of strata, and we
assume the representative of V is small enough, so that each stratum has 0 in its
closure.

Let S, be a Milnor sphere for V. Then, each stratum, other than 0, meets S, transver-
sally and we have a Whitney stratification of the sphere, such that the link Ly = VNS,
is a union of strata. Since ¥ is one-dimensional, each connected component of X \ {0}
meets S, in a circle, which is a stratum of the induced stratification in S;.

Let Cy, ..., C, be the connected components of Ly. Each C; has a vanishing zone
W’f diffeomorphic to C; x C" and the boundary BW"f meets Ly transversally. We

assume Wlf el W? are pairwise disjoint and we set Wy = W}, U...U W} This
is a vanishing zone for f.
There exists § > 0 small enough with respect to W ¢, such that for every ¢ with
[t| < 8, the boundary d F; meets dW ¢ transversally. Let F; be such a Milnor fiber.
We now look at what happens within each W’f Recall that for each connected com-

ponent C; of Ly, the portion of d F; contained in Wif, denoted by Wg ,1s a fiber bundle
over the circle C; with fiber the transversal Milnor fiber, which is homeomorphic to a
(2n — 2)-ball with ,ul.L (n — 1)-handles attached, where ,uf > 0 is the transversal Mil-
nor number. We recall that every bundle over a circle is determined by its monodromy
map. This is what Siersma called in [37, 38] the vertical monodromy.

Consider, more generally, a smooth fiber bundle p: E — S' with fiber F a compact
manifold of dimension 2n — 2, n > 2, which is homotopically equivalent to a bouquet
of i (n — 1)-spheres, for some &t > 0. Consider the monodromy action of 71 (S hxz
on H,_|(F;Z) = Z", which is defined on a generator gy € 71 (SH by the formula
go-a = hy(a), where h: F — F is the homeomorphism induced by gg. We define a
homomorphism ¢: H,_{(F;Z) — H,_{(F;Z) by ¢(a) = go - a — a. We denote by
H,_(F; 7)™ Y the group of invariants of the action, i.e., the fixed points, and by
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H, (F; Z)m (sh the group of coinvariants, i.e., the quotient H,_{(F; Z)/K , where
K is the subgroup generated by all elements of the forma — g-a witha € H,_|(F; Z)
and g € 1 (Sh).

The next result follows easily from Theorem 2.5 and its generalization to the case
where the base of the fibration consists of finitely many circles is straightforward.

Theorem 4.1 Let p: E — S! be a fibration, whose fiber F is a CW-complex of
dimension 2(n — 1), such that F ~ \/M S"1 Then

i) Ho(E;Z) =7
i mE 7y =17 ifn>2
(ZM) gy sy ®Z ifn=2
iii) Hy—1(E; Z) = (Z") g, (s1) = coker g (n > 2)
iv) Hy(E;7Z) = (21D —kerg (n>2)
v) Hi(E;Z) =0 for €#0,1,n—1,n
vi) rank H,(E;Z) =rank H, ((E;7Z) (n > ?2)
vii) rank H{(E; Z) —rank H>(E;7Z) = 1
viil) py: HI(E; Z) — H; (S, Z) is an isomorphism when n > 2 and it is surjective
with kernel isomorphic to (ZM) . (s1y, when n = 2.

Coming back to our setting of a holomorphic map-germ f : (C"*!,0) — (C, 0),
n > 2, with a one-dimensional critical locus . We get the following:

Corollary 4.2 Let Ly and 0 Fy be, respectively, the link and the boundary of the Milnor

fiber of a map-germ (C"1, 0) —f> (C, 0) with a one-dimensional critical locus X that
we assume irreducible (for simplicity). Let z be a pointin Ly, Ffl a transversal Milnor

fiber and h : H,,_l(FL»; 7) — H,_ (Fl-; Z) the vertical monodromy. Then:

i) The specialization morphism S : dFy — Ly is an integral homology equivalence
if and only if hy — 1d is an isomorphism.
ii) If hy — Id is injective, then S : 9Fy — Ly is a rational homology equivalence.

Proof Set the following notation: X = 0Fr, A = dFf N Wy, Y = Ly and B =
Ly N Wy. We have S : X — Y which is the restriction of a map of pairs S(x ) :
(X,A) — (Y, B), so that we have the map S4 : A — B. We choose the regular
neighborhoods and retractions rs : Wy — Ly and r : VT/V — Ly, so that the
following diagram commutes:

A C W C Wy .
N
ry r

Ly ——Ly

We also have a fiber bundle ¢ : B — Ly whose fibers are cones. Lett: Ly <— B
be the inclusion, which is a homotopy inverse of g. Therefore, S4 =t o p.
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The spaces X and Y are Hausdorff and A, B are closed subspaces. Moreover, X is
compact and A is a submanifold of X which is a strong deformation retract of a closed
neighborhood. The map S(x, 4) is a relative homeomorphism, so by [39, p. 202]

Sx.a), : Hi(X, A) — Hy(Y, B)

is an isomorphism for all £.
Recall that ¢ = h, — Id, so the proof now follows from 4.1 iii), 4.1 iv) the exact
sequence of the pairs (X, A), (Y, B) and the five lemma. O

Corollary 4.3 Consider a holomorphic germ f : (C"t1,0) — (C,0), n > 2, with a
critical point at 0, such that ¥ has dimension 1. Then, the specialization morphism
Syt Hi(0Fy) — H¢(Lvy) is surjective for £ = 1, when n > 2 and for { = 2 when
n>2.

Proof By the proof of 4.2, S4 = ¢ o p, where ¢ is a homotopy equivalence and
by 4.1 viii), p, : H(A) — Hj(Ly) is surjective for n > 2. The result now follows
from the exact sequences of the pairs (X, A) and (Y, B) and the five lemma. O

Lemma 4.4 Consider a map-germ f : (C*t1,0) — (C,0), n > 2, with a
one-dimensional critical set X. Then, the boundary of the Milnor fiber is never home-
omorphic to the link.

This lemma was proved in [25] for n = 2 and the proof in general is similar.

Example 4.5 We consider again the Whitney—Pham-Brieskorn singularities from
Example 2.2, f(20.....2n) = 20 + -+ 2,5 + 2,12, withn > land a; > 1

foralli =0,...,n—1.

The critical set ¥ is the z,-axis and Ly is a circle. Let W, be a vanishing zone;
by definition, this is a tubular neighborhood of Ly, so it is connected. Set Wy :=
Ly N'W £; this set is also connected, since it is a regular neighborhood in Ly of Ly,
which is a circle. Finally, let Wj be the intersection with W ¢ of an appropriate Milnor
fiber. As before, we consider the smooth fiber bundle p : Wy — Ly whose fiber is the
transversal Milnor fiber F ]J;, which is connected. In particular, Wj is also connected.

Moreover, the bundle p induces a diffeomorphism 2 : F J% — F I}, which induces the
vertical monodromy 7 : Hn_l(F]J;; 7)) — H,,_l(F]J;; 7).

Recall from [16] and [17] that every isolated singularity germ (Ccm+l 0) £ (C,0)
has a Lé’s vanishing polyhedron P. This is a triangulable compact topological space
P in its Milnor fiber G;, of real dimension m, which is a deformation retract of G;,
together with a continuous projection G; — V (g) into the singular fiber, which carries
P into 0 and is a diffeomorphism elsewhere.

For every Whitney—Pham—Brieskorn singularity as above, we have the following:

Theorem 4.6 (1) There is a polyhedron Py in Wy of real dimension n, that is a sub-
fiber bundle of Wy, fibered over Ly, such that Wy is a regular neighborhood of P
and each fiber is a Lé’s vanishing polyhedron for the corresponding transversal
Milnor fiber.
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(2) There is a continuous map Vy : Wy — Wy that sends Py onto Ly, and restricts
to a homeomorphism Wy| : Wy\Py — Wy\Lyx. Furthermore, Vy extends to
a continuous map 0F; — Ly, which is a homeomorphism away from Py and
induces the specialization morphism in homology.

(3) The homomorphism h, — Id is injective, so the boundary of the Milnor fiber is
rationally homologically equivalent to the link of f.

Proof We prove the theorem for n = 2 and leave the case n > 2 to the reader.
Therefore, we let f be

f(zo, 21, 22) = 23 + 21" 22.
Its critical locus is = := {z9 = z; = 0}. We take in C> balls with corners

(B], xB,) C (C*x C).

el
Then, Ly = {0} x ng and the vanishing zone is given by W ; := B?l X ng.
Now, given some ¢ € C \ {0} fixed, the space

Wy = {(z0, 21, 22) € Bﬁl X Slz; 7)) + 2]z =1,
fibers over the circle, with fiber
Ffi={(z0.21,2) € Bz; z¢’ +2{'z =1}

for some z € Séz, where B, := IB%‘S‘] x {z}.

We notice that the vertical monodromy of Wj is given by a restriction to F } of the
diffeomorphism

h: C3 — c3
(20, 21, 22) > (20, e 22/ 7y 73).
Now, following the ideas from [27] and [17], for each z € Séz, one can construct:

(i) aLeé’s vanishing polyhedron P} in the transversal Milnor fiber F ;, such that F ;
is a regular neighborhood of P%; and

(i) a continuous map ¥, : F ; N £~1(0) N B, that sends P} to 0 € B; and that
restricts to a homeomorphism

Fi\ P — (f7'(0) N B\ {0}.
In fact, the transversal vanishing polyhedron PJZC can be constructed as a union of
paths in B, given as follows: For each «g with 0 < a9 < ag and for each o1 with
0 < a1 < ay, define the path in B, given by

Pag.ay (1) 1= (rt 020 (1 — r@)Var g /z2) V0% ) 0 <r <1,
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where wg, 1= ¢*/% and w,, := €**/* Then

P; = U tr([’oto,otl)-
0<wag<ag
0<wp<a

Identifying 0 ~ a1, we get that

h(Pao,al) = pOt().Oll—QZ

for every 0 < a9 < ap and 0 < a1 < aj. This means that the vertical monodromy #
restricts to an automorphism of the polyhedron PZ.
It is easy to show that the boundary vanishing polyhedron for f given by

Py:=|J P}

zeSL

fibers over the circle with fiber the transversal vanishing polyhedron P]zc. The obvious

collapsing map ¥, : Wy — Wy sends P, onto Séz and restricts to a homeomorphism
Wyl : Wy \ Py > Wy \ S,.

This proves statements (1) and (2) in Theorem 4.6 when n = 2.
Now note that the homology group Hj ( P}) is generated by the cycles

o(ap, ay) = Pag,a1 — Pog,ai+1 — Pag+1,a1 T Pag+1,01+1
with0 < ap <ap—2and 0 < a; <a; — 2.

Therefore, to prove (3), when n = 2, note that for 0 < og <ap—1and 0 < ] <
a; — 1, one has that

o(ag,a; — 1) if0<a; <a;—1

h(U(OlOvO‘I)) = {_Z‘/‘,l_ozo(ao,j) ifa; =0.

Consider the following basis for Hj (P;):

B ={0(0,0),...,060,a1 —2),6(1,0),...,0(l,a;1 —2),...

...,0(ag—2,0),...,0(ap — 2,a;1 —2)}.
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Therefore, the matrix of the homomorphism &, : H 1(P;) — H, (P;) in the basis B
is given by ‘

MO...O

OM...O
U] = AR

O0...M

where O is the (a1 — 1) x (a1 — 1) null-matrix and M is the (a; — 1) x (a; — 1)-matrix
given by

-1100...0
—-1010...0
—-1001...0
M= .
—1000...1
—-1000...0

Note that M appears exactly (ag — 1)-times in the matrix [hi]g.
Hence

NO...O

B ON...O
[h*_I]BZ N s

0O0...N

where N is the (a1 — 1) x (a1 — 1)-matrix given by

-21 00...0 O
-1-110...0 0
-10-11...0 O
N=| . : ) )
-1 0 00 —1 1
-10 00... 0 -1

whose determinant is not zero. Therefore, i, — I is injective, and hence, (3) follows
from Corollary 4.2. Note that, in general, the determinant of N isnot £1, so that &, — 1
is not surjective.

When n > 2, s0 f is given by

ap Aap—2 ap—1
f@o,oz) =20+ 45,0 508

the proof is similar. The first step is constructing a vanishing polyhedron P’ in the
intersection F’ := F JZ, N {z,—1 = 0}, which can be identified with the Milnor fiber of
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the Pham-Brieskorn polynomial f’ defined by
@20y vzn2) =200 4+ 2,5
and such that P’ is invariant under the vertical monodromy

h: (Cn—i-l N (Cn+1
(20, -+ +» Zn=2+ Zn—1,2n) = (20, - - ., Zn—2, e—2nla,1/a,,,1zn_l’ Zn)-

Then, one can easily define the transversal vanishing polyhedron P?, invariant under
the vertical monodromy, and find generators for its homology. This completes the
proof of Theorem 4.6. O

5 Concluding remarks
5.1 The general case

In general, if (X, 0) and f are analytic germs with arbitrary singularities, we still have
a vanishing zone Wy and we can try to do the previous constructions by pieces, as
follows.

For each stratum Sy in Ly, denote by U, a tubular neighborhood of S, in the
ambient space where we have the local topological triviality granted by the Whitney
conditions. Assume also that U, is small enough, so that its intersection with the link
Ly is contained in W . Let 4 C W ¢ be the union of all these open sets. Now, choose
a Milnor fiber F; , so that its boundary 0 F;, is contained in (. Then, by the local
topological triviality of Whitney stratifications, restricted to each Uy, 0 F;, is a fiber
bundle over the stratum S,. Hence, the Leray—Serre spectral sequence can be used
to express the homology of dF;, N U, in terms of the homology of S, and that of
the fiber, which is the transversal Milnor fiber. Then, we can put all this information
together, for instance using Mayer—Vietoris.

For instance, take X = C"*!. Let s, be the dimension of the stratum S, and let

« := H& %! be a generic subspace of the tangent bundle of X at a point zg in Sy,
transversal to S, of complex dimension n—sqy 4 1. If Sy is aregular stratum of Ly, then
V N'Hy is a hypersurface in ‘H,, with an isolated singularity at z, and the topology of
its transversal Milnor fiber th is fully described by the corresponding Milnor number
/Lé However, if Sy is not a regular stratum of Ly, then the hypersurface V N Hy
has a non-isolated singularity at z,. In this case, by Massey’s work ( [21] and [22,
Theorem 3.1]), the transversal Milnor fiber F, ZJa- is fully described by the corresponding
L& numbers Ao, - - - , Ay, Where oy is the dimension of the singular set of V N H,, at
Zq- And the L& numbers are actually computable.

Let us us give a few examples. We first recall Massey’s Definition 7.1 in [23]:

Definition 5.1 If f : (C**!,0) — (C, 0) is an analytic function-germ, then an aligned
good stratification for f at the origin is a good stratification for f at the origin in which
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the closure of each stratum of the singular set is smooth at the origin. If such an aligned
good stratification exists, we say that f has an aligned singularity at the origin.

We refer to [20] for the definition of good stratifications, a condition we do not
actually need in this article. Now, suppose that f has an aligned singularity, such that
the induced Whitney stratification of its critical set X has exactly two strata

L=(X\S)uUs,

of dimensions k + ¢ and k, respectively, with k,/ > 0. After making a change of
coordinates, if necessary, we can suppose that

Si={zx=-=2,=0} and ¥ ={gyy=---=2, =0}.

then the Milnor fiber 'y of f is homeomorphic to the product F U'x Ck, where F! is
the Milnor fiber of the function-germ f! : C"~%*1 — C defined by the restriction of
f to a k-codimensional section

{(zo, ..., zk=1) — (co, ..., ck—1) =0},

for some (co, ..., ck—1) € ng"l. Therefore, F'y is homeomorphic to the Milnor fiber
F, of the the function-germ g : (C"*t1,0) — (C,0) given by g(z0,...,2n) =
fYzx, ..., za). Now, let us define a vanishing zone for g using spheres with corners

S = (SE x B2 U (B x s,

Since ¥ = Xy = Ck x X 41, we have

Ly =Ly, = 6% x 5,1) U B x Ls ).

€1

so that

Wy =W, = S* ! x N(S,)) U B2 x wi,

€1

1
where N (X 1) is a small neighborhood of X in C**+1 and Wéf = Wf1 nFL
Hence, Wj is homeomorphic to

1
WE = (S2 T x FHyu @2 x wi ).

€1

A straightforward computation shows thatif n # 3k — 2, then the homology groups
1
of Wéf are all torsion free, and if n # 3k — 1, then they are given by

1 ZM ifj <n+k—2withj=n—k
HwW/Hy={z ifj<n+k—2withj=2k—1
0 ifj<n+k—2withj ¢ {n—k 2k— 1}
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If n =3k — 1, then

ZW L j < 4k — 3 with j = 2k — 1

~ fl ~
7wl )=
iWa ) {o if j <4k —3 with j # 2k — 1.

The Kunneth formula yields
Hi(S* ' x FY = H;(F") @ Hj_oe1 (F")
and
Hy & x w!') = Hyw{) @ iy (W)
Then, the Mayer—Vietoris sequence gives the following exact sequence:

1 1
o> Hip (W) = H;(W ) @ Hj e n (W) ) —
1
Hi(F)@®Hj_y 1 (FY® Hi(W ) > Hj(Wy) > ...,

which allows one to calculate the integral homology groups H;(Wj) out from the
homology groups of F!.

Example 5.2 Let f : (C"*!,0) — (C, 0) be such that its critical set & has complex
dimension k+ 1. Suppose that f has a Whitney stratification that induces a stratification
¥ = (X\S1) U S1, such that S; has dimension k. Then, the Milnor fiber F'y of f is
homeomorphic to the product F! x CX, where F! is the Milnor fiber of a transversal
function f! : C*7 k1 — C as above, which is a line-singularity. Then, F! can be
constructed, up to diffeomorphism, from a (2n — 2k)-ball to which one attaches A1-
many (n — k — 1)-handles, and then, one attaches Ag-many (n — k)-handles. Thus, one
has that

Zbo ifj=n—k
Hi(FhY=17ZheT ifj=n—k—1
0 ifj¢{n—k—1n—k},

where T is the torsion part of H,_x_1 (FY, and with by + by < Lo + A1.

For instance, if f : (C®, 0) — (C, 0) is an aligned singularity with two strata: one
of complex dimension 2 and another with dimension 1, then we have the following
exact sequence:

Y/ &T > Hi(Wy)) > 0> 72" T —
— Hy(Wy) = Z — 0 > Hy(Wy) — Z> — 7> — H(Wy) — 0.

Therefore, we have

e bg+ by <rank Hy(Wjy) < ul+b0+b1,andthus rank Hy(Wy) < I.LJ_—‘F)\-()JF)\.].
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e rank H3(Wjy) = by + 1, hence rank H3(Wj3) < A1 + 1.
e rank Hy(Wj) = rank H; (Wy) < 2.

Example 5.3 Now, let X C C be the singular variety given by
X = {23 — 2023 = 0},
and consider the function f : X — C defined by
f@o ... za) =21 — (20 — 22)™.

Its critical set is: ¥ := {z0 = z1 = zo = 0}, soits link Ly is the sphere S3. The
restriction of f to a complex 3-dimensional slice

H={z3 = w3} N {z4 = w4},
which is transversal to Ly at a point (0, 0, 0, w3, ws) € Ly, is given by
fin(zo, 21, 22) = 23 — (20 — 22)%.

We find in [44] (Example 1.1) that the corresponding Milnor fiber - has the homotopy
type of a bouquet of ut circles with - = 7. Therefore, we have

0 ifj=02
Hj(Wy) =377 ifj=1
Z ifj=3.

5.2 On the geometry of the boundary whenn = 2

As pointed out in the introduction, the boundaries of the Milnor fibers have a rich
geometry that makes them interesting manifolds by themselves. This was highlighted
for instance in [33]. We now glance at some interesting features in the case of map-

germs (C3, 0) —f> (C, 0) with one-dimensional critical set.

We can mimic [35, 36] where everything is done for the link of surfaces with a
normal singularity, and show that if we set as before V = f -1 (0), Ly the link and
Fy a Milnor fiber, then one has the following:

Proposition 5.4 The tangent bundle of the Milnor fiber comes equipped with a canon-
ical reduction of its structure group to SU(2), which is isomorphic to the universal
cover of SO(3) and also to the group of unit quaternions. This determines canonical
spin and spin® structures on the boundary M ¢ compatible with the complex structure
on the interior of Fr. Furthermore, this also determines a canonical trivialization p of
T My, the tangent bundle of the boundary compatible with these structures, obtained
by taking the unit outwards vector field of 0 F s in Fy and multiplying it at each point
by the quaternions i, j, k.
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Notice that T Fy restricted to M s splits as the direct sum 7'M ¢ @ (1) where (1) is
the normal bundle of M; in F¢, which is trivial. Hence, T F¢ |y, can be regarded as
being the stable tangent bundle of My, that we denote T M 7. This is a complex vector
bundle, and in fact, it is a trivial bundle.

Define an SU(2)-frame on My to be a basis 8 = (B1, B2) for TMy, so that at
each x € My, the two vectors B;(x) define a matrix in SU(2). Notice that any two
SU(2)-frames on My differ by a map from My into SU(2). The homotopy classes
of maps from M into S3, (M £ S31, are classified by their degree. Hence, letting
{FVsu@)(My)} denote the set of homotopy classes of SU(2)-frames on M 7, we get
from [36, Lemma 2.1] that {FVsuy() (M)} is a Z-torsor. Furthermore, one has the
following:

Lemma 5.5 The set [My,SU(2)] = Z of homotopy classes of continuous maps acts
transitively on the set {Frsu) (M r)} and endows it with a group structure isomorphic
to the integers. The zero element is represented by some (any) SU(2)-trivialization of
the complex bundle T F y. The generator corresponds to the homotopy class of degree
1 maps from My to SU(2).

The only new point here is showing that the zero element is well defined. This
follows, because every two SU(2)-frames on F differ by a map Fy — SU(2), and
every such map is nulhomotopic, since SU(2) = S and F '+ has the homotopy type of
a bouquet of 2-spheres.

Observe that we have the canonical SU(2)-frame p on M y. Then, the association
f = My, p) € {Frsup(My)} = Z is an invariant of f. Now, each element
F € {FVsu@)(My)} determines liftings to H*(Fy, My) of the Chern classes of
T F y; these are by definition the Chern classes of Fy relative to F, denoted ¢; (Fr, F),
i = 1, 2. Following [36], we let Td(Fs, F) be the Todd genus of Fy relative to F.
That is

1
Td(Fy. F) = 3 (c1 (Fp. F)2 + o (Fy, ;E))[Ff] ,

where [ Fy] is the orientation cycle (relative to the boundary). One has the following:

Lemma 5.6 The isomorphism {FVsyn) (M)} = 7 can be realized by the map that
associates to each element F in {FVsu2) (M)} 12-times the Todd genus Td(F ¢, F).

Therefore, one can define (cf. [36]) the E invariant of fatQby
E(f) = 12Td(Fy, p)
where p is the canonical SU(2)-frame on M ;. One actually has
E(f) = x(Fp),

and therefore, by [14], this is a topological invariant, determined by d Fy and its
embedding in a local Milnor sphere for f. Thus, we arrive to the following:
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Theorem 5.7 With the above hypothesis and notation, one has the following:

i) The canonical SU(2)-structure of the tangent bundle T Fy determines a canonical
trivialization p of T M y and an SU(2)-frame on My, also denoted p. This determines
an invariant E(f) that depends only on the pair (M y, p).

ii) The Todd genus in the relative Chern classes defines a group isomorphism

12Td(F, F)
{(FVsup(M)} —> 7,

and evaluated on (M ¢, p) it equals the Euler characteristic of Fy. Therefore, E )
is a topological invariant of f.

We remark that if the critical setof /" at 0 is zero-dimensional, then Laufer’s formula
in [13] for the Milnor number implies that E(f) can be determined by invariants
coming from a resolution V of the singularity, namely

E(f) = x(V) + K% + 12dimH" (V. Op),

where K is the canonical class and dimH ! (\7, Opy) is the geometric genus. This can
be expressed as

Td(Fy, p) = Td(V, p) + dim H'(V, O),

and one may conjecture that there is a generalization of Laufer’s formula to the case
when the critical set is one-dimensional, replacing the Milnor number by the L& num-
bers.
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