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Abstract
Let � be a subdomain of a Stein surface with smooth strictly pseudoconvex boundary M = ∂�. We are mainly interested in
the case that � is not relatively compact. Building on work by G. Lupacciolu, we describe the envelope of holomorphy of an
arbitrary open subset M∗ of M in terms of a modified holomorphic hull of the complement A = M\M∗, designed in order
to also reflect the geometry of � at infinity. As a consequence, we clarify the relation between the envelope of M∗ and some
notions of core sets of �, which are an active topic in recent research.

1 Introduction

Let � be subdomain of a n-dimensional Stein manifold X .
Wewill always assume that the boundaryM = ∂� is smooth,
and mainly be interested in the case that � is not relatively
compact. We say that � is strictly pseudoconvex at p ∈ M if
M is strictly pseudoconvex at p and� lies on the pseudocon-
vex side. We say that � has strictly pseudoconvex boundary
if � is strictly pseudoconvex at each p ∈ M . Only if such
an � is relatively compact, it will be called strictly pseudo-
convex domain, in order to single out the classical part of the
topic.

The unbounded case, where one expects a combination
of classical phenomena with some “geometry at infinity”,
remains still quite intriguing. For instance, there are subdo-
mains ofC

n with strictly pseudoconvex boundaries which do
not admit a bounded strictly pseudoconvex exhaustion func-
tion. In particular, this prevents us from extending a strictly
pseudoconvex defining function that one can easily construct
near M to the entire domain�without losing strict plurisub-
harmonicity at some points. The study of the underlying
obstructions attracted a good deal of recent activity, see [6–8]
to mention only a few publications relevant for the present
article and led to various notions of core sets (also depend-
ing on regularity), which give a handle for understanding the
geometry of � at infinity.
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The topic of the present article is holomorphic extension
of CR functions from parts of M , see [2] for an overview.
For the special case of CR functions defined on a connected
boundary, this gives the question when the Hartogs–Bochner
theorem is valid. Here, a general structure theorem [1], which
is even independent of the pseudoconvexity of ∂�, assures
that this holds true if and only if X is the envelope of holo-
morphy E(X\�). Here, necessity is the main point, i.e. the
existence of CR functions with “restricted” holomorphic
extension. In fact, comparison of [1] with [3] shows that
the validity of the Hartogs-Bochner theorem may sensitively
depend on the regularity of boundary values. This motivates
our choice of the large class of CR distributions as basic
objects.

The application of the above-mentioned structure theorem
is potentially delicate since E(X\�) may be multi-sheeted.
If E(X\�) is schlicht, we call its complement �\E(X\�)

the CR core of �, in short cCR(�), following the disserta-
tion [6]. It is observed that there is no clear relation between
the core set c(�) and the CR core, at least if one does not
restrict dimensions. Recall that c(�) is the set of the points
p ∈ � at which every smooth-bounded plurisubharmonic
function on� fails to be strictly plurisubharmonic. The initial
motivation for the present work is to show that the situation
becomes more transparent for domains with strictly pseudo-
convex boundary in Stein surfaces, i.e. Stein manifolds of
dimension 2.

Our main result tells that the region of maximal exten-
sion is always schlicht, even if the CR distribution is only
defined on a (possibly disconnected) relatively open subset
of M . Moreover, this region is the complement of a suitably
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designed hull with respect to O(�), the space of functions
holomorphic near �.

Theorem 1.1 Let � be a subdomain of a Stein surface X
with smooth strictly pseudoconvex boundary M = ∂�, and
let A ⊂ M be closed. Then the CR envelope ECR(M\A) is
schlicht and coincides with �\̂A�,∞.

Roughly speaking, the CR envelope of a real hypersurface
is the maximal Riemann region to which all CR distribu-
tions extend holomorphically. To avoid notational confusion,
we emphasise that we will systematically work with Stein
regions, i.e. open sets whose connected components are all
Stein domains. In our setting, the pseudoconvexity of �

implies that ECR(M\A) is spread over �, see Sect. 3 for
definitions and properties. The first nontrivial claim is that
ECR(M\A) is schlicht, which is a phenomenon particular
to complex dimension 2. The main novelty of our approach
is that we start by deriving schlichtness from D. Jupiter’s
schlichtness theorem, a structural result relying on the posi-
tivity of intersections of complex curves.

The hull ̂A�,∞ is defined in Sect. 5. Here, we content
ourselves with the heuristic suggestion that ̂A�,∞ may be

viewed as the hull of the union of A with the germ of � at
infinity. It is a generalisation of theO(�)-hull of� at infinity,
introduced by G. Lupacciolu in [21], which is recovered in
our formalism if A = ∅. In this case, Theorem 1.1 coincides
the first part of [21]. For instance, this hull is nonvoid if
� contains a properly embedded holomorphic curve. It is
known that its geometry can be much more complicated (see
[7] for example).

In the classical case � � X , M is connected, A is
compact, and ̂A�,∞ = ̂A�. For A = ∅, we get the Hartogs–
Bochner theorem. The subquestion for which A we have
ECR(M\A) = � became one of the departure points of
the study of removable singularities of CR functions, see
[22] for a survey and further references. Theorem 1.1 in
the classical case was proved in [31], see [13, 15, 17, 18,
20, 26, 27] for further developments. Here, the topologi-
cal consequence that there is a 1–1 correspondence between
component of �\ECR(M\A) and adherent components of
M\A (also valid in the unbounded setting) attracted partic-
ular attention. Already for bounded domains, Theorem 1.1
fails for n ≥ 3.

In the case A = ∅, Theorem 1.1 is directly related the CR
core cCR(�), introduced in [6] as the complement �\E(M)

provided E(M) is schlicht. As mentioned above, E(M) need
not be schlicht in higher dimension.We refer to [6], for exam-
ples, with � strictly pseudoconvex and n ≥ 3. In dimension
2, the situation is more transparent, as Theorem 1.1 implies.
Referring for the very last claim to examples in the final sec-
tion, we obtain

Corollary 1.2 Let � be a strictly pseudoconvex domain with
smooth boundary inC

2. Then cCR(�) is defined and contains
the core set c(�) of all points z ∈ � at which no bounded
function ρ ∈ PSH∞(�) is strictly plurisubharmonic. The
inclusion may be proper.

The article is organised as follows. In Sect. 2 we rehearse
some basic facts on envelopes of holomorphy and prove
a slight generalisation of Jupiter’s theorem. In Sect. 3 we
give a careful introduction to CR envelopes of strictly pseu-
doconvex real hypersurfaces in general dimension. In the
subsequent section we restrict to typically 2-dimensional
phenomena and derive of the schlichtness part in the main
result. In Sect. 5, we studyO(�)-hulls of unbounded sets, in
particular hulls reflecting geometry at infinity in the spirit of
Lupacciolu, and complete the proof of Theorem1.1. Thefinal
section is dedicated to some example classes and remarks. In
particular, we build on recent work by Shcherbina to show
that the Hartogs extension theorem always holds for model
domains with strictly pseudoconvex boundary.

2 Envelopes of holomorphy

In this section, we review some facts on Riemann regions and
envelopes of holomorphy. Recall that a Riemann region over
a complex manifold X is a (possibly disconnected) manifold
U equipped with a locally homeomorphic projection π :
U → X . In all cases relevant for us, the topology of U
will be countable. Pulling back the complex structure from
X induces a canonic complex structure on U . The Riemann
regions over X form a category, the morphisms being the
continuous mappings ϕ : U1 → U2 satisfying π2 ◦ ϕ = π1.

If X is Stein and D ⊂ X a domain, then the enve-
lope of holomorphy πD : E(D) → X is a Stein Riemann
domain over X . Moreover, there is a canonic embedding
ιD : D ↪→ E(D) such that πD ◦ ιD = idD and every
u ∈ O(ιD(D)) ∼= O(D) holomorphically extends to E(D).
This construction directly generalises to open sets U ⊂ X ,
defining E(U ) as the disjoint union of E(Uj ), where Uj

runs through the connected components of U . The projec-
tion π : E(U ) → X is componentwise induced by the
π j : E(Uj ) → X .

A Riemann region π : U → X is schlicht if π is injective,
i.e. wheneverU can be identified with a region in X . We say
that U is schlicht over V open ⊂ X if π |π−1(V ) is injective,
and that U is schlicht over q ∈ X if it is schlicht over some
open neighbourhood of q. The goal of this section is

Theorem 2.1 Let U be an open subset of a Stein surface X
and πU : E(U ) → X be its envelope of holomorphy. If E(U )

is schlicht over U , then it is schlicht.

This is a slight generalisation of a result by Jupiter [16],
who proved the theorem for U connected. In the proof of

123



Complex Analysis and its Synergies (2024) 10 :19 Page 3 of 10 19

Theorem 1.1, we need the more general version since M\A
may be disconnected.

Proof We will derive Theorem 2.1 from the original ver-
sion for domains. It suffices to understand the special case
where U has two connected components U1 and U2. To
argue by contradiction, we assume that there is p ∈ X such
that π−1(p) contains two points q1 �= q2. By the result for
domains, E(U1) and E(U2) are schlicht, allowing us to assume
q j ∈ E(Uj ).

By [14, Corollary 1] there is a holomorphic curve ϕ ∈
O(D, E(U1)) satisfying ϕ(T) ⊂ U1 and ϕ(0) = q1. In addi-
tion, we may assume ϕ to be an immersion with isolated
normal crossings. Since E(U2) is schlicht too, ϕ(D) ∩ E(U2)

is a complex curve parametrised by a (not necessarily con-
nected) open subset G ⊂ D. Let G0 be the connected
component containing 0.

The crucial observation is that the image C0 = ϕ(G0)

is (i) a closed irreducible curve in E(U2) and (ii) contained
in E(U2)\U2. Indeed, (i) follows from the fact that ϕ(T) ∩
E(U2) = ∅, and (ii) holds because E(U ) is schlicht over U .
Finally we obtain the desired contradiction, since E(U2)\C0

is a Stein domain containing U2, which is impossible since
E(U2) is the envelope of U2. 
�

Let us recall from [5], see [12] for more details, the con-
struction of abstract closure R and the abstract boundary bR
for a Riemann domain π : R → X . As a set, R is the col-
lection of all filters1 a of open sets in R for which there is
z ∈ X such that

(a) the image filter π∗a accumulates2 to z,
(b) for every N ∈ a, there is an open neighbourhood U of z

such that N is a connected component of π−1(U ),
(c) for every open neighbourhood U of z at least one of the

connected components of π−1(U ) is a member of a.

It is readily seen that z = z(a) is uniquely determined by a ∈
R, allowing us to set π(a) = z(a). Moreover, the connected
neighbourhoods of a point p ∈ R form a filter ap ∈ R,
which can be identified with the point. It follows that the
ideal boundary, set theoretically defined by bR = R\R, is
the set of filters such that

(d) the image filter π∗a is not a subfilter of az .

A topology extending the topology of R is then generated by
taking as a neighbourhood basis for a ∈ R the sets

UV = {b ∈ R : ∃W ∈ b with W ⊂ V },
1 A filter in a set L is a family a of subsets of L such that for any pair
L1, L2 ∈ a, there is L3 ∈ a with L3 ⊂ L1 ∩ L2.
2 A filter b in X accumulates to z if every neighbourhood of z contains
a member of b.

where V runs through the members of a.
Easy examples like D\R≥0 show that the usual boundary

of a subset of X needs not coincidewith its abstract boundary.
For later use, we observe that more can be said at smooth
boundary points.

Lemma 2.2 Let D be a subdomain of a Stein manifold X. Let
U be a relatively open subset of ∂D such that ∂D is of class
C1 at the points of U. Then U has a unique injective lifting
ιU : U → E(D) which extends ιD continuously to D ∪U.

3 CR envelopes of real hypersurfaces

Let � be a subdomain of a Stein manifold X with smooth
strictly pseudoconvex boundary M = ∂�. In this section,
it suffices to assume dimX ≥ 2. Our aim is to define an
envelope of holomorphy for a relative domain U ⊂ M . The
following presentation is perhaps slightly more detailed than
expected by the expert, the reason being that we need some
technical preparations later on.

A set V ⊂ � is a one-sided neighbourhood of U in � if
every p ∈ U has a neighbourhood Vp such that Vp ∩� ⊂ V .
The familyV of connected one-sided neighbourhoods ofU in
� becomes a category with inclusions as arrows. As usual,
the direct limit lim−→V∈VV may be viewed as the germ that
represents the �-side of V .

Let E(V) denote the family of all Riemann domains over
X that are envelopes of members of V . Recall that the family
of Riemann domains over X is a category, with continuous
mappings compatible with projection to X as morphisms.
Now we turn E(V) into a category admitting only those mor-
phisms α : E1 → E2 that fix U . To make this precise, we
notice that U embeds canonically into the abstract bound-
aries bE1 and bE2, by Lemma 2.2. Then we say that α fixes
U if its canonic continuous extension α : E1 → E2 restricts
to the identity on U .

If ι : V1 ↪→ V2, there is a canonical embedding V1 ↪→
E(V2) extending to a morphism

ιE : E(V1) → E(V2), which obviously fixes U . It is
checked by standard covering arguments that another pair
V ′
1 ⊂ V ′

2 with E(Vj ) = E(V ′
j ), j = 1, 2, induces the same

morphism. Hence, V �→ E(V ) naturally extends to a trans-
formation from V to E(V).

Lemma and Definition 3.1 The category E(V) contains a
unique initial element, i.e. a Riemann domain R0 in E(V)

such that for every R in E(V), there is a (unique) morphism
ιR : R0 → R. We call R0 the CR envelope of U and denote
it by ECR(U ).

Proof The proof relies on a construction of a special one-
sided neighbourhood ofU , which will be used several times.
In suitable local holomorphic coordinates centred at a given
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p ∈ U , U becomes strictly convex with � lying on the
convex side. More precisely, we may locally write U as a
graph yn = h(z′, xn), where z′ = (z1, . . . , zn−1), h(0) = 0,
dh(0) = 0, andwhere theHessian of h at 0 is strictly negative
definite. Thus, � lies on the side where yn < h(z′, xn). For
ε > 0 small, we call the topolocal (2n − 1)-balls in U

Uε = U ∩ {−ε < yn} (3.1)

admissible bowls and the ambiently open sets

Vε = {−ε < yn < h(z′, xn)} (3.2)

admissible cups attached to Uε . Of course, the shape of
admissible bowls and cups depends on the choice of local
coordinates. The lack of invariance will not particularly
bother us since we only use their coarse geometry. If we
choose a countable covering of U by admissible bowls Uj ,
the union ˜V of the corresponding admissible cups Vj is cer-
tainly a one-sided neighbourhood of U in �.

In order to avoidmonodromy problems, we refine the con-
struction a little. Choose smooth tubular coordinates

(u, t) : ω → U × (−η, η), η > 0, (3.3)

on an ambient neighbourhood ω of U such that � ∩ ω is
mapped to U × (−η, 0) and U to U × {0}. Since the Uε

and Vε are constructed from local level sets of yn , which are
parallel to U ’s tangent space at the centre, we can arrange
that the Vj are of the form

Vj = {(u, t) ∈ U × (−η, η) : ϕ j (u) < t < 0}.

where ϕ j is a continuous function that is 0 on U\Uj and
smooth and negative on Uj . It follows that

˜V = {(u, t) ∈ U × (−η, η) : min
j

ϕ j (u) < t < 0}. (3.4)

For later use, we also arrange the following form of local
finiteness: For every compact K inU , there are finitely many
j1, . . . , jm and ηK ∈ (0, η) such that

K × (−ηK , 0) ⊂
m
⋃

μ=1

Vjμ (3.5)

and K × {0} ∩ V j = ∅ if j /∈ { j1, . . . , jm}. Working in
these tubular coordinates, we call a one-sided neighbourhood
V ⊂ ˜V in � thin if it is of the form

V = {(u, t) ∈ U × (−η, η) : ϕ(u) < t < 0},

with a smooth ϕ such that min j ϕ j < ϕ < 0. From the con-
tinuity principle, we obtain schlicht holomorphic extensions

from any thin neighbourhood to ˜V to each Vj . Comparison
along vertical segments (u0, t), min j ϕ j (u) < t < 0, shows
that these extensions glue on ˜V . We obtain a consecutive
extension to E(˜V ).

Since an arbitrary one-sided neighbourhood V of U con-
tains a thin Vthin, the inclusion Vthin ↪→ V extends to a
morphism E(˜V ) = E(Vthin) → E(V ) fixing U . The proof
is complete. 
�

Let us turn to holomorphic extension of CR functions. As
explained in the introduction, it is advisable to work with
the larger space of CR distributions. As for distributions on
manifolds, we follow the formalism of Hörmander, see [11,
Sec.6.3] for the general case and [1] for an adaption to the
CR setting. Its advantage (in comparison to using duality
after choosing a measure on M) is that the restriction of
a continuous function on ambient space directly induces a
distribution on M .

Lemma 2.2 yields a canonical liftU ′ ⊂ E(V ) ofU , and the
pseudoconvexity of � implies U ′ ⊂ bE(V ). Via the obvious
identification of distributions on U and those on U ′,

we obtain a direct relation of ECR(U ) to holomorphic
extension of CR distributions, which also motivates our ter-
minology.

Theorem 3.2 Every CR distribution u on U has a holomor-
phic extension to ECR(U ) which attains u as weak boundary
values on U ′. Moreover, there is a CR distribution on U that
cannot be extended to a larger Riemann domain.

Proof The first claim follows from the previous proof if we
choose the Uj so small that the Baouendi–Treves extension
theorem can be used to approximate CR distributions defined
on U on a neighbourhood of every closure U j , yielding a
holomorphic extension u j to Vj with u as weak boundary
values. If we have arranged that ˜V = ⋃

Vj is of the form
(3.4), of the u j becomes obvious. See [33, Ch.2] for a detailed
explanation of how the local extension is constructed by first
extending continuous CR functions and then using structural
properties for generalisation to distributions.

If X = C
n , the particular CR distribution whose exis-

tence is claimed in the second part can be obtained from
the fact that ECR(U ) is a domain of existence with respect to
O(N )(ECR(U )), the space of functions with growth compara-
ble to a negative power dist(·, bECR(U ))−N of the boundary
distance, provided N is a sufficiently large integer. The mod-
erate growth toward the boundary implies that these functions
attainCRdistributions asweak boundary values alongU . See
[12] for a thorough introduction to the spaces O(N )(X) and
[24] for more details on using these spaces in the context
of CR distributions. See finally [1, Sec.6] for the modifica-
tions required to complete the proof for M contained in an
arbitrary Stein manifold. 
�
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Remark 3.3 A less technical way to see the maximality of
ECR(U ) without using CR distributions was suggested by
the referee: Embed ECR(U ) into a slightly larger pseudocon-
vex Riemann domain Y obtained by deforming U into the
complement of�without destroying strict pseudoconvexity.
Nowwemay use CR functions obtained by restricting toU a
function f ∈ O(Y ) that has Y as domain of existence. Since
Y can be selected arbitrarily close to ECR(U ), the desired
maximality follows.

It is known that ECR(U ) can be multi-sheeted over X for
n ≥ 3. In the next section, we study schlichtness phenomena
particular to complex dimension 2.

Remark 3.4 Via extended use of analytic discs, a part of the
material discussed above can be generalised to globally min-
imal generic CR submanifolds of complex manifolds. This
permits to study removability of singularities of CR func-
tion in a very general setting, see [22] for a survey on wedge
extension and references.

4 Schlichtness for n = 2

We continue to work in the setting of the previous section,
but with the additional assumption n = 2. The main step is
to show that the envelopes studied before are schlicht.

Proposition 4.1 Let � be a subdomain of a Stein surface X
and with smooth strictly pseudoconvex boundary M = ∂�.
Then for every relative subdomainU of M, the envelope E(U )

is schlicht.

Proof For points p1, p2 ∈ E(U ) projecting to the same point
q ∈ �, we have to show p1 = p2. We use product coordi-
nates like in (3.3) together with the subsequent constructions
in the proof of Lemma 3.1 for a semilocalisation. There is
U ′ � U such that we have that p j ∈ E(U ′ × (−η′, 0)),
j = 1, 2, with η′ > 0 sufficiently small. By (3.5), there is
a larger U ′′ � U which is a finite union of admissible balls
such thatU ′×(−η′, 0) embeds into E(U ′′). Hence, it suffices
to show that E(U ′′) is schlicht.

Let ρ be a smooth strictly plurisubharmonic exhaustion
function of X . By Sard’s theorem, there is a regular value c
such that the hypersurface {ρ = c} is transverse to M and
U ′′ ⊂ {ρ < c}. Then the connected component of � ∩ {ρ <

c} containing q is a relatively compact strictly pseudoconvex
domain �′ with piecewise smooth boundary ∂�′ containing
U ′′.

Now schlichtness of E(U ′′) can be derived from [17, 20,
31], see the comments directly following the proof. However,
we believe that a short independent argument is desirable, for
the sake of completeness and above all in order to illustrate
how 2-dimensional schlichtness phenomena, which we will
meet again later on, can be deduced from general principles.

The point is that the relative compactness of U ′′ makes
it easy to construct a strictly pseudoconvex deformation of
∂�′ which fixes the boundary except forU ′′ which is slightly
deformed toU ′′

d ⊂ �′. Moreover, we can assume that E(U ′′)
coincides with the envelope of V ′′, the domain squeezed
between U ′′ and U ′′

d . This implies in turn that E(U ′′) is
obtained by glueing of V ′′ and E(U ′′

d ) alongU ′′
d . Since E(U

′′
d )

is a Riemann domain over �′′
d , the domain bounded by the

deformed boundary, we see that E(U ′′) = E(V ′′) is schlicht
above V ′′, hence globally schlicht by Theorem2.1. The proof
is complete. 
�

In the above proof, we shortly cite known results on holo-
morphic extension from parts of the boundary of a strictly
pseudoconvex domain D contained in a Stein surface X ,
without commenting on how the mentioned results have to
be combined. The first result of this kindwas obtained in [31]
for a bounded domain with smooth boundary and X = C

2.
In [20], it was observed that only the smoothness of the part
where the CR function is defined is relevant, and Laurent-
Thiébaut [17] extended these results to domains in Stein
manifolds. Actually, the main result in [20] was even stated
for domains with nonpseudoconvex boundary, but it was
observed [25] that the proof in [20] required D to be a Stein
compact (which is valid for the components of � ∩ {ρ < c}
occurring in the above proof). The part in [20] that was not
covered by the original proof was established in [15, 18, 26],
whereas the earlier proofs relied on integral formulas, [13]
was the first proof based on the continuity principle, see also
[19] for a proof-building pseudoconcavity techniques from
[23].

It is only a small further step to derive the schlichtness
part in Theorem 1.1.

Theorem 4.2 Let � and X be as in Proposition 4.1, and let
U be open in M = ∂�. Then E(U ) is schlicht.

Proof We consider two of U ’s connected components U1

andU2 and select one-sided neighbourhoods V1 and V2 such
that ECR(Uj ) = E(Vj ), j = 1, 2. Next we deform � to a
slightly smaller �′ by moving Uj into Vj , fixing M\(U1 ∪
U2). Then V = �\�′ is a thin tubular neighbourhood of
U1 ∪U2 and satisfies E(V ) = E(U1 ∪U2). As in the proof of
Proposition 4.1 we see that E(V ) is schlicht over V . Hence,
Theorem 4.2 follows from Theorem 2.1. 
�

5 Hulls in unbounded domains

Let � be a subdomain of a Stein surface X with smooth
strictly pseudoconvex boundary M = ∂�. For A ⊂ M
closed, we have seen that V = ECR(M\A) is an open sub-
set of �. Our aim is to describe the geometry of �\V more
explicitly.
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The case where � � X is well understood: It is known
that �\V = ̂AO(�)\A, where O(�) denotes the space of

functions holomorphic near � and

̂AO(�) = {p ∈ � : | f (p)| ≤ max
A

| f |, ∀ f ∈ O(�)} (5.1)

is the O(�)-hull of A. We already gave an overview on this
result and its refinements in the previous section, see the
comments after the proof of Proposition 4.1, on which we
build in what follows.

In the sequel, we will use a variant for bounded domains
whose boundary hasmild corner singularities contained in A.
More precisely, these � will be obtained by intersecting an
unbounded domain �′ with strictly pseudoconvex boundary
and a sublevel set {ϕ < c} where ϕ is a smooth strictly
pseudoconvex exhaustion function of X . Furthermore, we
can and will arrange that c is a regular value and that the
intersection of {ϕ = c} and ∂�′ is transverse. It is obvious
that � is then a Stein compact. Hence, the main results in
[17, 20, 31] apply and yield as before that V = �\̂AO(�),
provided A ⊃ (∂� ∩ {ϕ = c}).

To get back to the general case, note first that (5.1) still
makes sense for � unbounded as long as A is compact. For
both � and Aclosed ⊂ � unbounded, we generalise (5.1) by
setting

̂AO(�) =
⋃

K⊂A, K compact

̂KO(�).

The concept we need to describe envelopes of holomorphy is
actually more subtle and involves another limit. For any open
U � X , we define the enlarged closed set AU = A∪(�\U ).
ObviouslyU1 ⊂ U2 � X implies AU1 ⊃ AU2 , and therefore

(̂AU1)O(�) ⊃ (̂AU2)O(�). Now we define the ∞-hull of A

with respect to O(�) by

̂AO(�),∞ =
⋂

Uopen�X

(̂AU )O(�). (5.2)

Themonotonicity property of (̂AU )O(�) implies that ̂AO(�),∞
equals the countable intersection (or decreasing limit)

⋂

j

(̂AUj )O(�)
= lim

j→∞ (̂AUj )O(�)
, (5.3)

if U1 � U2 � . . . is an exhaustion of X .
Intuitively, the ∞-hull of Amay be viewed as a set gener-

ated jointly by A and the geometry of � at infinity. Already
̂∅O(�),∞ may be nonempty and is the hull of � at infinity as

introduced by Lupacciolu. For instance, ̂∅O(�),∞ contains
any closed 1-dimensional complex subvariety of X that is
contained in �. In particular, ̂AO(�),∞ can be larger than

̂AO(�). In [21] cohomology at infinity is mentioned as an
original motivation.

Let ϕ be a smooth strictly plurisubharmonic exhaustion
function of X . We denote its sublevel sets by Br = {ϕ < r}.
We call r ∈ R an M-regular value if r is a regular value
of ϕ and the hypersurfaces ∂Br and M are transverse. Sard’s
lemma implies thatM-regular values are plentiful. For anM-
regular r , the connected components of �r = � ∩ {φ < r}
are bounded strictly pseudoconvex domains with piecewise
smooth boundary as discussed above. Let ωr be one of these
components.We say thatO(�) is dense in O(ωr ) if for every
f ∈ O(ωr ), there are open neighbourhoods U and U ′ of ωr

and �, respectively, such that U ⊂ U ′, f is holomorphic on
U and there is a sequence f j ∈ O(U ′) converging toward f
uniformly on U .

The following lemma is crucial for localisation to bounded
domains.

Lemma 5.1 Foran M-regular valuer andωr as above,O(�)

is dense inO(ωr ). In particular, theO(�r )-hull of a compact
K ⊂ ωr coincides with its O(�)-hull.

This is observed in [21] without detailed explanations. For
the reader’s convenience, we provide a proof.

Proof of Lemma 5.1 Fix f ∈ O(ωr ) and an open U f ⊃ ωr

on which f is holomorphic. There is a strictly pseudoconvex
domain �′ containing � such that

(i) r is ∂�′-regular,
(ii) each of the (finitely many) connected component of � ∩

{ϕ < r} is contained in a unique connected component
of �′ ∩ {ϕ < r},

(iii) the closure of the connected component ω′
r of �′ ∩ {ϕ <

r} containing ωr is contained in U f .

By [32, Sect. 3.2], we can find for every p ∈ ∂�′ a function
h ∈ O(�′)∩C∞(�′\{p}) such that |h(z)| → ∞ if�′\{p} �
z → p. After multiplying by a constant, we may arrange
that max�r

|h| < 1. Applying the above reasoning to p ∈
∂�′ ∩{ϕ ≤ r} and using compactness, we find h1, . . . , hm ∈
O(�′) such that

K = {p ∈ �′
r : |hμ(p)| ≤ 1, μ = 1, . . . ,m}

is compact in �′ and contains ω′
r ∪ �r . Since for any p ∈

�′∩{ϕ > c}, there is g ∈ O(X)with g(p) > sup{ϕ≤c} |g|, K
isO(�′)-convex.TheOka-Weil approximation theoremeven
implies that the connected component K ′ of K containing
ωr is O(�′)-convex. A second application of the Oka-Weil
approximation theorem shows that f can be approximated
by elements of O(�′) on some neighbourhood of K ′. 
�
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Consider also A′
�r

= A�r ∩ �r , i.e. the disjoint union of

A∩�r with ∂Br ∩�. We summarise some consequences of
Lemma 5.1 for later use.

Corollary 5.2 (a) Under the assumptions of Lemma 5.1, we
have

(̂A�r )O(�) ∩ �r = (̂A′
�r

)O(�r )
(5.4)

and therefore

(̂A�r )O(�) = (̂A′
�r

)O(�r )
∪ (�\Br ). (5.5)

(b) For any sequence r1 < r2 < . . . → ∞ of M-regular
values, we have

̂AO(�),∞ =
∞
⋂

j=1

(

(̂A′
�r j

)
O(�r j )

∪ (�\Br j )
)

. (5.6)

(c) The connected components of �\̂AO(�),∞ are pseudo-
convex.

Proof The inclusion ⊃ in (5.4) holds since A′
�r

⊂ A�r and

O(�) identifies with a subset ofO(�r ). The opposite inclu-
sion follows from Lemma 5.1. Furthermore, (5.5) is a direct
consequence of (5.4), and (5.6) is a specialisation of (5.3).

By [30] the regions �r j \(̂A′
�r j

)
O(�r j )

are pseudoconvex

(that the essential hull (̂A′
�r j

)
O(�r j )

\A′
�r j

is pseudoconcave

is classical), and therefore also their union �\̂AO(�),∞. 
�
Now we are ready to complete the

Proof of Theorem 1.1 It follows fromTheorem4.2 thatE(M\A)

is a pseudoconvex open subset of �. Since holomorphic
functions defined on any thin one-sided neighbourhood
extend to E(M\A), and �\̂AO(�),∞ is pseudoconvex, we

get E(M\A) ⊂ �\̂AO(�),∞.

By (5.6) a given p ∈ �\̂AO(�),∞ is contained in

�r j \(̂A′
�r j

)
O(�r j )

provided j is sufficiently large. Since

glueing is possible by the a-priori schlichtness from the pre-
vious section, this yields E(M\A) ⊃ �\̂AO(�),∞, and the
proof of Theorem 1.1 is complete. 
�

6 Examples and applications

In this section, we will look at some classes of domains.
Whenever � ⊂ C

2, it will be convenient to denote the stan-
dard coordinates by z = x + iy, w = u + iy.

6.1 Use of Fatou–Bieberbach domains

Similarly as for embeddings of complex curves, Fatou-
Bieberbach domains can also be used for construction
unbounded domains with strictly pseudoconvex boundary.
We already know that c(�) ⊂ cCR(�), if M = ∂� is strictly
pseudoconvex. The difference of the two core sets can be
substantial.

Example 6.1 Let D be a Fatou–Bieberbach domain in C
2.

If �′ � C
2 is a smoothly bounded striclty pseudoconvex

domain which is not contained in D, we select a connected
component �′′ of �′ ∩ D such that �′′ is not relatively com-
pact in D. Using a biholomorphism ϕ : D → C

2 gives us
an unbounded domain � = ϕ(�′′) ⊂ C

2 with strictly pseu-
doconvex boundary. Obviously c(�) = ∅, whereas cCR(�)

may be large.
Indeed, by [4] we can choose D such that D × {0} ⊂ D

and D ∩ {|z| = 2, |w| ≤ 1} = ∅. If 0 < ε � 1 the domain
�′ = {|z| < 2, ε|z|2 + |w|2 < 1} has strictly pseudoconvex
boundary except along theLevi flat part ∂�′∩{|z| = 2, |w| ≤
1}. We select�′′ containingD×{0} ⊂ D and set K = {|z| ≤
2, |w| ≤ 1 − 4ε}. Then ϕ(K ∩ �′) ⊂ cCR(�), meaning in
particular that cCR(�) has nonvoid interior. 
�

In this context, we mention the following monotonicity
property.

Corollary 6.2 Assume that�1 and�2 are domains as in The-
orem 1.1. Then we have the following:

(a) cCR(�1) ⊂ cCR(�2) holds whenever �2 ⊃ cCR(�1).
(b) If cCR(�1) ⊂ �2 ⊂ �1, then cCR(�1) = cCR(�2).

Proof Since �2\cCR(�1) is pseudoconvex and �2 strictly
pseudoconvex, there is a slightly larger �′

2 ⊃ �2 such
that �′

2\cCR(�1) is still pseudoconvex. This gives us f ∈
O(�′

2\cCR(�1)) which cannot be extended across any
point of cCR(�1), and the CR function f |∂�2 shows that
cCR(�1) ⊂ cCR(�2) ⊂ �2, and (a) is proved. Now (b) fol-
lows from applying (a) twice. 
�

The inclusion in (a) may be proper. It is easy to construct
examples similar to Example 6.1.

A slight modification of Example 6.1 yields domains
with disconnected strictly pseudoconvex boundary. A sim-
ilar example of such a domain was presented earlier at the
end of the arXiv version of [7], see arXiv:1006.1059v3.

Example 6.3 Note also that replacing �′ by the smaller set

�′
1 = {|z| < 2, ε|z|2 + |w|2 < 1, ε|z|2 + |w|−2 < 2}, 0 < ε � 1,

and selecting �1 as the connected component containing
ϕ(0, 3/4) we obtain a domain with disconnected strictly
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pseudoconvex boundary. Note that �1 can be written as
�− ∩�+. Here�− is the domain from the previous example
and �+ is the image under ϕ of �′\ω, where ω is the con-
nected component of {|z| < 2, ε|z|2+|w|−2 > 2} containing
D × {0} ⊂ D. Accordingly, we get a decomposition of ∂�1

into two disjoint hypersurfaces ∂�±. Theorem 1.1 implies
that̂∅O(�1),∞ separates E(∂�−) from E(∂�+). Reapplying
the result to �± yields

̂∅O(�
±

),∞ = �±\E(∂�±)

= ̂∅O(�1),∞ ∪ E(∂�∓) ∪ (�±\�∓)

and in particular ∂�± ⊂ ̂∅O(�
∓

),∞.

The example illustrates the following corollary of The-
orem 4.2 on pairs of domains mutually containing the
boundaries of each other.

Corollary 6.4 Let M1 = ∂�1 and M2 = ∂�2 be strictly
pseudoconvex boundaries such that M1 ⊂ �2 and M2 ⊂ �1.
Then M1 ⊂ cCR(�2) and M2 ⊂ cCR(�1).

Proof Since �′ = �1 ∩�2 is a strictly pseudoconvex region
bounded by M1 ∪ M2, there is a neighbourhood basis by
strictly pseudoconvex regions Vj of �′ and functions f j ∈
O(Vj ) which do not extend to any larger region. Looking at
f j |M2 , we see that M1 ⊂ cCR(�2). 
�

6.2 Neighbourhoods of holomorphic curves

Next we turn to examples where cCR(�) is a complex curve.

Example 6.5 Let f (z, w) �≡ 0 be an entire function. Then
ρ = |z|2+|w|2+log | f | is strictly plurisubharmonic outside
its polar locus Z = { f = 0}, and for generic r ∈ R, the
sublevel set �r = {ρ < r} is a region with smooth strictly
pseudoconvex boundary.

It is not hard to check that Z = ̂∅O(�r ),∞, meaning that
Z = cCR(�r ). It is also possible to construct holomorphic
extension to �r\Z by a direct application of extension tech-
niques from [23], The main observation is that the regions
�r ∩ {| f | > c} ⊂ Br−logc(0) are bounded. Note in this con-
text that extension by some variant of the continuity principle
is considerably simplified by the a-priori schlichtness garan-
teed by Theorem 4.2. For generic r1 < r2, we get domains
�r1 � �r2 illustrating part (b) in Corollary 6.2. 
�

For polynomial hulls, a classical example due to Wermer
gives the existence of hulls without analytic structure, see
[34].Heuristically, the construction relies on taking a suitable
limit ofmore andmore complicated complex curves. For core
sets, far-reaching generalisations are given in [7–9], yielding
�with a core setwithout analytic structure and still satisfying
cCR(�) = c(�).

6.3 Model domains

Model domains in C
n , n ≥ 2, are defined as super-level

sets of the form {yn > h(z′, xn)} where z′ = (z1, . . . , zn−1)

and h is real valued and continuous on Cz × Ru . A recent
remarkable result in [29] tells that a pseudoconvex model
domain � ⊂ C

2 has empty core set c(�) except for the
case that M = ∂� is the union of parallel entire curves of
the form Ct = {w = f (z) + c(t)}, where c(t) is continuous,
complex-valued function depending on a real parameter t and
f (z) is an entire function independent of c(t). In particular,
c(�) = ∅ if M is in addition strictly pseudoconvex. We
show that the larger core set cCR(�) is empty, too, and that
this holds in general dimension.

Theorem 6.6 If � = {yn > h(z′, xn)} is a model domain
with smooth strictly pseudoconvex boundary, then cCR(�) =
∅.
Proof We first consider the case n = 2, writing z1 = z,
z2 = w. Following Shcherbina [29], we consider the smooth
2-spheres �t = M ∩ {(z, u + iv) ∈ C

2 : |z|2 + |u|2 = t2},
t > 0. By [28], each �t bounds a Levi flat 3-ball Ht which
is a graph v = ht (z, u) with ht continuous on the closed ball
At = {(z, u) ∈ Cz × Ru : |z|2 + |u|2 ≤ t2}. If t < t ′ then
ht ≤ ht ′ on At by [29, Lemma 7]. Hence, the open sets

�t = {(z, u + iv) ∈ C
2 : |z|2 + |u|2 < t2, h(z, u)

< v < ht (z, u)}

are nondecreasing in t . In general,�t may be empty, but if�
has strictly pseudoconvex pseudoconvex boundary, it follows
from [29, Proposition 2] that

⋃

t>0 �t = �.
From Theorem 4.1, we know that E(M) is a subdomain

of � containing a one-sided tubular neighbourhood ˜V ⊂ �

like in (3.4).
First, we observe that functions inO(˜V ) holomorphically

extend to a neighbourhood of Ht for t > 0. This can be
verified by selecting ε = ε(t) > 0 so small that Ht ∩ {|z|2 +
|u|2 = t2 − ε} ⊂ ˜V , and then by applying the main result of
[28] to Ht ∩ {|z|2 + |u|2 ≤ t2 − ε}.

Second, we fix t > 0 and derive extension to �t . Since
E(M) is schlicht, the holomorphic data on ˜V and on a neigh-
bourhood of Ht glue on a connected open subset V of�t such
that �t\V compact. Extension to �t follows now from the
classical Hartogs extension theorem. Since

⋃

t>0 �t = �,
the theorem follows for n = 2. Finally, the case n ≥ 3 is
derived by a standard slicing argument. 
�

6.4 Modified extension problems

In the introduction, we motivated our choice of CR distribu-
tions as basic objects by referring to examples of domains
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where Hartogs extension is valid for smooth CR functions,
but not for CR distributions. We should, however, point
out that the situation becomes more rigid for domains with
strictly pseudoconvex boundary. For instance, if � is such
a subdomain of a Stein surface X , we may ask whether
extension of holomorphic data u ∈ O(∂�) is different from
extension of CR distributions. Given u we can find a slightly
larger domain �′ = �′

u such that u is holomorphic in the
open set squeezed between ∂�′ and ∂�. Since �′\cCR(�)

is pseudoconvex, we cannot get extension to a larger set in
general. Similar arguments — now using deformations of
∂� that fix precisely A — apply to the extension of holo-
morphic data from O(∂�\A) in the generalised setting of
Theorem 1.1. Without going into the details, we mention
that the appropriate setting in this context is the envelope of
holomorphy E(S) for general subsets S of a Steinmanifold, as
introduced in [10]. In this terminology, our remark amounts
to E(∂�\A) = ECR(∂�\A) in the situation of Theorem 1.1.

Let us finally look at yet another extension problem
touched upon in [21]. For simplicity, we assume X = C

2

and consider a euclidean ball B such that ∂B and M = ∂�

are transverse. Theorem 1.1 describes the envelope of M\A
with A = M ∩ B. Note that functions fromO (

�\B)

extend
to a possibly larger domain, since the part of the hull at infin-
ity does not interfere. Indeed, it is routine to obtain extension
to �\̂AO(�) (since ̂AO(�) = ̂AO(

�∩B
), we are essentially

reduced to the bounded setting).
We finally claim that the restrictionO(�\B) → O(�\B)

is not surjective, as claimed in the proof of [21, Prop.1]. To
prove this, we have to find a function f that is holomorphic
on a domain U containing �\B but cannot be extended to
a neighbourhood of �\B. Deforming M\B slightly into the
complement of �, we obtain a domain �′ with strictly pseu-
doconvex boundary and satisfying �′ ∩ B = � ∩ B and
�′ ⊃ �\B. If f is a holomorphic function having �′ as its
domain of existence, f cannot be extended past ∂B∩M , and
the claim follows.
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