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Homogenization of Partial Differential Equations
using Multiscale Convergence Methods

Pernilla Johnsen
Department of Mathematics and Science Education
Mid Sweden University, SE-831 25 Östersund, Sweden

Abstract

The focus of this thesis is the theory of periodic homogenization of
partial differential equations and some applicable concepts of convergence.
More precisely, we study parabolic problems exhibiting both spatial and
temporal microscopic oscillations and a vanishing volumetric heat capa-
city type of coeffi cient. We also consider a hyperbolic-parabolic problem
with two spatial microscopic scales. The tools used are evolution settings
of multiscale and very weak multiscale convergence, which are extensions
of, or closely related to, the classical method of two-scale convergence.
The novelty of the research in the thesis is the homogenization results
and, for the studied parabolic problems, adapted compactness results of
multiscale convergence type.

Keywords: homogenization theory, two-scale convergence, multiscale con-
vergence, very weak multiscale convergence, evolution multiscale conver-
gence, very weak evolution multiscale convergence, linear parabolic prob-
lems, linear hyperbolic-parabolic problems
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List of notations and abbreviations

Here follows a list of abbreviations, symbols, sets and function spaces used
throughout the thesis.

a.e. almost everywhere. A statement is said to be true a.e. in a set
if it holds true everywhere except for in a subset of measure
zero.

N , M Positive integers used to represent the dimension of Euclidean
space.

IN The N ×N identity matrix.

u · v Scalar product of two N × 1 vectors u and v in RN , i.e.

u · v =

N∑
i=1

uivi.

∇u The gradient of u.

— If u is a scalar function, the gradient is the N × 1 vector

(∇u)i =
∂u

∂xi
.

— If u is a vector function of size N × 1, the gradient is the
outer product resulting in the N ×N matrix

(∇u)i,j =
∂uj
∂xi

,

i.e. a transposed Jacobian.

∇ · u The divergence of u.

— If u is a vector function of size N × 1, the divergence is
the scalar

∇ · u =

N∑
i=1

∂ui
∂xi

.

— If u is a N ×N matrix of functions, the divergence is the
N × 1 vector

(∇ · u)i =

N∑
j=1

∂uji
∂xj

.

U Any linear space.
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(u, v)U The inner product of two elements u and v in U .

‖u‖U The norm of u ∈ U , when U is a normed space.

U ′ The dual space of U .

〈f, u〉U ′,U The duality pairing on U where u ∈ U and f ∈ U ′.

h The scale parameter, i.e. a positive integer which in limit pro-
cesses is understood to tend to ∞.

{uh} A sequence {uh}∞h=1 of functions uh.

ε A scale function, i.e. a positive function ε (h) such that ε (h)→ 0
as h→∞. By ε→ 0 it is understood that h→∞.

ε1, . . . , εn Spatial scale functions, i.e. positive functions εk (ε), k = 1, . . . , n,
such that εk (ε)→ 0 as ε→ 0.

ε′1, . . . , ε
′
m Temporal scale functions, i.e. positive functions ε′k (ε),

k = 1, . . . ,m, such that ε′k (ε)→ 0 as ε→ 0.

{ε1, . . . , εn} A list of spatial scale functions.

{ε′1, . . . , ε′m} A list of temporal scale functions.

{uε} A sequence
{
uε(h)

}∞
h=1

of functions uε.

uε → u Strong convergence of the sequence {uε} to u.

uε ⇀ u Weak convergence of the sequence {uε} to u.

uε
∗
⇀ u Weak* convergence of the sequence {uε} to u.

uε
n+1
⇀ u (n+ 1)-scale convergence of the sequence {uε} to u.

uε
n+1,m+1
⇀ u (n+ 1,m+ 1)-scale convergence of the sequence {uε} to u.

uε
n+1
⇀
vw

u Very weak (n+ 1)-scale convergence of the sequence {uε} to u.

uε
n+1,m+1
⇀
vw

u Very weak (n+ 1,m+ 1)-scale convergence of the sequence
{uε} to u.

G Any open bounded set in RM with a suffi ciently smooth (at
least Lipschitz) boundary.

∂G The boundary of G.

G The closure of G.

Ω An open bounded set in RN with a suffi ciently smooth (at least
Lipschitz) boundary, representing the global spatial domain of
a problem.
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x Global spatial variable.

T A positive real number representing the global time of termin-
ation for an evolution process.

t Global temporal variable.

ΩT The set Ω× (0, T ).

n An integer representing the number of microscopic spatial
scales.

Y, Y1, . . . , Yn Open unit cubes (0, 1)
N in RN representing the local spatial

sets.

y, y1, . . . , yn Local spatial variables.

Y n The set Y1 × · · · × Yn.

yn The multivariable (y1, . . . , yn).

m An integer representing the number of microscopic temporal
scales.

S, S1, . . . , Sm Unit intervals (0, 1) in R representing the local temporal sets.

s, s1, . . . , sm Local temporal variables.

Sm The set S1 × · · · × Sm.

sm The multivariable (s1, . . . , sm).

Yn,m The set Y n × Sm where Y0,m = Sm and Yn,0 = Y n. Some-
times, when it is clear from context, Y1,1 = Y 1×S1 = Y1×S1

shall be interpreted as Y × S.

F (G) Any space of functions u : G→ R.

Floc(RM ) Functions u : RM → R such that their restriction to any open
bounded subset G of RM belongs to F (G).

Z The open unit cube (0, 1)
M in RM .

F](Z) Functions in Floc(RM ) which are the Z-periodic repetition of
some function in F (Z).

F (G)/R Functions u in F (G) such that∫
G

u(x)dx = 0.
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C(G) Continuous functions u : G→ R.

‖u‖C(G) = sup
x∈G
|u (x)| .

C(G;U) Continuous functions u : G→ U .

‖u‖C(G;U) = sup
x∈G
‖u (x, ·)‖U .

C∞(G) Infinitely differentiable functions u : G→ R.

D(G) Functions u ∈ C∞(G) with compact support in G.

D(G;U) Infinitely differentiable functions u : G → U with compact
support in G.

Lp(G) Functions u : G→ R such that, for 1 ≤ p <∞,

‖u‖Lp(G) =

(∫
G

|u (x)|p dx
)1/p

<∞

and, for p =∞,

‖u‖L∞(G) = ess sup
x∈G

|u (x)| <∞.

Lp(G;U) Functions u : G→ U such that, for 1 ≤ p <∞,

‖u‖Lp(G,U) =

(∫
G

‖u (x, ·)‖pU dx

)1/p

<∞

and, for p =∞,

‖u‖L∞(G;U) = ess sup
x∈G

‖u (x, ·)‖U <∞.

W 1,p(G) Functions u ∈ Lp(G) whose first-order distributional derivat-
ives belong to Lp(G).

‖u‖W 1,p(G) = ‖u‖Lp(G) + ‖∇u‖Lp(G)M .

W 1,p
0 (G) Functions u ∈W 1,p(G) such that u = 0 on ∂G.

‖u‖W 1,p
0 (G) = ‖∇u‖Lp(G)M .

H1(G) The Hilbert space W 1,2(G).

H1
0 (G) The Hilbert space W 1,2

0 (G).
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H−1(G) The dual space of H1
0 (G).

‖f‖H−1(G) = sup
u∈H1

0 (G)\{0}

∣∣∣〈f, u〉H−1(G),H1
0 (G)

∣∣∣
‖u‖H1

0 (G)

.

“V ⊆ H ⊆ V ′” An evolution triple, i.e. for a real separable reflexive Banach
space V and a real separable Hilbert space H the embedding
V ⊆ H is continuous and V is dense in H.

W 1,2(0, T ;V,H) Functions u ∈ L2(0, T ;V ) such that the temporal derivative
∂tu ∈ L2(0, T ;V ′) where “V ⊆ H ⊆ V ′”is an evolution triple.

‖u‖W 1,2(0,T ;V,H) = ‖u‖L2(0,T ;V ) + ‖∂tu‖L2(0,T ;V ′) .

Wi,j Functions u ∈ L2
] (Sj ;H

1
] (Yi)/R) such that the temporal de-

rivative ∂sju ∈ L2
] (Sj ; (H1

] (Yi)/R)′).

‖u‖Wi,j
= ‖u‖L2](Sj ;H1

] (Yi)/R) +
∥∥∂sju∥∥L2](Sj ;(H1

] (Yi)/R)′)
.

W The space W1,1 with Y1 = Y and S1 = S.
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1 Introduction

Homogenization can be thought of as averaging a heterogenous medium by some
method to extract effective properties. Say, for instance, that a material is cre-
ated by a fine mixing of two different materials with different known properties
and we want to determine some physical property of the new, mixed, mater-
ial. An obstacle we face when modelling such a material is that the finer the
mix, the harder it is to solve numerically, since the two materials are tightly
alternating. However, the finer the mix, the more the material appears homo-
geneous at the macroscopic level. If the mixture is very fine, it then makes
sense, even though the material is heterogeneous at the microscopic level, to
aim for a way to treat the material as if it were homogeneous when trying to
determine effective properties on the macroscopic level.
To homogenize means searching for a limit of a sequence of media with

finer and finer structure, such that the sidelength of the heterogeneities tends
to zero, as illustrated in Figure 1. To obtain an accurate approximation, it is
crucial that the heterogeneities in the medium are small enough to be considered
microscopic compared to the medium as a whole. It is not known beforehand
whether the properties stabilize at a limit, and if they do, we need to establish a
characterization of the limit. Referring to Figure 1 again, the task is to show that
we have convergence towards one colour, green in this case, and also to establish
which shade of green the limit has. One might think, casually speaking, that
the limit is an average directly proportional to the amount of blue and yellow
but, as it turns out, this is not always the case.

Figure 1: Illustration of the homogenization process.

1.1 The idea of periodic homogenization

The main idea of homogenization is to start with a microscopic description of a
problem and search for a macroscopic model. Consider a material that occupies
a domain Ω and has a periodic microstructure built up of repeating cubic cells
of sidelength ε. After scaling up with factor 1/ε, such a cell occupies a unit
cube Y . In Figure 2, we see an example of a domain Ω and the corresponding
unit cube Y .
Suppose that we are interested in the steady-state heat distribution of a

material with periodic microscopic structure of the kind shown in Figure 2.
If we have information about the heat conductivity of the “blue part” and
the “yellow part” separately, we can define a Y -periodic function a (y), where
one period describes how the heat conductivity varies over one heterogeneity.

1



Figure 2: A domain Ω and the corresponding unit cube Y .

Performing the variable substitution y = x/ε, a (x/ε) is the periodic repetition
over Ω describing the heat conduction over the whole domain. Suppose that
the material is subjected to an internal heat source f and in contact with an
environment at a temperature of zero degrees. Assume that suffi cient time
has passed for the temperature distribution to stabilize, i.e. reach equilibrium.
Then, the temperature uε is the solution to the stationary heat equation

−∇ ·
(
a
(x
ε

)
∇uε (x)

)
= f (x) in Ω, (1.1)

uε (x) = 0 on ∂Ω.

If ε is suffi ciently small compared to the size of Ω, (1.1) can be hard, or
even impossible, to solve numerically due to the rapid oscillations of a (x/ε).
However, as mentioned above, it is precisely in such cases that homogenization
can be suitable, since we are in a situation where the material is heterogeneous
on the microscopic level but appears homogeneous on the macroscopic level. In
the mathematical modelling, we let ε → 0 and study the limit process of the
induced sequence of partial differential equations defined by (1.1). We search
for a limit problem to the sequence of partial differential equations, also called
the homogenized problem,

−∇ · (b∇u (x)) = f (x) in Ω, (1.2)

u (x) = 0 on ∂Ω,

where b is a coeffi cient without microscopic oscillations, i.e. the homogenized
coeffi cient.
Let us study (1.1) for Ω = (0, 2) with

a (y) =
10

11 + 10 sin (2πy)

and
f (x) = x.

An intuitive idea might be that, if a limit problem of the type (1.2) exists, the
homogenized coeffi cient is just the arithmetic mean of a over Y ,

b =

∫
Y

a (y) dy =
10√
21
.

2



Figure 3 illustrates that this is not the case. There, we consider the exact
solution uε to (1.1) with our choices of a, f and Ω for increasingly small values
for ε, and in the same figure we also show the solution u to the guessed limit
problem

−∇ ·
(
b∇u (x)

)
= f (x) in Ω,

u (x) = 0 on ∂Ω.

As we can see, as ε tends to zero, {uε} seems to converge to some function u but
it is clearly not u. In fact, it can be shown that the limit u that {uε} approaches
is the solution to (1.2) with

b =
10

11
.

(a) (b) (c)

Figure 3: The solution u to the limit problem (1.2) and the (wrongly) assumed solution
u, together with the solution uε to (1.1) for (a) ε = 0.5, (b) ε = 0.25 and (c) ε = 0.125.

We can conclude that there appears to exist a limit to {uε}, which is the
solution to a limit problem, but it is not obtained by simply averaging over Y .
It turns out that the correct b can be obtained via an additional problem, a
so-called local problem, defined on the unit cube Y . There are several methods
available for obtaining the homogenized and local problems. In this thesis we
will use two-scale convergence (see for example [35] or [2]) and other multiscale
convergence methods based on, and related to, this concept.

Remark 1.1 In the one-dimensional case the homogenized coeffi cient can be
obtained by the harmonic mean of a over Y , i.e.

b =
1∫

Y
1

a(y)dy
,

but in higher dimensions this is not true in general.

Under certain conditions, it is possible to ensure the existence of a well-posed
limit problem to sequences of problems like (1.1), at least up to a subsequence.
One way to prove this is to use so-called G-convergence, which is a type of
convergence of symmetric operators introduced by Spagnolo in the 1960s, see [45]

3



and [46], or, for non-symmetric operators, the later generalization H-convergence
by Murat and Tartar, see for example [33] and [34]. This means that we know
that there exists a limit problem with suitable properties and the consequential
task is to determine what it looks like. G- and H-convergence are not limited
to periodic problems, but in this thesis we will restrict the theory to periodic
homogenization.

1.2 Outline of the thesis

The main results of the thesis are the homogenization of linear parabolic prob-
lems with a periodically oscillating thermal conductivity and a vanishing volu-
metric heat capacity, and the development of compactness results applicable to
such problems. We also give a homogenization result for a linear hyperbolic-
parabolic problem. The homogenization results are obtained using multiscale
convergence methods. The thesis opens with a theoretical background of some
selected multiscale methods, building up to the main compactness results, and
ends with the homogenization results where the compactness results are utilized
as important tools.
Chapter 2 is devoted to the theory of multiscale convergence methods, start-

ing with a brief history of the development, from two-scale convergence to
multiscale convergence, and the closely related concept of very weak multiscale
convergence. In Section 2.1, we present two-scale convergence. Its generaliza-
tions, multiscale and evolution multiscale convergence, appear in Section 2.2.
In Section 2.3, we present very weak multiscale convergence and its evolution
setting, which can be used in, for example, the homogenization of parabolic
problems exhibiting rapid temporal oscillations. The main compactness results,
which build on the results of Paper (I) and (III), i.e. [26] and [12], are given in
Section 2.4.
In Chapter 3, we apply the multiscale convergence methods to the homogen-

ization of four different problems. Three of them are linear parabolic problems
with a periodically oscillating thermal conductivity and a vanishing volumetric
heat capacity and these are considered in Section 3.1, which is based on results
from Paper (I), (IIa), (IIb) and (III), i.e. [26], [11], [10] and [12]. The first prob-
lem is a specific case with two selected microscopic scales, one spatial and one
temporal, and the second is a generalization to a collection of problems with
the same number of scales as the first. The third is a further generalization to
problems with two spatial and two temporal microscopic scales. In Section 3.2,
which is based on Paper (IV), i.e. [17], we consider the homogenization of the
fourth problem, a hyperbolic-parabolic problem with two spatial microscopic
scales.
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2 Multiscale convergence methods

In 1989, Nguetseng introduced what he called “a general convergence result for
a functional related to the theory of homogenization”as a tool for the homo-
genization of partial differential equations, see [35]. Nguetseng presented the
convergence concept as a mathematically rigorous version of the hands-on two-
scale asymptotic expansion method. What he showed was that, for a bounded
sequence {uε} in L2(Ω), there exists a subsequence, still denoted by ε, and a
function u0 ∈ L2(Ω× Y ) such that

lim
ε→0

∫
Ω

uε (x) v
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0 (x, y) v (x, y) dydx

for any suffi ciently smooth function v (x, y) which is Y -periodic in y, where
Ω ⊂ RN is open and bounded with smooth boundary and Y = (0, 1)

N . The
technique was used to homogenize a linear elliptic problem with one spatial mi-
croscopic scale. In 1992 in [2], Allaire provided a proof of compactness for some
alternative classes of admissible test functions, and he gave the concept the name
two-scale convergence. Allaire considered both linear and non-linear elliptic
problems, as well as problems defined on perforated domains. Lukkassen, Nguet-
seng and Wall published [29] in 2002 as an extensive survey of the concept of
two-scale convergence. The paper presented details of the basic ideas, provided
generalizations and alternative proofs of the concept, and gave an overview of
the main homogenization problems addressed by this technique. Building on
the ideas in [38], in 2013 Flodén, Holmbom, Olsson Lindberg and Persson gave
an illustrative explanation of how the two-scale limit emerges, see [18]. For the
purpose of enhancing an intuitive understanding of the concept, they motivated
the classical definitions using geometrical arguments, illustrated by figures.
Allaire and Briane introduced multiscale convergence in 1996 in [3], as a

generalization of two-scale convergence, concerning sequences with more than
one spatial microscopic scale. This generalization of two-scale convergence was
applied to linear elliptic Dirichlet problems, one with an arbitrary finite number
of spatial microscopic scales and one with an infinite number of scales. They also
considered a linear elliptic Neumann problem defined on a perforated domain.
The evolution setting of multiscale convergence has been developed in several

steps, by successively adding a number of spatial and temporal scales. A recur-
rent issue when considering parabolic problems with microscopic temporal scales
is that the sequences appearing in the homogenization procedures might not be
bounded in any Lebesgue space. Therefore, evolution multiscale convergence
alone is not suffi cient to handle such problems, but the concept of very weak
evolution multiscale convergence has been proven to be useful. The prototype
for very weak evolution multiscale convergence was introduced by Holmbom in
1997 in [24], where it was applied in the homogenization of a linear parabolic
problem with one spatial and one temporal microscopic scale. This result, and
other similar results derived from it, have been used in the homogenization of
both linear and non-linear parabolic problems, see for example [25], [22] and
[23].
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The current version of the compactness result, and the name very weak
multiscale convergence, was given for non-time-dependent sequences with mul-
tiple spatial scales by Flodén, Holmbom, Olsson and Persson in 2010, see [21],
where they provided a compactness result and a note on its applicability in
parabolic homogenization. Shortly after, Persson provided a homogenization
result for a parabolic problem with one microscopic spatial scale and an arbit-
rary finite number of temporal scales, together with an adapted compactness
result for very weak evolution multiscale convergence, see [42] and [43]. The
generalization of the compactness result to an arbitrary finite number of scales,
both spatial and temporal, was presented by Persson in 2012 in [44] and by
Flodén, Holmbom, Olsson Lindberg and Persson in 2014 in [19], where the ho-
mogenization of a linear parabolic problem with an arbitrary finite number of
both spatial and temporal scales was also provided.

Remark 2.1 Other examples of multiscale methods used in homogenization are
the classical method of asymptotic expansions (see for example [6]), Tartar’s
method of oscillating test functions (see for example [7] and references therein),
scale convergence (see for example [31]), the unfolding method (see for example
[8] or [9]) and Σ-convergence (see for example [36]), to mention a few, but these
are beyond the scope of this thesis.

The chapter is organized as follows. In Section 2.1, we begin by giving
the definition of two-scale convergence followed by a compactness result and
an example. Aiming for a deeper understanding of the concept of two-scale
convergence and the characteristics of the two-scale limit we give an intuit-
ive interpretation of the concept through geometrical arguments and illustra-
tions in Subsection 2.1.1. Some properties of two-scale convergence, including a
note on the classes of test functions that are admissible, and relations between
strong, weak and two-scale convergence are given in Subsection 2.1.2. In Sub-
section 2.1.3, we consider the two-scale limit of sequences of gradients and, in
Subsection 2.1.4, we discuss weak and two-scale convergence in connection with
pairs of weakly convergent sequences. We conclude the section on two-scale con-
vergence with Subsection 2.1.5, where we show how the concept can be applied
to the homogenization of the stationary heat equation.
The generalization to multiscale convergence is presented in Section 2.2. In

Subsection 2.2.1, we give the definition in the original setting, i.e. without time
dependence, and present a corresponding compactness result. We also provide
an example which shows what a three-scale limit may look like, and a multiscale
compactness result for sequences of gradients. In Subsection 2.2.2 we consider
the evolution setting of multiscale convergence.
Section 2.3 is devoted to the concept of very weak multiscale convergence. In

Subsection 2.3.1, we give the definition of the concept for non-time-dependent
sequences, a compactness result and an example comparing a sequence’s very
weak two-scale limit to its two-scale limit. The evolution setting of very weak
multiscale convergence is given in Subsection 2.3.2.
We conclude the chapter with Section 2.4. In this section, we provide evol-

ution multiscale and very weak evolution multiscale compactness results, but
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with different assumptions to those in the compactness results presented in the
previous sections. More precisely, we have a less restricting requirement of
boundedness of the temporal derivative of the sequence. The results in this
section are based on Paper (I) and (III), i.e. [26] and [12].

2.1 The concept of two-scale convergence

A distinctive property of two-scale convergence is that, while the sequence {uε}
depends on one variable x ∈ Ω, the limit u0 depends on two variables: the
global variable x ∈ Ω and the local variable y ∈ Y . The first variable contains
information from the global trend of the sequence, whereas the second variable
provides information from the microscopic oscillations. The fact that the micro-
scopic oscillations are captured, and not averaged away as in usual weak limits,
makes two-scale convergence particularly suitable for periodic homogenization.
We give the definition, originating from [35] and later developed in, for example,
[2] and [29].

Definition 2.2 (Two-scale convergence) A sequence {uε} in L2(Ω) is said
to two-scale converge to u0 ∈ L2(Ω× Y ) if

lim
ε→0

∫
Ω

uε (x) v
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0 (x, y) v (x, y) dydx (2.1)

for all v ∈ L2(Ω;C](Y )). This is denoted

uε (x)
2
⇀ u0 (x, y) .

Remark 2.3 The class of test functions in Definition 2.2, L2(Ω;C](Y )), is
not the original class used in [35]. It is one of the possible choices of so-called
admissible test functions identified in [2]. See Subsection 2.1.2 for a brief dis-
cussion regarding admissible test functions.

Remark 2.4 For an explanation of notations used throughout the thesis, we
refer the reader to the list of notations at the beginning of the thesis.

By requiring boundedness of a sequence, we can guarantee the existence of
a two-scale limit, at least up to a subsequence, as the following theorem states.

Theorem 2.5 Let {uε} be a bounded sequence in L2(Ω). Then, up to a sub-
sequence,

uε (x)
2
⇀ u0 (x, y) ,

where u0 ∈ L2(Ω× Y ).

Proof. See Theorem 1.2 in [2].

The next theorem concerns the uniqueness of the two-scale limit.

Theorem 2.6 The two-scale limit is unique.

Proof. See the discussion following Definition 1 in [29] or Proposition 2.9 in
[44].
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To illustrate what a two-scale limit can look like, and what kind of extra in-
formation it can provide compared to the weak L2(Ω)-limit, we give an example
comparing two non-identical sequences with identical weak limits but different
two-scale limits. Note in particular that the weak limit captures the global trend
of the sequences, while the two-scale limits capture both the global trend in the
x-direction and the microscopic oscillations in the y-direction.

Example 2.7 Let Ω = (0, 2) and consider the two sequences {uε} and {ũε}
defined by

uε (x) = 1 + x+ x sin

(
2πx

ε

)
and

ũε (x) = 1 + x+ x sin

(
2πx

ε

)
+

2

3
x sin

(
4πx

ε

)
,

respectively. They have the same weak L2(Ω)-limit

u (x) = 1 + x

but have different two-scale limits, namely

u0 (x, y) = 1 + x+ x sin (2πy)

and
ũ0 (x, y) = 1 + x+ x sin (2πy) +

2

3
x sin (4πy) ,

respectively, see Figure 4.

2.1.1 An intuitive interpretation of two-scale convergence

In this subsection, we present an intuitive interpretation of two-scale conver-
gence, using an approach originating in [38]. The overall reasoning is also in-
spired by [15] and [18]. As indicated by Example 2.7, two-scale convergence is
associated with weak convergence and therefore we begin this subsection with a
discussion of weak convergence in L2(Ω) before we reconnect to two-scale con-
vergence. We recall that by the Riesz Representation Theorem (Theorem A.19),
the weak convergence

uε (x) ⇀ u (x) in L2(Ω)

means that

lim
ε→0

∫
Ω

uε (x) v (x) dx =

∫
Ω

u (x) v (x) dx (2.2)

for all v ∈ L2(Ω). If we choose v ≡ 1 in (2.2), we obtain

lim
ε→0

∫
Ω

uε (x) dx =

∫
Ω

u (x) dx

which means that, for positive sequences {uε}, the sequence of areas under
the graph of the elements uε converges to the area under the graph of a limit
function, u, as ε → 0. This is illustrated in the next example where we study
{uε} from Example 2.7 again.
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(a) (b)

(c) (d)

Figure 4: Two different sequences {uε} and {ũε} with the same weak L2(Ω)-limit
u but different two-scale limits u0 and ũ0. In (a) and (b) we have the plots of the
elements uε and ũε, respectively, for fixed ε = 0.5 together with u and, in (c) and (d),
the graphs of u0 and ũ0, respectively, are shown.

Example 2.8 Let {uε} be as in Example 2.7, i.e.

uε (x) = 1 + x+ x sin

(
2πx

ε

)
on Ω = (0, 2), for which it holds that

lim
ε→0

∫
Ω

uε (x) dx = 4.

In Example 2.7 we claimed that the weak L2(Ω)-limit is

u (x) = 1 + x

and we can calculate ∫
Ω

1 + x dx = 4,

showing that, indeed,

lim
ε→0

∫
Ω

uε (x) dx =

∫
Ω

u (x) dx.
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Figure 5 illustrates how the sequence of areas under the graph of the element uε
approaches the value of the area under the graph of the limit function u.

(a) (b)

(c) (d)

Figure 5: Illustration of the convergence of the area under the graph of uε to the area
under the graph of u. (a)—(c) The area under the graph of uε for ε = 0.5, 0.25, 0.125.
(d) The area under the graph of u.

Although the sequence of areas under the graphs of the elements uε in Ex-
ample 2.8 converges to the value of the area under the graph of u over the
domain Ω = (0, 2), it is not enough to ensure the uniqueness of the limit. For
example, also u ≡ 2 satisfies ∫

Ω

u (x) dx = 4.

Thus, we emphasize that it is not enough to require (2.2) to hold for merely one
choice of test function, here v ≡ 1, it must hold for all v ∈ L2(Ω). However,
introducing

v (x) = vI (x) =

{
1 if x ∈ I
0 otherwise

(2.3)

for any interval I ⊂ Ω and noting that∫
Ω

uε (x) vI (x) dx =

∫
I

uε (x) dx

10



it is possible to formulate an alternative definition of weak convergence in L2(Ω)
where the requirement to consider all test functions v ∈ L2(Ω) transforms to
considering all intervals I ⊂ Ω. From Proposition 1.46 in [7], we have that a
sequence {uε} converges weakly to u in L2(Ω) if it is bounded in L2(Ω) and if

lim
ε→0

∫
I

uε (x) dx =

∫
I

u (x) dx (2.4)

for any interval I ⊂ Ω.
Considering {uε} from Example 2.7 and 2.8 again, we can now verify the

claimed weak L2(Ω)-limit by applying (2.4).

Example 2.9 Let

uε (x) = 1 + x+ x sin

(
2πx

ε

)
be defined on Ω = (0, 2). It holds that

‖uε‖2L2(Ω) =

∫ 2

0

∣∣∣∣1 + x+ x sin

(
2πx

ε

)∣∣∣∣2 dx
= 10 +

ε

2π

(
2− cos

(
4π

ε

)
− sin

(
8π

ε

))
+
ε2

8π2

(
4 sin

(
4π

ε

)
− cos

(
8π

ε

))
+

ε3

64π3
sin

(
8π

ε

)
≤ 10 +

2ε

π
+

5ε2

8π2
+

ε3

64π3

which shows that the norm will remain bounded as ε→ 0, i.e. {uε} is bounded
in L2(Ω). Now, let I = (a, b) be an arbitrary interval in Ω. Then

lim
ε→0

∫
I

uε (x) dx = lim
ε→0

∫ b

a

1 + x+ x sin

(
2πx

ε

)
dx

=

∫ b

a

1 + x dx+ lim
ε→0

∫ b

a

x sin

(
2πx

ε

)
dx

=

∫ b

a

1 + x dx+ lim
ε→0

(
ε

2π

(
a cos

(
2πa

ε

)
− b cos

(
2πb

ε

))
+

ε2

4π2

(
sin

(
2πb

ε

)
− sin

(
2πa

ε

)))
=

∫ b

a

1 + x dx =

∫
I

u (x) dx

which shows that the weak L2(Ω)-limit of {uε} is

u (x) = 1 + x.

Figure 6 illustrates how the limit is forced to follow the global trend of the
sequence. The key lies in the fact that (2.4) must hold for all intervals I ⊂ Ω and
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not just for I = Ω which means that taking, for instance, many small intervals
and averaging over every interval, the limit is forced to follow the global trend
since the area under the graph of uε on every interval must equal the area under
the graph of the limit on the same interval. As we can see, the more intervals
we consider, the closer we get to the actual limit.

(a) (b)

(c) (d)

Figure 6: Illustration of how the weak limit is forced to follow the global trend of the
sequence. (a)—(c) Plot of the element uε and averages of uε on four, eight and sixteen
intervals. (d) Plot of uε and the weak L2(Ω)-limit u.

In the weak limit of a sequence, the microscopic oscillations are lost due to
averaging. This is why we can have the situation shown in Example 2.7, where
two different sequences have the same weak limit. To capture the microscopic
oscillations, we can use test functions that oscillate in phase with the sequence,
which we will implement when studying the two-scale limit.
In the argument we will use

lim
ε→0

∫
Ω

uε (x) v
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0 (x, y) v (x, y) dydx, (2.5)

i.e. (2.1), but for oscillating test functions from a different class to the one used
in Definition 2.2. Making a similar argument for the two-scale limit as we did
for the weak limit, we let v ≡ 1 in (2.5) and obtain

lim
ε→0

∫
Ω

uε (x) dx =

∫
Ω

∫
Y

u0 (x, y) dydx.
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Thus, for positive sequences {uε}, the sequence of areas under the graph of the
elements uε converges to the volume under the graph of a limit function u0.
Below we see that this is indeed the case for our example sequence considered
earlier.

Example 2.10 Again, let Ω = (0, 2) and

uε (x) = 1 + x+ x sin

(
2πx

ε

)
.

In Example 2.7, we claimed that the two-scale limit of {uε} is

u0 (x, y) = 1 + x+ x sin (2πy)

and in Example 2.8 we established that

lim
ε→0

∫
Ω

uε (x) dx = 4.

Furthermore, it holds that ∫
Ω

∫
Y

u0 (x, y) dydx = 4,

showing that the sequence of areas under the graph of uε converges to the volume
under the graph of the two-scale limit u0.

Analogously to the line of thought for weak convergence, it is not enough to
consider only the test function v ≡ 1. Let us consider test functions of the form

v (x, y) = vI (x) vJ (y)

where vI is defined as in (2.3) and

vJ (y) =

{
1 if y ∈ J
0 otherwise

for any interval J ⊂ Y and by the substitution y = x/ε, vJ is extended con-
tinuously by its periodic repetition over R. For this choice of test functions, in
(2.5) we have that

lim
ε→0

∫
Ω

uε (x) vI (x) vJ

(x
ε

)
dx = lim

ε→0

∫
I

uε (x) vJ

(x
ε

)
dx (2.6)

=

∫
I

∫
Y

u0 (x, y) vJ (y) dydx =

∫
I

∫
J

u0 (x, y) dydx

must hold for any intervals I ⊂ Ω and J ⊂ Y .

Remark 2.11 Note that the definition of two-scale convergence, Definition 2.2,
is stated for test functions in L2(Ω;C](Y )). The class of test functions intro-
duced above is not included in this space. However, as we will see in The-
orem 2.18 below, if {uε} two-scale converges, (2.6) holds.
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The fact that we have test functions that oscillate with the same pace as
the sequence is the reason why the microscopic oscillations are captured in the
two-scale limit. The function vJ hits the sequence at the same phase of the
oscillations in every period and studying uεvJ for different choices of intervals
J ⊂ Y we are, for every choice of J , able to capture information from the specific
part that vJ hits and consequently get an idea of the two-scale limit bit by bit.
Furthermore, noting that

lim
ε→0

∫
I

uε (x) vJ

(x
ε

)
dx =

∫
I

∫
J

u0 (x, y) dydx (2.7)

for all I ⊂ Ω means that

uε (x) vJ

(x
ε

)
⇀

∫
J

u0 (x, y) dy in L2(Ω)

we can use the same way of thinking as we did in the reasoning for the weak
convergence. This means that we get the two-scale limit of a sequence {uε} by
taking the weak limit of {uεvJ} for all intervals J ⊂ Y . To illustrate our line of
thought, we turn to the example sequence studied repeatedly in the section.

Example 2.12 Let us again study the sequence {uε} defined by

uε (x) = 1 + x+ x sin

(
2πx

ε

)
on Ω = (0, 2) and the claimed two-scale limit

u0 (x, y) = 1 + x+ x sin (2πy) .

Figure 7 shows the product uεvJ , as ε tends to zero, for two different intervals
J1 and J2. We can see that, since vJ has oscillations of the same pace as {uε},
it hits the sequence at the same phase of the oscillations in every period and it
keeps hitting the same phase as ε approaches zero. The interval J1 is chosen
such that the test function hits the top of the oscillations and J2 is chosen such
that the test function hits the bottom.
The contribution to the two-scale limit depends on the interval J . We use

a line of reasoning analogous to that used in Example 2.9, i.e. (2.7) must hold
for all intervals I. Fixing an interval J and taking, for instance, many small
intervals I, the sequence of areas under the graph of uεvJ must converge to
the volume under the graph of u0 on I × J for every I. This is illustrated in
Figure 8 for the two fixed intervals J1 and J2 above, where we can see how
the limit is forced in place. Due to the matching between the frequency of {uε}
and the test functions, the weak limit of {uεvJ1} follows the global trend of the
tops of the oscillations, while the weak limit of {uεvJ2} follows the global trend
of the bottoms of the oscillations. We see that the position of the strip on J1

corresponds to where in the phase the test function vJ1 hits the sequence {uε},
i.e. at the tops of the oscillations. Likewise, the strip on J2 corresponds to
where vJ2 hits the sequence, i.e. at the bottoms, and hence the two strips are at
different heights.
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(a) (b) (c)

(d) (e) (f)

Figure 7: Illustration of the limit process, for decreasing ε, of the product uεvJ for two
different intervals J1 and J2. (a)—(c) Plots of uε and uεvJ1 for ε = 0.5, 0.25, 0.125.
(d)—(f) Plots of uε and uεvJ2 for ε = 0.5, 0.25, 0.125.

(a) (b)

(c) (d)

Figure 8: Illustration of how the two-scale limit is forced in place when considering
two different intervals J1 and J2 and (a) four, (b) eight, (c) sixteen and (d) all possible
intervals I.
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To get the two-scale limit of {uε}, the convergence in (2.7) is to be considered
for all intervals I and J simultaneously. This is shown in Figure 9, where we see
in (a) how the shape of the two-scale limit is emerging when using small intervals
I and J and in (b) the result of considering all possible intervals, namely the
two-scale limit.

(a) (b)

Figure 9: Illustration of how the two-scale limit emerges. (a) The idea of how the two-
scale limit is built up by considering small intervals I and J simultaneously. (b) The
graph of the two-scale limit u0 of {uε}.

2.1.2 More on two-scale convergence

In this subsection, we present some properties of two-scale convergence. For
example, a relation between strong and two-scale convergence is presented, and
we also give some further relations between weak convergence in L2(Ω) and
two-scale convergence. First, we make some comments on the test functions.
The properties of the test functions are crucial for two-scale convergence to be
a useful concept. As a minimum, we need a measurable test function v (x, y)
that is Y -periodic in y for fixed x ∈ Ω and we must also be able to replace y
by x/ε and still have that v (x, x/ε) is a measurable function. This is satisfied
for, for example, v ∈ L2(Ω;C](Y )), i.e. the class of test functions used in our
definition of two-scale convergence, Definition 2.2.

Remark 2.13 Test functions v ∈ L2(Ω;C](Y )) are Y -periodic in y by defini-
tion, and they remain measurable if y is replaced by x/ε. The latter is due to
the fact that they satisfy the assumptions in the following result, which can be
found in, for example, (12) on p. 1013 in [50], see, for example, Remark 2.6 in
[44].

Let O ⊂ RN be measurable and let U be a real separable Banach
space. Introduce v : O × U → R and define

γ (x) = v (x, ϕ (x)) ,

x ∈ O, where ϕ : O → U is measurable. If the so-called Carathéodory
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conditions, i.e.

v (·, y) is measurable on O for all y ∈ U ,
v (x, ·) is continuous on U for a.e. x ∈ O,

are satisfied, then the function γ : O → R is measurable.

In Theorem 2.5, we gave a compactness result for two-scale convergence.
There we used test functions in L2(Ω;C](Y )), in accordance with Definition 2.2.
However, that is not the only space that can be used to obtain a compactness
result. In the case when Ω is bounded, there are other possible choices of spaces
of test functions, for example L2

] (Y ;C(Ω)) or C(Ω;C](Y )), see [2] or [29]. We
have the following definition introducing some possible classes of test functions
admissible for two-scale convergence.

Definition 2.14 Let B(Ω, Y ) denote any of the function spaces L2(Ω;C](Y )),
L2
] (Y ;C(Ω)) or C(Ω;C](Y )). A function v ∈ B(Ω, Y ) is called an admissible
test function.

Remark 2.15 The space B(Ω, Y ) in Definition 2.14 has the following proper-
ties, see for example Theorem 3 in [29].

(i) B(Ω, Y ) is a separable Banach space.

(ii) B(Ω, Y ) is dense in L2(Ω× Y ).

(iii) If v ∈ B(Ω, Y ), it holds that v
(
x, xε

)
is a measurable function on Ω such

that ∥∥∥v (x, x
ε

)∥∥∥
L2(Ω)

≤ ‖v (x, y)‖B(Ω,Y ) .

(iv) For each v ∈ B(Ω, Y ) it holds that

lim
ε→0

∫
Ω

∣∣∣v (x, x
ε

)∣∣∣2 dx =

∫
Ω

∫
Y

|v (x, y)|2 dydx.

Sequences of the type u (x, x/ε) that belong to the space B(Ω, Y ) are both
weakly convergent in L2(Ω) and two-scale convergent, where the two-scale limit
is obtained by substituting x/ε with y. We have the following proposition.

Proposition 2.16 Let u ∈ B(Ω, Y ). Then

u
(
x,
x

ε

)
⇀

∫
Y

u (x, y) dy in L2(Ω) (2.8)

and
u
(
x,
x

ε

)
2
⇀ u (x, y) . (2.9)

Proof. In [15], see Proposition 40 and Remark 45 for a proof of (2.8) and
Proposition 51 for a proof of (2.9).
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Remark 2.17 Unless otherwise stated, the theory throughout the thesis will be
restricted to the space L2(Ω;C](Y )) of admissible test functions.

The next theorem gives us a result involving test functions that are composed
of products of functions.

Theorem 2.18 Let {uε} be a sequence in L2(Ω) such that

uε (x)
2
⇀ u (x) .

Then

lim
ε→0

∫
Ω

uε (x) v
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0 (x, y) v (x, y) dydx

for all v of the form v (x, y) = v1 (x) v2 (y) where v1 ∈ Ls(Ω) and v2 ∈ Lt](Y )
with 1 ≤ s, t ≤ ∞ such that

1

s
+

1

t
=

1

2
.

Proof. See Theorem 9 in [29].

Theorem 2.5 stated that all bounded sequences two-scale converge up to a
subsequence. The converse, i.e. that a two-scale convergent sequence is bounded,
is stated in the following theorem, which also gives a relation between the two-
scale limit and the weak L2(Ω)-limit.

Theorem 2.19 Let {uε} be a sequence in L2(Ω) such that

uε (x)
2
⇀ u (x) .

Then,

uε (x) ⇀ u (x) =

∫
Y

u0 (x, y) dy in L2(Ω) (2.10)

and {uε} is bounded. Furthermore, we have

lim inf
ε→0

‖uε‖L2(Ω) ≥ ‖u0‖L2(Ω×Y ) ≥ ‖u‖L2(Ω) .

Proof. See Proposition 1.6 in [2] or Theorem 6 and 10 in [29].

Remark 2.20 In some literature, the space D(Ω;C∞] (Y )) is used for the test
functions in the definition of two-scale convergence. Note that it may be possible
to obtain a limit of the type (2.1) for v ∈ D(Ω;C∞] (Y )), i.e. that

lim
ε→0

∫
Ω

uε (x) v
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0 (x, y) v (x, y) dydx (2.11)

for all v ∈ D(Ω;C∞] (Y )), but it does not necessarily imply that the sequence is
bounded in L2(Ω). Thus, we might not have the relation (2.10) since, recalling
that unbounded sequences cannot converge weakly, there is no such limit to relate
to if the sequence is unbounded. See also Example 4 in [29]. However, if {uε}
is assumed to be bounded in L2(Ω) and (2.11) holds for all v ∈ D(Ω;C∞] (Y )),
the sequence two-scale converges, see Proposition 1 in [29].
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The meaning of Theorem 2.19 can be understood intuitively using the dis-
cussion in Subsection 2.1.1. As claimed earlier, the two-scale limit contains
information from both the global trend and the microscopic oscillations of the
sequence, in contrary to the weak L2(Ω)-limit which only contains information
of the global trend. Therefore, intuitively, it makes sense that the weak limit is
obtained from the two-scale limit by averaging over Y , as in (2.10).
We now turn to the connection between strong convergence and two-scale

convergence. Sequences that converge strongly will also two-scale converge and
the limits coincide, as we see below.

Theorem 2.21 Let {uε} be a sequence such that

uε (x)→ u (x) in L2(Ω).

Then
uε (x)

2
⇀ u (x) .

Proof. See Theorem 5 in [29].

Note that strong convergence implies two-scale convergence, according to
Theorem 2.21, and two-scale convergence implies weak convergence, see The-
orem 2.19, but the converse does not hold in general. Two-scale convergence is
weaker than strong convergence but stronger than weak convergence. In con-
clusion, we have

strong convergence⇒ two-scale convergence⇒ weak convergence.

However, we note that weakly convergent sequences have a two-scale convergent
subsequence.
We conclude this subsection by emphasizing that the two-scale limit captures

information from the microscopic oscillations of a sequence {uε} only if the
oscillations are in phase with the test functions v (x, x/ε). Indeed, let u (x, y)
be a suffi ciently smooth function defined on Ω× R, and which is Y -periodic in
y, and define a sequence {uε} by letting uε = u

(
x, x/ε2

)
. Then we have that

the two-scale limit coincides with the weak L2(Ω)-limit
∫
Y
u (x, y) dy, see for

example Example 3 in [29].

2.1.3 Two-scale convergence of the gradient

A sequence that is bounded in L2(Ω) is two-scale convergent, at least up to a
subsequence. To be able to ensure that this also holds for the gradient we need
to require the sequence to be bounded in H1(Ω). If {uε} is bounded in H1(Ω)
we have that {∇uε} is bounded in (L2(Ω))N , and we can therefore expect {∇uε}
to two-scale converge, up to a subsequence, to some limit. A first naive guess
could be that the two-scale limit of {∇uε} is ∇u0, where u0 is the two-scale
limit of {uε}, but it turns out that this first guess is not correct.
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Example 2.22 Let {uε} be defined by

uε (x) = x+ ε sin

(
2πx

ε

)
,

which has the weak H1(Ω)-limit

u (x) = x

and the two-scale limit
u0 (x, y) = u (x) = x.

We have

∇uε (x) = 1 + 2π cos

(
2πx

ε

)
and

∇uε (x)
2
⇀ 1 + 2π cos (2πy)

but
∇u0 (x, y) = ∇u (x) = 1.

Evidently,

∇uε (x)
2

6⇀ ∇u0 (x, y) = ∇u (x) .

In the example above, we can see that the two-scale limit of {∇uε} is com-
posed of the sum of

∇u (x) = 1

and a function
ũ (x, y) = 2π cos (2πy) .

The following theorem gives a characterization of the two-scale limit of the
gradient of a sequence.

Theorem 2.23 Let {uε} be a bounded sequence in H1(Ω). Then, up to a sub-
sequence,

uε (x) ⇀ u (x) in H1(Ω),

uε (x)
2
⇀ u (x)

and
∇uε (x)

2
⇀ ∇u (x) +∇yu1 (x, y)

where u1 ∈ L2(Ω;H1
] (Y )/R).

Proof. See Proposition 1.14(i) in [2].

Remark 2.24 Theorem 2.23 is also valid for H1
0 (Ω) ⊂ H1(Ω) which makes it

suitable for, for example, homogenization of problems where the solutions are
assumed to belong to H1

0 (Ω).
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2.1.4 Pairs of weakly convergent sequences

In the homogenization of partial differential equations, we have to handle pairs
of weakly convergent sequences, wherefore the convergence of the pairing

〈vε, uε〉L2(Ω),L2(Ω) =

∫
Ω

uε (x) vε (x) dx (2.12)

is a relevant subject to study. If two sequences converge strongly, the product
of the sequences will converge strongly to the product of the respective limits.
If one of the sequences converges weakly and the other strongly, we still have
convergence of the pairing (2.12) to the pairing of their respective limits. If
both sequences converge weakly, it does not in general hold that the product of
the sequences converges to the product of their respective limits. This can be
illustrated with an example.

Example 2.25 Let Ω = (0, 2) and let {uε} and {vε} be two sequences defined
by

uε (x) = ex sin

(
2πx

ε

)
and

vε (x) = 4e−x sin

(
2πx

ε

)
.

Then we have that
uε (x) ⇀ u (x) = 0 in L2(Ω),

vε (x) ⇀ v (x) = 0 in L2(Ω)

and

uε (x) vε (x) = 4 sin2

(
2πx

ε

)
⇀ 2 in L2(Ω).

Clearly,
uε (x) vε (x) 6⇀ u (x) v (x) = 0 in L2(Ω)

which is also illustrated in Figure 10.

(a) (b) (c)

Figure 10: Two weakly convergent sequences whose product does not converge weakly
in L2(Ω) to the product of their respective weak limits. (a) Plot of uε and the weak
L2(Ω)-limit u. (b) Plot of vε and the weak L2(Ω)-limit v. (c) Plot of uεvε, uv and the
weak L2(Ω)-limit of {uεvε}.
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Note that in Example 2.25, the sequence {uεvε} does converge weakly in
L2(Ω) to some limit but the limit cannot be derived in an obvious way in terms
of the product of the respective limits u and v. In particular, considering the
pairing (2.12) we have

lim
ε→0

∫
Ω

uε (x) vε (x) dx 6=
∫

Ω

u (x) v (x) dx.

Two-scale convergence is one way of dealing with pairs of weakly convergent
sequences. We recall that a sequence {uε} in L2(Ω) two-scale converges to a
limit u0 ∈ L2(Ω× Y ) if

lim
ε→0

∫
Ω

uε (x) v
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0 (x, y) v (x, y) dydx (2.13)

for all v ∈ L2(Ω;C](Y )). From Theorem 2.16, we know that {v (x, x/ε)} two-
scale converges to v (x, y) and here we can see how the respective two-scale limits
of {uε} and {v (x, x/ε)} are represented on the right-hand side of (2.13).

Remark 2.26 There are other methods to obtain a limit of a pair of weakly
convergent sequences in terms of some kind of limits of the respective sequences.
A well-known result, which however is not applicable in the example in this sub-
section, is the so-called Div—Curl Lemma of Murat and Tartar (see Theorem 1
in [48]) where certain conditions are imposed on the derivatives. See [15] for
a discussion of a similar example to Example 2.25 in relation to the Div—Curl
Lemma.

2.1.5 Application to a homogenization problem

Consider the elliptic problem

−∇ ·
(
a
(x
ε

)
∇uε (x)

)
= f (x) in Ω, (2.14)

uε (x) = 0 on ∂Ω,

where f ∈ L2(Ω) and a ∈ C](Y )N×N . We assume that the coeffi cient a is
bounded and coercive, i.e. that there exist two constants 0 < C0 ≤ C1 < ∞
such that for all y ∈ RN ,

|a (y) ξ| ≤ C1 |ξ|

and
a (y) ξ · ξ ≥ C0 |ξ|2

for all ξ ∈ RN .
The weak formulation of (2.14) reads: Find uε ∈ H1

0 (Ω) such that∫
Ω

a
(x
ε

)
∇uε (x) · ∇v (x) dx =

∫
Ω

f (x) v (x) dx, (2.15)
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for all v ∈ H1
0 (Ω). Due to the conditions on a, the Lax—Milgram Theorem

(Theorem A.20) guarantees a unique solution to (2.15), i.e. (2.14) has a unique
weak solution, for every fixed ε.
We also have the following a priori bound, which follows by the conditions

on a, the Hölder Inequality (Theorem A.16) and the Poincaré Inequality (The-
orem A.17).

Proposition 2.27 Let {uε} be a sequence of weak solutions to (2.14) in H1
0 (Ω).

Then {uε} is uniformly bounded in H1
0 (Ω), i.e.

‖uε‖H1
0 (Ω) ≤ C

for some C > 0 independent of ε.

Now we will show how two-scale convergence can be applied in the homogen-
ization of (2.14). In particular, we use two-scale convergence to prove that the
sequence of solutions {uε} to (2.14) converges to a limit u, which is the solution
to a limit problem called the homogenized problem.

Theorem 2.28 Let {uε} be a sequence of weak solutions to (2.14) in H1
0 (Ω).

Then
uε (x) ⇀ u (x) in H1

0 (Ω) (2.16)

and
∇uε (x)

2
⇀ ∇u (x) +∇yu1 (x, y) , (2.17)

where u ∈ H1
0 (Ω) and u1 ∈ L2(Ω;H1

] (Y )/R). Here u is the weak solution to the
homogenized problem

−∇ · (b∇u (x)) = f (x) in Ω, (2.18)

u (x) = 0 on ∂Ω,

with

b∇u (x) =

∫
Y

a (y) (∇u (x) +∇yu1 (x, y)) dy

determined by the local problem

−∇y · (a (y) (∇u (x) +∇yu1 (x, y))) = 0 in Ω× Y . (2.19)

Proof. By the a priori estimate, Theorem 2.23 and Remark 2.24 yield (2.16)
and (2.17) up to a subsequence.
To show that the homogenized problem is given by (2.18) we choose, in the

weak form (2.15), test functions without microscopic oscillations, i.e. we let

v (x) = v1 (x)

where v1 ∈ H1
0 (Ω), which gives us∫

Ω

a
(x
ε

)
∇uε (x) · ∇v1 (x) dx =

∫
Ω

f (x) v1 (x) dx.
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As ε→ 0, Theorem 2.23 gives, up to a subsequence,∫
Ω

∫
Y

a (y) (∇u (x) +∇yu1 (x, y)) · ∇v1 (x) dydx =

∫
Ω

f (x) v1 (x) dx,

which is the weak form of (2.18).
For the local problem we choose test functions in (2.15) that capture the

microscopic oscillations, i.e. we let

v (x) = εv1 (x) v2

(x
ε

)
where v1 ∈ D(Ω) and v2 ∈ C∞] (Y )/R and obtain, after differentiating,∫

Ω

a
(x
ε

)
∇uε (x) ·

(
ε∇v1 (x) v2

(x
ε

)
+ v1 (x)∇yv2

(x
ε

))
dx

=

∫
Ω

εf (x) v1 (x) v2

(x
ε

)
dx.

Letting ε→ 0 and applying Theorem 2.23 we obtain, up to a subsequence,∫
Ω

∫
Y

a (y) (∇u (x) +∇yu1 (x, y)) v1 (x) · ∇yv2 (y) dydx = 0

and by the Variational Lemma (Theorem A.21) we have∫
Y

a (y) (∇u (x) +∇yu1 (x, y)) · ∇yv2 (y) dy = 0

a.e. in Ω for all v2 ∈ C∞] (Y )/R and, by density, also for all v2 ∈ H1
] (Y )/R.

Hence we have obtained the weak form of (2.19). By the uniqueness of the
pair of solutions u and u1 to the homogenized problem together with the local
problem, the result holds for the entire sequence, see Theorem 14 in [29].

Remark 2.29 Since we are considering a linear problem we can make the an-
satz

u1 (x, y) = z (y) · ∇u (x)

where z ∈ (H1
] (Y )/R)N and substitute for u1 in the local problem (2.19), which

gives us
−∇y · (a (y) (IN +∇yz (y))) = 0 in Y ,

where IN is the N×N identity matrix and ∇yz is the transposed Jacobian. The
homogenized coeffi cient b in (2.18) is then given by

b =

∫
Y

a (y) (IN +∇yz (y)) dy.

By making this separation of variables it is possible to solve the local problem
separately and then calculate the homogenized coeffi cient b explicitly, which is
needed before solving the homogenized problem.

Remark 2.30 In this subsection, we have explicitly pointed out that we are
considering weak solutions when studying a problem. In the remainder of the
thesis, we will simply write “solutions”, by which we mean weak solutions.
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2.2 The concept of multiscale convergence

A natural generalization of two-scale convergence is multiscale convergence,
which is applicable to sequences with multiple microscopic oscillations of dif-
ferent orders of rapidity. Multiscale convergence often refers to generalization
to multiple spatial microscopic scales but it can also be generalized to include
multiple temporal scales, then called evolution multiscale convergence. In this
section we present both the spatial and the evolution settings of multiscale con-
vergence.

2.2.1 Multiscale convergence

The generalization from two to multiple spatial scales was first given in [3]. We
have the following definition.

Definition 2.31 (Multiscale convergence) A sequence {uε} in L2(Ω) is said
to (n+ 1)-scale converge to u0 ∈ L2(Ω× Y n) if

lim
ε→0

∫
Ω

uε (x) v

(
x,

x

ε1
, · · · , x

εn

)
dx =

∫
Ω

∫
Y n

u0 (x, yn) v (x, yn) dyndx

for all v ∈ L2(Ω;C](Y
n)). This is denoted

uε (x)
n+1
⇀ u0 (x, yn) .

The so-called scale functions ε1, . . . , εn introduced in the definition above
are positive functions, depending on ε, which tend to zero as ε does. In order to
compare different scales and distinguish them with respect to how rapidly they
tend to zero we have the following classification.

Definition 2.32 (Separated and well-separated scales) We say that the
scales ε1, . . . , εn are separated if

lim
ε→0

εk+1

εk
= 0

and well-separated if there exists a positive integer ` such that

lim
ε→0

1

εk

(
εk+1

εk

)`
= 0,

for all k = 1, . . . , n− 1.

Remark 2.33 Note that well-separatedness implies separatedness, see for ex-
ample Proposition 2.45 in [44].

The following compactness result is a generalization of Theorem 2.5 from
two-scale convergence to multiscale convergence, stating that every bounded
sequence in L2(Ω) has an (n+ 1)-converging subsequence.
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Theorem 2.34 Let {uε} be a bounded sequence in L2(Ω) and assume that the
scales are separated. Then, up to a subsequence,

uε (x)
n+1
⇀ u0 (x, yn) ,

where u0 ∈ L2(Ω× Y n).

Proof. See Theorem 2.4 in [3].

Uniqueness of the multiscale limit is guaranteed by the following theorem.

Theorem 2.35 The (n+ 1)-scale limit is unique.

Proof. The proof is a straightforward generalization of the proof of unique-
ness of the two-scale limit, which can be found in, for example, the discussion
following Definition 1 in [29] or Proposition 2.9 in [44].

To get an idea of what the multiscale limit may look like, we consider an
example with two microscopic scales.

Example 2.36 Let Ω = (0, 2) and consider the sequence {uε} defined by

uε (x) = 1 + x+ x sin

(
2πx

ε

)
+ x sin

(
4πx

ε2

)
,

which has the weak L2(Ω)-limit

u (x) = 1 + x.

Figure 11 shows the element uε, for two fixed values on ε, and the weak L2(Ω)-
limit u. We can see that the sequence has a global trend, which the weak limit
follows, and we can also see that it has microscopic oscillations of two different
orders of rapidity, one corresponding to the ε-scale and one to the ε2-scale.

(a) (b)

Figure 11: Plot of the weak L2(Ω)-limit u together with the element uε for (a) ε = 0.5
and (b) ε = 0.25.
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The sequence {uε} has the three-scale limit

u0 (x, y1, y2) = 1 + x+ x sin (2πy1) + x sin (4πy2) ,

of which we obviously cannot show a complete figure, but to get an idea of what
it looks like we can integrate over one of the local variables and show two-scale
averages of the three-scale limit. Figure 12(a) shows the result after integrating
over Y2, i.e. ∫

Y2

u0 (x, y1, y2) dy2 = 1 + x+ x sin (2πy1) , (2.20)

and (b) shows the result after integrating over Y1, i.e.∫
Y1

u0 (x, y1, y2) dy1 = 1 + x+ x sin (4πy2) . (2.21)

Thus, analogously to the two-scale limit, we can interpret this as the three-
scale limit capturing the global trend in the x-direction, microscopic oscillations
arising from the ε-scale in the y1-variable and microscopic oscillations from the
ε2-scale in the y2-variable.

(a) (b)

Figure 12: The graph of the three-scale limit u0 integrated over (a) Y2, i.e. the graph
of (2.20), and (b) Y1, i.e. the graph of (2.21).

The definition of multiscale convergence is a generalization to arbitrarily
many microscopic scales which makes it useful for the homogenization of prob-
lems with oscillations on more than one microscopic level. It is also an ex-
tension to more general scale functions, beyond powers of ε that we used in
Example 2.36.
The next step is to consider multiscale convergence for the gradient of a

sequence {uε}. We have the following compactness result and gradient charac-
terization for multiscale convergence.

Theorem 2.37 Let {uε} be a bounded sequence in H1 (Ω) and assume that the
scales are separated. Then, up to a subsequence,

uε (x) ⇀ u (x) in H1(Ω),

27



uε (x)
n+1
⇀ u (x)

and

∇uε (x)
n+1
⇀ ∇u (x) +

n∑
j=1

∇yjuj
(
x, yj

)
where u ∈ H1(Ω) and uj ∈ L2(Ω× Y j−1;H1

] (Yj)/R) for j = 1, . . . , n.

Proof. See Theorem 2.6 in [3].

Remark 2.38 Analogous to Remark 2.24, Theorem 2.37 also holds for H1
0 (Ω).

2.2.2 Evolution setting of multiscale convergence

We now turn to sequences of functions that depend not only on a spatial variable
x but also on a temporal variable t. This next step can include sequences
with, for example, several spatial and several temporal microscopic oscillations,
several spatial but no temporal microscopic oscillations (but still dependent on
the global temporal variable) or no spatial but several temporal microscopic
oscillations (still dependent on the global spatial variable). We present the
definition of the generalization of multiscale convergence to an arbitrary number
of both spatial and temporal scales, as it is given in [19], namely evolution
multiscale convergence.

Definition 2.39 (Evolution multiscale convergence) A sequence {uε} in
L2(ΩT ) is said to (n+ 1,m+ 1)-scale converge to u0 ∈ L2(ΩT × Yn,m) if

lim
ε→0

∫
ΩT

uε (x, t) v

(
x, t,

x

ε1
, · · · , x

εn
,
t

ε′1
, · · · , t

ε′m

)
dxdt

=

∫
ΩT

∫
Yn,m

u0 (x, t, yn, sm) v (x, t, yn, sm) dyndsmdxdt

for all v ∈ L2(ΩT ;C](Yn,m)). This is denoted

uε (x, t)
n+1,m+1
⇀ u0 (x, t, yn, sm) .

As in the non-time-dependent case, we need to be able to compare and
distinguish scales. We introduce the concept of joint separatedness, which was
first presented by Persson in [41], where a more technical definition is given. See
also [44].

Definition 2.40 (Jointly (well-)separated lists of scales) Let {ε1, . . . , εn}
and {ε′1, . . . , ε′m} be lists of (well-)separated scales. Collect all elements from
both lists in one common list. If, from the possible duplicates, i.e. scales
which tend to zero equally fast as ε tends to zero, one member of each pair
is removed, and the list in order of magnitude of all the remaining elements is
(well-)separated, then the lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are said to be jointly
(well-)separated.
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We have the following compactness result for evolution multiscale conver-
gence. It is a generalization of the result for multiscale convergence given in
Theorem 2.34.

Theorem 2.41 Let {uε} be a bounded sequence in L2(ΩT ) and assume that
the lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are jointly separated. Then, up to a
subsequence,

uε (x, t)
n+1,m+1
⇀ u0 (x, t, yn, sm) ,

where u0 ∈ L2(ΩT × Yn,m).

Proof. See Theorem 2.66 in [44].

The following theorem concerns the uniqueness of the evolution multiscale
limit.

Theorem 2.42 The (n+ 1,m+ 1)-limit is unique.

Proof. The proof is analogous to the proof of uniqueness for the two-scale limit,
which can be found in, for example, the discussion following Definition 1 in [29]
or Proposition 2.9 in [44].

We end this subsection by giving the following theorem which is a gener-
alization of Theorem 2.37. It includes, for example, a characterization of the
evolution multiscale limit of the gradient of a sequence {uε} with potentially
both multiple spatial and temporal microscopic oscillations.

Theorem 2.43 Let {uε} be a bounded sequence in W 1,2(0, T ;H1
0 (Ω) , L2 (Ω))

and assume that the lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are jointly well-separated.
Then, up to a subsequence,

uε (x, t)→ u (x, t) in L2(ΩT ),

uε (x, t) ⇀ u (x, t) in L2(0, T ;H1
0 (Ω))

and

∇uε (x, t)
n+1,m+1
⇀ ∇u (x, t) +

n∑
j=1

∇yjuj
(
x, t, yj , sm

)
where u ∈W 1,2(0, T ;H1

0 (Ω) , L2 (Ω)) and uj ∈ L2(ΩT ×Yj−1,m;H1
] (Yj)/R) for

j = 1, . . . , n.

Proof. See Theorem 2.74 in [44].
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2.3 The concept of very weak multiscale convergence

The methods presented thus far have been proven to be useful in the homogen-
ization of partial differential equations with rapid spatial oscillations. However,
they are not applicable to unbounded sequences, which may occur in the homo-
genization of problems with rapid temporal oscillations. By restricting the class
of test functions in two-scale convergence with the aim of potentially obtain-
ing a weaker type of convergence which could handle sequences which are not
bounded in L2(Ω), we open the door to a larger variety of problems; we present
very weak multiscale convergence. In the context mentioned above, namely
the homogenization of problems with rapid temporal oscillations, the concept is
used in its evolution setting but it can also be used in a non-evolution setting
in other contexts.

2.3.1 Very weak multiscale convergence

We begin the presentation of the concept of very weak multiscale convergence
by considering two spatial scales and give the definition of very weak two-scale
convergence.

Definition 2.44 (Very weak two-scale convergence) A sequence {wε} in
L1(Ω) is said to two-scale converge very weakly to w0 ∈ L1(Ω× Y ) if

lim
ε→0

∫
Ω

wε (x) v1 (x) v2

(x
ε

)
dx =

∫
Ω

∫
Y

w0 (x, y) v1 (x) v2 (y) dydx

for any v1 ∈ D(Ω) and v2 ∈ C∞] (Y )/R where∫
Y

w0 (x, y) dy = 0. (2.22)

This is denoted
wε (x)

2
⇀
vw
w0 (x, y) .

Remark 2.45 Note that the limit is unique due to the requirement (2.22), see
Proposition 2.26 in [44].

Remark 2.46 When the concept was introduced in its contemporary form, in
[21], it was presented as in Definition 2.48 below, namely as very weak multiscale
convergence. The definition of very weak two-scale convergence is obtained as
the special case when n = 1.

In order to see the difference between a two-scale limit and a very weak two-
scale limit we have the following example. Note that in this particular example
we study a sequence {uε} which is bounded in L2(Ω), meaning that the sequence
exhibits both a two-scale limit and a very weak two-scale limit. In more general
cases, we may have sequences that are unbounded, and hence do not two-scale
converge, but still manage to two-scale converge very weakly.
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Example 2.47 Let {uε} be defined on Ω = (0, 2) by

uε (x) = 1 + x+ x sin

(
2πx

ε

)
.

From Example 2.7 we have that the weak L2(Ω)-limit is

u (x) = 1 + x

and the two-scale limit is

u0 (x, y) = 1 + x+ x sin (2πy) .

The very weak two-scale limit for this sequence is given by

w0 (x, y) = x sin (2πy)

and we see that the main difference between the two-scale limit and the very weak
two-scale limit is that the global trend, i.e. the weak limit in the x-direction, is
lost in the very weak limit. Hence, the very weak two-scale limit captures only
the microscopic oscillations. This can be seen in Figure 13 where both these
limits are presented.

(a) (b)

Figure 13: Graphs of (a) the two-scale limit u0 and (b) the very weak two-scale limit
w0 of the sequence {uε}.

The fundamental difference between two-scale convergence and very weak
two-scale convergence is the class of test functions. In very weak two-scale
convergence we require test functions with arithmetic mean zero over Y but the
test functions still have oscillations of the same order of rapidity as the sequence
itself. Due to the matching in phase of the sequence and the test functions, the
very weak two-scale limit is able to capture the microscopic oscillations of the
sequence in a similar way to the two-scale limit. However, because the test
functions have arithmetic mean zero over Y , the global tendency is lost. This,
though, is precisely why very weak two-scale convergence may be viable when
two-scale convergence is not.
Next, we present the definition of very weak multiscale convergence, first

given in [21].

31



Definition 2.48 (Very weak multiscale convergence) A sequence {wε} in
L1(Ω) is said to (n+ 1)-scale converge very weakly to w0 ∈ L1(Ω× Y n) if

lim
ε→0

∫
Ω

wε (x) v1

(
x,

x

ε1
, . . . ,

x

εn−1

)
v2

(
x

εn

)
dx

=

∫
Ω

∫
Y n

w0 (x, yn) v1

(
x, yn−1

)
v2 (yn) dyndx

for any v1 ∈ D(Ω;C∞] (Y n−1)) and v2 ∈ C∞] (Yn)/R where∫
Yn

w0 (x, yn) dyn = 0. (2.23)

This is denoted by
wε (x)

n+1
⇀
vw

w0 (x, yn) .

Remark 2.49 The limit is unique due to requirement (2.23).

The compactness result presented below concerns sequences of the form{
ε−1uε

}
. The original approach, presented in Corollary 3.3 in [24] for the ho-

mogenization of problems with one spatial and one temporal microscopic scale,
concerns finding a limit for the sequence

{
ε−1 (uε − u)

}
where u is the weak

L2(Ω)-limit to {uε}. The idea behind the abbreviation of
{
ε−1 (uε − u)

}
to{

ε−1uε
}
can be traced to a closely related result for a somewhat different class

of test functions given by Nguetseng and Woukeng in [37].

Theorem 2.50 Let {uε} be a bounded sequence in H1
0 (Ω) and assume that the

scales are well-separated. Then, up to a subsequence,

uε(x)

εn

n+1
⇀
vw

un(x, yn),

where un ∈ L2(Ω × Y n−1;H1
] (Yn)/R), is the same as found in Theorem 2.37

with j = n.

Proof. See Theorem 4 in [21].

2.3.2 Evolution setting of very weak multiscale convergence

Very weak multiscale convergence can be useful when dealing with sequences
that are not bounded in any Lebesgue space. Such situations can occur, for
instance, in the homogenization of parabolic problems with rapid temporal os-
cillations. We present the generalization of very weak multiscale convergence to
a corresponding evolution setting.
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Definition 2.51 (Very weak evolution multiscale convergence) A se-
quence {wε} in L1(ΩT ) is said to (n + 1,m + 1)-scale converge very weakly to
w0 ∈ L1(ΩT × Yn,m) if

lim
ε→0

∫
ΩT

wε (x, t) v1

(
x,

x

ε1
, . . . ,

x

εn−1

)
v2

(
x

εn

)
c

(
t,
t

ε′1
, . . . ,

t

ε′m

)
dxdt

=

∫
ΩT

∫
Yn,m

w0 (x, t, yn, sm) v1

(
x, yn−1

)
v2 (yn) c(t, sm)dyndsmdxdt

for any v1 ∈ D(Ω;C∞] (Y n−1)), v2 ∈ C∞] (Yn)/R and c ∈ D(0, T ;C∞] (Sm))
where ∫

Yn

w0 (x, t, yn, sm) dyn = 0. (2.24)

This is denoted
wε (x, t)

n+1,m+1
⇀
vw

w0 (x, t, yn, sm) .

Remark 2.52 The limit is unique due to requirement (2.24).

A compactness result for very weak evolution multiscale convergence, gen-
eralizing Theorem 2.50 to time-dependent sequences, reads as follows.

Theorem 2.53 Let {uε} be a bounded sequence in W 1,2(0, T ;H1
0 (Ω) , L2 (Ω))

and assume that the lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are jointly well-separated.
Then, up to a subsequence,

uε(x, t)

εn

n+1,m+1
⇀
vw

un(x, t, yn, sm),

where un ∈ L2(ΩT ×Yn−1,m;H1
] (Yn)/R), is the same as found in Theorem 2.43

with j = n.

Proof. See Theorem 2.78 in [44].

2.4 Compactness results in evolution spaces under certain
conditions

In some of the compactness results stated above for the evolution settings of
multiscale and very weak multiscale convergence, we assumed boundedness
in W 1,2(0, T ;H1

0 (Ω) , L2 (Ω)). Recall that boundedness of a sequence {uε} in
W 1,2(0, T ;H1

0 (Ω) , L2 (Ω)) means that {uε} is bounded in L2(0, T ;H1
0 (Ω)) and

that {∂tuε} is bounded in L2(0, T ;H−1(Ω)). In this section we present a dif-
ferent approach for obtaining compactness results for sequences still bounded
in L2(0, T ;H1

0 (Ω)), but where the boundedness of the temporal derivative is
replaced by a weaker condition, namely the assumption (2.25) in Theorem 2.55
and the assumptions (2.33) and (2.34) in Theorem 2.57. This approach was,
up to the author’s knowledge, first used in [28], where compactness results for
sequences defined on perforated domains were given.
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The compactness results derived in this section are crucial for the homogen-
ization in Section 3.1. Before we present them, we give the following lemma
which will be used in the proofs.

Lemma 2.54 Let H be the space of generalized divergence-free functions in
L2(Ω;L2

] (Y
n)N ) defined by

H =

{
v ∈ L2(Ω;L2

] (Y
n)N ) : ∇yn · v (x, yn) = 0 and

∫
Yk+1

· · ·
∫
Yn

∇yk · v (x, yn) dyn · · · dyk+1 = 0 for all 1 ≤ k ≤ n− 1

}
.

The space H has the following properties:

(i) D(Ω;C∞] (Y n))N ∩H is dense into H.

(ii) The orthogonal of H is

H⊥ =

{
n∑
k=1

∇ykuk
(
x, yk

)
with uk ∈ L2(Ω× Y k−1;H1

] (Yk))

}
.

Proof. See Lemma 3.7 in [3].

We have the following compactness result for sequences with both one spatial
and one temporal microscopic scale.

Theorem 2.55 Let {uε} be a bounded sequence in L2(0, T ;H1
0 (Ω)) and assume,

for any v1 ∈ D(Ω), c1 ∈ D(0, T ), c2 ∈ C∞] (S) and r > 0, that

lim
ε→0

∫
ΩT

uε (x, t) v1 (x) ∂t

(
εrc1 (t) c2

(
t

εr

))
dxdt = 0. (2.25)

Furthermore, let m = n = 1, ε1 = ε and ε′1 = εr in Definition 2.39 and 2.51.
Then, up to a subsequence,

uε (x, t) ⇀ u (x, t) in L2(0, T ;H1
0 (Ω)), (2.26)

uε (x, t)
2,2
⇀ u (x, t) , (2.27)

∇uε (x, t)
2,2
⇀ ∇u (x, t) +∇yu1 (x, t, y, s) (2.28)

and
ε−1uε (x, t)

2,2
⇀
vw

u1 (x, t, y, s) , (2.29)

where u ∈ L2(0, T ;H1
0 (Ω)) and u1 ∈ L2(ΩT × S;H1

] (Y )/R).
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Proof. The weak convergence (2.26) follows immediately from the bounded-
ness of {uε} in L2(0, T ;H1

0 (Ω)) which also implies that {∇uε} is bounded in
L2(ΩT )N . Theorem 2.41 and 2.42 give us the existence of unique functions
u0 ∈ L2(ΩT × Y1,1) and τ0 ∈ L2(ΩT × Y1,1)N such that, up to a subsequence,

uε (x, t)
2,2
⇀ u0 (x, t, y, s) (2.30)

and
∇uε (x, t)

2,2
⇀ τ0 (x, t, y, s) . (2.31)

In order to prove (2.27) we need to show that u0 in (2.30) coincides with
the weak limit in (2.26), i.e. that u0 is independent of y and s and that it is
located in L2(0, T ;H1

0 (Ω)). For v1 ∈ D(Ω), v2 ∈ C∞] (Y )N , c1 ∈ D(0, T ) and
c2 ∈ C∞] (S) we have, through integration by parts,∫

ΩT

ε∇uε (x, t) v1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt

=

∫
ΩT

−uε (x, t)
(
ε∇v1 (x) · v2

(x
ε

)
+ v1 (x)∇y · v2

(x
ε

))
c1 (t) c2

(
t

εr

)
dxdt

where we have also carried out the differentiations on the right-hand side. We
let ε → 0 and note that due to the boundedness of {uε} and {∇uε}, both the
left-hand side and the first term of the right-hand side tend to zero. We are left
with

lim
ε→0

∫
ΩT

−uε (x, t) v1 (x)∇y · v2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt = 0.

From (2.30) we get∫
ΩT

∫
Y1,1
−u0 (x, t, y, s) v1 (x)∇y · v2 (y) c1 (t) c2 (s) dydsdxdt = 0,

and by the Variational Lemma (Theorem A.21)∫
Y

−u0 (x, t, y, s)∇y · v2 (y) dy = 0

a.e. in ΩT × S. Thus, u0 is independent of y.
To show the independence of s, we carry out the differentiations in (2.25)

and obtain

lim
ε→0

∫
ΩT

εruε (x, t) v1 (x) ∂tc1 (t) c2

(
t

εr

)
+uε (x, t) v1 (x) c1 (t) ∂sc2

(
t

εr

)
dxdt = 0.

Passing to the limit, using (2.30), we arrive at∫
ΩT

∫
Y1,1

u0 (x, t, s) v1 (x) c1 (t) ∂sc2 (s) dydsdxdt = 0,
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and the Variational Lemma gives∫
S

u0 (x, t, s) ∂sc2 (s) ds = 0

a.e. in ΩT , hence u0 does not depend on the local temporal variable s.
We have shown that

lim
ε→0

∫
ΩT

uε (x, t) v

(
x, t,

x

ε
,
t

εr

)
dxdt

=

∫
ΩT

∫
Y1,1

u0 (x, t) v (x, t, y, s) dydsdxdt

for all v∈L2(ΩT ;C](Y1,1)) where u0∈L2(ΩT ). Since L2(ΩT )⊂L2(ΩT ;C](Y1,1)),
this convergence implies, for all v ∈ L2(ΩT ),

lim
ε→0

∫
ΩT

uε (x, t) v (x, t) dxdt =

∫
ΩT

∫
Y1,1

u0 (x, t) v (x, t) dydsdxdt

=

∫
ΩT

u0 (x, t) v (x, t) dxdt

where we in the last step have integrated over y and s. Thus,

uε (x, t) ⇀ u0 (x, t) in L2(ΩT ).

From (2.26) we immediately get

uε (x, t) ⇀ u (x, t) in L2(ΩT )

for the same u ∈ L2(0, T ;H1
0 (Ω)). By uniqueness of the weak limit we see that

the (2, 2)-scale limit u0 coincides with the weak L2(0, T ;H1
0 (Ω))-limit u and the

proof of (2.27) is complete.
Next we will prove (2.28) by identifying τ0 in (2.31). Let H be the space of

generalized divergence-free functions in L2(Ω;L2
] (Y )N ) defined in Lemma 2.54

with n = 1. Using v ∈ D(Ω;C∞] (Y ))N ∩ H, c1 ∈ D(0, T ) and c2 ∈ C∞] (S) as
test functions in (2.31) we get, up to a subsequence,

lim
ε→0

∫
ΩT

∇uε (x, t) · v
(
x,
x

ε

)
c1 (t) c2

(
t

εr

)
dxdt

=

∫
ΩT

∫
Y1,1

τ0 (x, t, y, s) · v (x, y) c1 (t) c2 (s) dydsdxdt.

Integration by parts with respect to x on the left-hand side leads to

lim
ε→0

∫
ΩT

−uε (x, t)∇ · v
(
x,
x

ε

)
c1 (t) c2

(
t

εr

)
dxdt

= lim
ε→0

∫
ΩT

−uε (x, t)
(
∇x · v

(
x,
x

ε

)
+ ε−1∇y · v

(
x,
x

ε

))
c1 (t) c2

(
t

εr

)
dxdt

= lim
ε→0

∫
ΩT

−uε (x, t)∇x · v
(
x,
x

ε

)
c1 (t) c2

(
t

εr

)
dxdt
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where, in the last step, the second term has vanished due to the fact that v is
divergence-free with respect to y. Passing to the limit, using (2.27), yields∫

ΩT

∫
Y1,1
−u (x, t)∇x · v (x, y) c1 (t) c2 (s) dydsdxdt

=

∫
ΩT

∫
Y1,1
∇u (x, t) · v (x, y) c1 (t) c2 (s) dydsdxdt

and hence we have∫
ΩT

∫
Y1,1

τ0 (x, t, y, s) · v (x, y) c1 (t) c2 (s) dydsdxdt

=

∫
ΩT

∫
Y1,1
∇u (x, t) · v (x, y) c1 (t) c2 (s) dydsdxdt.

From this we deduce that∫
ΩT

∫
Y1,1

(τ0 (x, t, y, s)−∇u (x, t)) · v (x, y) c1 (t) c2 (s) dydsdxdt = 0,

which means, according to the Variational Lemma, that∫
Ω

∫
Y

(τ0 (x, t, y, s)−∇u (x, t)) · v (x, y) dydx = 0

a.e. in (0, T ) × S. Thus, τ0 − ∇u is orthogonal to v ∈ D(Ω;C∞] (Y n))N ∩ H
and, by property (i) in Lemma 2.54, to the entire space H, i.e. τ0 −∇u ∈ H⊥.
By property (ii) in Lemma 2.54 we conclude that there exists a function u1 in
L2(ΩT × S;H1

] (Y )/R) such that

τ0 (x, t, y, s)−∇u (x, t) = ∇yu1 (x, t, y, s) ,

which proves (2.28).
Lastly, we prove (2.29) which means showing that

lim
ε→0

∫
ΩT

ε−1uε (x, t) v1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt (2.32)

=

∫
ΩT

∫
Y1,1

u1 (x, t, y, s) v1 (x) v2 (y) c1 (t) c2 (s) dydsdxdt

for any v1 ∈ D(Ω), v2 ∈ C∞] (Y )/R, c1 ∈ D(0, T ) and c2 ∈ C∞] (S). We note
that any v2 ∈ C∞] (Y )/R can be expressed as

v2 (y) = ∆yρ (y) = ∇y · (∇yρ (y))

for some ρ ∈ C∞] (Y )/R (see for example Remark 3.2 in [37]). The left-hand
side of (2.32) becomes

lim
ε→0

∫
ΩT

ε−1uε (x, t) v1 (x)∇y ·
(
∇yρ

(x
ε

))
c1 (t) c2

(
t

εr

)
dxdt

= lim
ε→0

∫
ΩT

uε (x, t) v1 (x)∇ ·
(
∇yρ

(x
ε

))
c1 (t) c2

(
t

εr

)
dxdt
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and through integration by parts we obtain

lim
ε→0

∫
ΩT

−∇uε (x, t) v1 (x) · ∇yρ
(x
ε

)
c1 (t) c2

(
t

εr

)
−uε (x, t)∇v1 (x) · ∇yρ

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt.

Passing to the limit while using (2.28) we get, up to a subsequence,∫
ΩT

∫
Y1,1
− (∇u (x, t) +∇yu1 (x, t, y, s)) v1 (x) · ∇yρ (y) c1 (t) c2 (s)

−u (x, t)∇v1 (x) · ∇yρ (y) c1 (t) c2 (s) dydsdxdt.

After integration by parts in the last term with respect to x we have∫
ΩT

∫
Y1,1
−∇yu1 (x, t, y, s) v1 (x) · ∇yρ (y) c1 (t) c2 (s) dydsdxdt

and by integration by parts with respect to y we arrive at∫
ΩT

∫
Y1,1

u1 (x, t, y, s) v1 (x)∇y · (∇yρ (y)) c1 (t) c2 (s) dydsdxdt

=

∫
ΩT

∫
Y1,1

u1 (x, t, y, s) v1 (x) v2 (y) c1 (t) c2 (s) dydsdxdt.

Hence, the proof is complete.

We will give a similar result for sequences with two spatial and two temporal
microscopic scales but first we give a theorem that we will employ in the proof
of the result.

Theorem 2.56 For any k ∈ {1, . . . , n}, let Ek be the set of smooth functions
v
(
x, yk

)
with compact support in Ω, periodic in yk and of mean value zero with

respect to the last variable yk, i.e.

Ek =

{
v ∈ D(Ω;C∞] (Y k)) :

∫
Yk

v
(
x, yk

)
dyk = 0

}
.

Assume that the scales ε1, . . . , εn are well-separated. Then, for any function
v ∈ Ek, the sequence

{
ε−1
k v (x, x/ε1, . . . , x/εk)

}
is bounded in H−1(Ω).

Proof. See Theorem 3.3 in [3].

We are now ready to give the compactness result. The proof is analogous
to the one in Theorem 2.55 but with some modifications to handle the extra
microscopic scales.
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Theorem 2.57 Let {uε} be a bounded sequence in L2(0, T ;H1
0 (Ω)) and assume,

for any v1 ∈ D(Ω), c1 ∈ D(0, T ), c2 ∈ C∞] (S1), c3 ∈ C∞] (S2) and r > q > 0,
that

lim
ε→0

∫
ΩT

uε (x, t) v1 (x) ∂t

(
εrc1 (t) c2

(
t

εq

)
c3

(
t

εr

))
dxdt = 0 (2.33)

and

lim
ε→0

∫
ΩT

uε (x, t) v1 (x) ∂t

(
εqc1 (t) c2

(
t

εq

))
dxdt = 0. (2.34)

Furthermore, let m = n = 2, ε1 = ε, ε2 = ε2, ε′1 = εq and ε′2 = εr in
Definition 2.39 and 2.51. Then, up to a subsequence,

uε (x, t) ⇀ u (x, t) in L2(0, T ;H1
0 (Ω)), (2.35)

uε (x, t)
3,3
⇀ u (x, t) , (2.36)

∇uε (x, t)
2,3
⇀ ∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)
, (2.37)

∇uε (x, t)
3,3
⇀ ∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

)
, (2.38)

ε−1uε (x, t)
2,3
⇀
vw

u1

(
x, t, y1, s

2
)

(2.39)

and
ε−2uε (x, t)

3,3
⇀
vw

u2

(
x, t, y2, s2

)
, (2.40)

where u ∈ L2(0, T ;H1
0 (Ω)), u1 ∈ L2(ΩT × S2 ;H1

] (Y1)/R) and
u2 ∈ L2(ΩT × Y1,2;H1

] (Y2)/R).

Proof. The boundedness of {uε} in L2(0, T ;H1
0 (Ω)) implies the weak conver-

gence (2.35). Moreover, it also implies that {∇uε} is bounded in L2(ΩT )N and
hence, according to Theorem 2.41 and 2.42, we have

uε (x, t)
3,3
⇀ u0

(
x, t, y2, s2

)
(2.41)

and
∇uε (x, t)

3,3
⇀ τ0

(
x, t, y2, s2

)
, (2.42)

up to a subsequence, for some unique functions u0 ∈ L2(ΩT × Y2,2) and
τ0 ∈ L2(ΩT × Y2,2)N .
We proceed by characterizing u0, where we first show that u0 is independent

of the local spatial and temporal variables y1, y2, s1 and s2. Letting v1 ∈ D(Ω),
v2 ∈ C∞] (Y1), v3 ∈ C∞] (Y2)N , c1 ∈ D(0, T ), c2 ∈ C∞] (S1) and c3 ∈ C∞] (S2), we
get that∫

ΩT

ε2∇uε (x, t) v1 (x) v2

(x
ε

)
· v3

( x
ε2

)
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt

=

∫
ΩT

−uε (x, t)
(
ε2∇v1 (x) v2

(x
ε

)
· v3

( x
ε2

)
+ εv1 (x)∇y1v2

(x
ε

)
· v3

( x
ε2

)
+ v1 (x) v2

(x
ε

)
∇y2 · v3

( x
ε2

))
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt,
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where we have used integration by parts and differentiated. As ε → 0 the
left-hand side and the first two terms on the right-hand side vanish, due to
boundedness of {uε} and {∇uε}, and by (2.41) we end up with∫

ΩT

∫
Y2,2
−u0

(
x, t, y2, s2

)
v1 (x) v2 (y1)∇y2 · v3 (y2)

×c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0.

Applying the Variational Lemma (Theorem A.21) we have∫
Y2

−u0

(
x, t, y2, s2

)
∇y2 · v3 (y2) dy2 = 0

a.e. in ΩT × Y1,2, showing that u0 is independent of y2.
Next we let v1 ∈ D(Ω), v2 ∈ C∞] (Y1)N , c1 ∈ D(0, T ), c2 ∈ C∞] (S1) and

c3 ∈ C∞] (S2). By integration by parts and after differentiation on the right-
hand side we have that∫

ΩT

ε∇uε (x, t) v1 (x) · v2

(x
ε

)
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt

=

∫
ΩT

−uε (x, t)
(
ε∇v1 (x) · v2

(x
ε

)
+ v1 (x)∇y1 · v2

(x
ε

))
×c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt

and as ε→ 0 we obtain∫
ΩT

∫
Y1,2
−u0

(
x, t, y1, s

2
)
v1 (x)∇y1 · v2 (y1) c1 (t) c2 (s1) c3 (s2) dy1ds2dxdt = 0.

By the Variational Lemma,∫
Y1

−u0

(
x, t, y1, s

2
)
∇y1 · v2 (y1) dy1 = 0

a.e. in ΩT × S2, which means that u0 is independent of y1.
To show that u0 is independent of s2 we carry out the differentiations in

(2.33) and get

lim
ε→0

∫
ΩT

uε (x, t) v1 (x)

(
εr∂tc1 (t) c2

(
t

εq

)
c3

(
t

εr

)
+ εr−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
+ c1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
dxdt = 0.

As ε tends to zero, due to (2.41), we have∫
ΩT

∫
S2
u0

(
x, t, s2

)
v1 (x) c1 (t) c2 (s1) ∂s2c3 (s2) ds2dxdt = 0,
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and by the Variational Lemma∫
S2

u0

(
x, t, s2

)
∂s2c3 (s2) ds2 = 0

a.e. in ΩT × S1. We conclude that u0 does not depend on the local temporal
variable s2.
In order to prove independence of s1, we perform the differentiations in (2.34)

and arrive at

lim
ε→0

∫
ΩT

uε (x, t) v1 (x)

(
εq∂tc1 (t) c2

(
t

εq

)
+ c1 (t) ∂s1c2

(
t

εq

))
dxdt = 0.

Letting ε→ 0 we get∫
ΩT

∫
S1

u0 (x, t, s1) v1 (x) c1 (t) ∂s1c2 (s1) ds1dxdt = 0

and by the Variational Lemma∫
S1

u0 (x, t, s1) ∂s1c2 (s1) ds1 = 0

a.e. in ΩT , hence u0 is independent of s1.
In conclusion, we have shown that

lim
ε→0

∫
ΩT

uε (x, t) v

(
x, t,

x

ε
,
x

ε2
,
t

εq
,
t

εr

)
dxdt

=

∫
ΩT

∫
Y2,2

u0 (x, t) v
(
x, t, y2, s2

)
dy2ds2dxdt

for all v ∈ L2(ΩT ;C](Y2,2)) where u0 ∈ L2(ΩT ), and the last step in
the characterization of u0 is to show that u0 ∈ L2(0, T ;H1

0 (Ω)). Since
L2(ΩT ) ⊂ L2(ΩT ;C](Y2,2)) it follows that

lim
ε→0

∫
ΩT

uε (x, t) v (x, t) dxdt =

∫
ΩT

∫
Y2,2

u0 (x, t) v (x, t) dy2ds2dxdt

=

∫
ΩT

u0 (x, t) v (x, t) dxdt

for all v ∈ L2(ΩT ), i.e.

uε (x, t) ⇀ u0 (x, t) in L2(ΩT ).

Observing that the weak convergence (2.35) implies

uε (x, t) ⇀ u (x, t) in L2(ΩT )

for the same u ∈ L2(0, T ;H1
0 (Ω)) we see that u0 coincides with the weak limit

u in (2.35) and the proof of (2.36) is complete.
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Now we will characterize τ0 in (2.42). Let H be defined as in Lemma 2.54
with n = 2 and let v ∈ D(Ω;C∞] (Y 2))N ∩ H and c ∈ D(0, T ;C∞] (S2)). Then
(2.42) means that, up to a subsequence,

lim
ε→0

∫
ΩT

∇uε (x, t) · v
(
x,
x

ε
,
x

ε2

)
c

(
t,
t

εq
,
t

εr

)
dxdt

=

∫
ΩT

∫
Y2,2

τ0

(
x, t, y2, s2

)
· v
(
x, y2

)
c
(
t, s2

)
dy2ds2dxdt.

Using integration by parts on the left-hand side we obtain

lim
ε→0

∫
ΩT

−uε (x, t)∇ · v
(
x,
x

ε
,
x

ε2

)
c

(
t,
t

εq
,
t

εr

)
dxdt

= lim
ε→0

∫
ΩT

−uε (x, t)
(
∇x · v

(
x,
x

ε
,
x

ε2

)
+ ε−1∇y1 · v

(
x,
x

ε
,
x

ε2

)
+ ε−2∇y2 · v

(
x,
x

ε
,
x

ε2

))
c

(
t,
t

εq
,
t

εr

)
dxdt

= lim
ε→0

∫
ΩT

−uε (x, t)
(
∇x · v

(
x,
x

ε
,
x

ε2

)
+ ε−1∇y1 · v

(
x,
x

ε
,
x

ε2

))
c

(
t,
t

εq
,
t

εr

)
dxdt,

where the last term has vanished due to the fact that v is divergence-free with
respect to y2. Since ∫

Y2

∇y1 · v
(
x, y2

)
dy2 = 0,

Theorem 2.56 is applicable and gives that
{
ε−2∇y1 · v

(
x, x/ε, x/ε2

)}
is bounded

in H−1(Ω). Passing to the limit and using this boundedness yields∫
ΩT

∫
Y2,2
−u (x, t)∇x · v

(
x, y2

)
c
(
t, s2

)
dy2ds2dxdt

=

∫
ΩT

∫
Y2,2
∇u (x, t) · v

(
x, y2

)
c
(
t, s2

)
dy2ds2dxdt,

for all v ∈ D(Ω;C∞] (Y 2))N ∩H and c ∈ D(0, T ;C∞] (S2)). We conclude that∫
ΩT

∫
Y2,2

τ0

(
x, t, y2, s2

)
· v
(
x, y2

)
c
(
t, s2

)
dy2ds2dxdt

=

∫
ΩT

∫
Y2,2
∇u (x, t) · v

(
x, y2

)
c
(
t, s2

)
dy2ds2dxdt

or, equivalently,∫
ΩT

∫
Y2,2

(
τ0

(
x, t, y2, s2

)
−∇u (x, t)

)
· v
(
x, y2

)
c
(
t, s2

)
dy2ds2dxdt = 0.
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By the Variational Lemma we obtain∫
Ω

∫
Y 2

(
τ0

(
x, t, y2, s2

)
−∇u (x, t)

)
· v
(
x, y2

)
dy2dx = 0

a.e. in (0, T ) × S2. This means that τ0 − ∇u belongs to the orthogonal of
D(Ω;C∞] (Y 2))N ∩ H and, by density (see property (i) of Lemma 2.54), to the
orthogonal of the entire space H. By property (ii) in Lemma 2.54, we have that

τ0

(
x, t, y2, s2

)
−∇u (x, t) = ∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

)
where u1 ∈ L2(ΩT × S2;H1

] (Y1)/R) and u2 ∈ L2(ΩT × Y1,2;H1
] (Y2)/R), which

proves (2.38).
To prove (2.37) we let v ∈ L2(ΩT ;C](Y1,2)) act as a test function in (2.38),

giving

lim
ε→0

∫
ΩT

∇uε (x, t) v

(
x, t,

x

ε
,
t

εq
,
t

εr

)
dxdt

=

∫
ΩT

∫
Y2,2

(
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+ ∇y2u2

(
x, t, y2, s2

))
v
(
x, t, y1, s

2
)
dy2ds2dxdt.

Integrating over Y2 using the fact that∫
Y2

∇y2u2

(
x, t, y2, s2

)
dy2 = 0

we arrive at∫
ΩT

∫
Y1,2

(
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
))
v
(
x, t, y1, s

2
)
dy1ds2dxdt,

which proves (2.37).
By definition, to prove (2.39) means to show that

lim
ε→0

∫
ΩT

ε−1uε (x, t) v1 (x) v2

(x
ε

)
c

(
t,
t

εq
,
t

εr

)
dxdt (2.43)

=

∫
ΩT

∫
Y1,2

u1

(
x, t, y1, s

2
)
v1 (x) v2 (y1) c

(
t, s2

)
dy1ds2dxdt

for any v1 ∈ D(Ω), v2 ∈ C∞] (Y1)/R and c ∈ D(0, T ;C∞] (S2)). Note that any
v2 ∈ C∞] (Y1)/R can be represented by

v2 (y1) = ∆y1ρ (y1) = ∇y1 · (∇y1ρ (y1))

for some ρ ∈ C∞] (Y1)/R, which gives that the left-hand side of (2.43) can be
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expressed as

lim
ε→0

∫
ΩT

ε−1uε (x, t) v1 (x)∇y1 ·
(
∇y1ρ

(x
ε

))
c

(
t,
t

εq
,
t

εr

)
dxdt

= lim
ε→0

∫
ΩT

uε (x, t) v1 (x)∇ ·
(
∇y1ρ

(x
ε

))
c

(
t,
t

εq
,
t

εr

)
dxdt

= lim
ε→0

∫
ΩT

−∇uε (x, t) v1 (x) · ∇y1ρ
(x
ε

)
c

(
t,
t

εq
,
t

εr

)
−uε (x, t)∇v1 (x) · ∇y1ρ

(x
ε

)
c

(
t,
t

εq
,
t

εr

)
dxdt,

where we have used integration by parts with respect to x in the last step. As
ε tends to zero, by (2.37) we obtain

=

∫
ΩT

∫
Y1,2
−
(
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
))
v1 (x) · ∇y1ρ (y1) c

(
t, s2

)
−u (x, t)∇v1 (x) · ∇y1ρ (y1) c

(
t, s2

)
dy1ds2dxdt,

and employing integration by parts with respect to x in the last term leaves us
with ∫

ΩT

∫
Y1,2
−∇y1u1

(
x, t, y1, s

2
)
v1 (x) · ∇y1ρ (y1) c

(
t, s2

)
dy1ds2dxdt.

By integration by parts with respect to y1 we arrive at∫
ΩT

∫
Y1,2

u1

(
x, t, y1, s

2
)
v1 (x)∇y1 · (∇y1ρ (y1)) c

(
t, s2

)
dy1ds2dxdt

=

∫
ΩT

∫
Y1,2

u1

(
x, t, y1, s

2
)
v1 (x) v2 (y1) c

(
t, s2

)
dy1ds2dxdt,

which proves (2.43), i.e. (2.39).
We conclude the theorem by proving (2.40), i.e. verifying that

lim
ε→0

∫
ΩT

ε−2uε (x, t) v1

(
x,
x

ε

)
v2

( x
ε2

)
c

(
t,
t

εq
,
t

εr

)
dxdt (2.44)

=

∫
ΩT

∫
Y2,2

u2

(
x, t, y2, s2

)
v1 (x, y1) v2 (y2) c

(
t, s2

)
dy2ds2dxdt,

for any v1 ∈ D(Ω;C∞] (Y1)), v2 ∈ C∞] (Y2)/R and c ∈ D(0, T ;C∞] (S2)). Fol-
lowing the same steps as above we observe that any v2 ∈ C∞] (Y2)/R can be
expressed as

v2 (y2) = ∆y2σ (y2) = ∇y2 · (∇y2σ (y2))

for some σ ∈ C∞] (Y2)/R, and the left-hand side of (2.44) can be written

lim
ε→0

∫
ΩT

−∇uε (x, t) v1

(
x,
x

ε

)
· ∇y2σ

( x
ε2

)
c

(
t,
t

εq
,
t

εr

)
−uε (x, t)

(
∇xv1

(
x,
x

ε

)
+ ε−1∇y1v1

(
x,
x

ε

))
· ∇y2σ

( x
ε2

)
c

(
t,
t

εq
,
t

εr

)
dxdt.
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Since
{
ε−2∇y1v1 (x, x/ε) · ∇y2σ

(
x/ε2

)}
is bounded in H−1(Ω) due to The-

orem 2.56, the last term vanishes as we pass to the limit and, using (2.38),
we obtain∫

ΩT

∫
Y2,2
−
(
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

))
v1 (x, y1)

·∇y2σ (y2) c
(
t, s2

)
− u (x, t)∇xv1 (x, y1) · ∇y2σ (y2) c

(
t, s2

)
dy2ds2dxdt.

By observing that ∫
Y2

∇y2σ (y2) dy2 = 0,

all terms but one vanish, leaving us with∫
ΩT

∫
Y2,2
−∇y2u2

(
x, t, y2, s2

)
v1 (x, y1) · ∇y2σ (y2) c

(
t, s2

)
dy2ds2dxdt.

Integration by parts with respect to y2 gives∫
ΩT

∫
Y2,2

u2

(
x, t, y2, s2

)
v1 (x, y1)∇y2 · (∇y2σ (y2)) c

(
t, s2

)
dy2ds2dxdt

=

∫
ΩT

∫
Y2,2

u2

(
x, t, y2, s2

)
v1 (x, y1) v2 (y2) c

(
t, s2

)
dy2ds2dxdt,

and the proof is complete.
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3 Homogenization

In this chapter we will use results presented in Chapter 2 to show that the
sequence of solutions {uε} to a chosen problem converges to a limit u and
that this limit is the solution to a particular type of limit problem, called the
homogenized problem. We will present homogenization results for four linear
problems: three parabolic ones and a hyperbolic-parabolic one.
Section 3.1 concerns the three parabolic problems. They each have a coef-

ficient depending on the scale parameter ε in front of the temporal derivative
which we will see gives rise to certain phenomena. In Subsection 3.1.1 we ho-
mogenize the first of the problems of this kind, namely the (2, 2)-scale problem

ε∂tuε (x, t)−∇ ·
(
a

(
x

ε
,
t

ε3

)
∇uε (x, t)

)
= f(x, t)

which is also found in Paper (I), i.e. [26]. In Subsection 3.1.2 we make a gen-
eralization in the sense that we consider a collection of (2, 2)-scale problems,
namely

εq∂tuε (x, t)−∇ ·
(
a

(
x

ε
,
t

εr

)
∇uε (x, t)

)
= f(x, t),

where 0 < q < r. This is also the main result of Paper (IIa) and (IIb), i.e.
[11] and [10]. By adding both a spatial and a temporal microscopic scale, a
further extension is made in Subsection 3.1.3 where we consider the (3, 3)-scale
homogenization of

εp∂tuε (x, t)−∇ ·
(
a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t)

)
= f(x, t),

where 0 < p < q < r. See also Paper (III), i.e. [12].
We conclude the chapter with Section 3.2 where we give results from Paper

(IV), i.e. [17]. More precisely, we homogenize the hyperbolic-parabolic (3, 1)-
scale problem

∂2
ttuε (x, t) + ∂tuε (x, t)−∇ ·

(
a
(x
ε
,
x

ε2

)
∇uε (x, t)

)
= f (x, t) .

3.1 Linear parabolic problems with vanishing volumetric
heat capacity

Let us now focus on the linear parabolic problems presented above. The coeffi -
cient in front of the temporal derivative, i.e. the volumetric heat capacity, gives
rise to two phenomena. The first is that the homogenized problem is elliptic
even though the original problem is parabolic. The second is that we have so-
called resonance2 for a different matching between the microscopic spatial and
temporal scales to the standard matching. By standard matching we mean that

2 In this context, to say that we have resonance refers to having a parabolic local problem,
i.e. a local problem of the same type as the original problem.
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the temporal scale is the square of the spatial scale, which was established as
the matching giving rise to resonance for parabolic problems in [6], see also, for
example, [24], [37], [20], [47] or [19].
Some works related to the problems studied in this section, in the sense that

the coeffi cient in front of the temporal derivative depends on the parameter ε,
are, for example, [40], [4], [16], [20], [47] and [14]. A significant difference is
that in those articles the coeffi cient oscillates, while in our case it vanishes, as ε
tends to zero. It is also noteworthy that, in all of those works that consider rapid
temporal oscillations, resonance appears for the standard matching mentioned
above.

3.1.1 A resonant case with two spatial and two temporal scales

Consider the problem

ε∂tuε (x, t)−∇ ·
(
a

(
x

ε
,
t

ε3

)
∇uε (x, t)

)
= f(x, t) in ΩT , (3.1)

uε (x, 0) = u0 (x) in Ω,

uε (x, t) = 0 on ∂Ω× (0, T ) ,

where f ∈ L2(ΩT ), u0 ∈ L2(Ω) and a ∈ C](Y1,1)N×N . We assume that the
coeffi cient a is coercive, i.e. there exists a constant C0 > 0 such that for all
(y, s) ∈ RN × R,

a (y, s) ξ · ξ ≥ C0 |ξ|2 (3.2)

for all ξ ∈ RN . The weak formulation reads: Find uε ∈W 1,2(0, T ;H1
0 (Ω), L2(Ω))

such that∫
ΩT

−εuε (x, t) v (x) ∂tc (t) + a

(
x

ε
,
t

ε3

)
∇uε (x, t) · ∇v (x) c (t) dxdt (3.3)

=

∫
ΩT

f (x, t) v (x) c (t) dxdt

for all v ∈ H1
0 (Ω) and c ∈ D(0, T ). Furthermore, we have that the solution

uε ∈W 1,2(0, T ;H1
0 (Ω), L2(Ω)) is unique, see for example Section 23.7 in [49].

Before we give the homogenization result we establish an a priori bound for
the sequence of solutions {uε}.

Proposition 3.1 Let {uε} be a sequence of solutions inW 1,2(0,T ;H1
0 (Ω),L2(Ω))

to (3.1). Then, {uε} is uniformly bounded in L2(0, T ;H1
0 (Ω)), i.e.

‖uε‖L2(0,T ;H1
0 (Ω)) ≤ C

holds for some C > 0 independent of ε.
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Proof. Using uε ∈ W 1,2(0, T ;H1
0 (Ω), L2(Ω)) as a test function in the operator

form of (3.1) we obtain∫ T

0

ε 〈∂tuε, uε〉H−1(Ω),H1
0 (Ω) dt+

∫
ΩT

a

(
x

ε
,
t

ε3

)
∇uε (x, t) · ∇uε (x, t) dxdt

=

∫
ΩT

f (x, t)uε (x, t) dxdt,

see Section 30.3 in [50]. Multiplying by 2 and using the generalized integration
by parts formula (25) in Section 23.6 in [49] we get∫

Ω

ε
(

(uε (x, T ))
2 − (u0 (x))

2
)
dx+ 2

∫
ΩT

a

(
x

ε
,
t

ε3

)
∇uε (x, t) · ∇uε (x, t) dxdt

= 2

∫
ΩT

f (x, t)uε (x, t) dxdt

and after rewriting,

ε ‖uε (·, T )‖2L2(Ω) + 2

∫
ΩT

a

(
x

ε
,
t

ε3

)
∇uε (x, t) · ∇uε (x, t) dxdt

= ε ‖u0‖2L2(Ω) + 2

∫
ΩT

f (x, t)uε (x, t) dxdt.

The coercivity condition (3.2) yields

ε ‖uε (·, T )‖2L2(Ω) + 2C0

∫
ΩT

|∇uε (x, t)|2 dxdt

≤ ε ‖u0‖2L2(Ω) + 2

∫
ΩT

f (x, t)uε (x, t) dxdt

or equivalently

ε ‖uε (·, T )‖2L2(Ω) + 2C0 ‖uε‖2L2(0,T ;H1
0 (Ω))

≤ ε ‖u0‖2L2(Ω) + 2

∫
ΩT

f (x, t)uε (x, t) dxdt.

Applying the inequality
2xy ≤ C1x

2 + C−1
1 y2

followed by the the Poincaré Inequality (Theorem A.17), with C1 = C−1
0 C2

composed of the coercivity constant C0 and the Poincaré constant C2, it holds
that

2

∫
ΩT

f (x, t)uε (x, t) dxdt ≤ C−1
0 C2 ‖f‖2L2(ΩT ) + C0 ‖uε‖2L2(0,T ;H1

0 (Ω)) .

We thus obtain

ε ‖uε (·, T )‖2L2(Ω) + 2C0 ‖uε‖2L2(0,T ;H1
0 (Ω))

≤ ε ‖u0‖2L2(Ω) + C−1
0 C2 ‖f‖2L2(ΩT ) + C0 ‖uε‖2L2(0,T ;H1

0 (Ω))
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and rewriting we arrive at

‖uε‖2L2(0,T ;H1
0 (Ω)) ≤ εC

−1
0 ‖u0‖2L2(Ω) + C−2

0 C2 ‖f‖2L2(ΩT ) .

Since u0 ∈ L2(Ω) and f ∈ L2(ΩT ) are independent of ε, the left-hand side will
remain bounded as ε→ 0. Hence {uε} is uniformly bounded in L2(0, T ;H1

0 (Ω)).

We are now prepared to give the homogenization result.

Theorem 3.2 Let {uε} be a sequence of solutions in W 1,2(0, T ;H1
0 (Ω), L2(Ω))

to (3.1). Then it holds that

uε (x, t) ⇀ u (x, t) in L2(0, T ;H1
0 (Ω)), (3.4)

uε (x, t)
2,2
⇀ u (x, t) (3.5)

and
∇uε (x, t)

2,2
⇀ ∇u (x, t) +∇yu1 (x, t, y, s) , (3.6)

where u ∈ L2(0, T ;H1
0 (Ω)) is the unique solution to

−∇ · (b∇u (x, t)) = f (x, t) in ΩT , (3.7)

u (x, t) = 0 on ∂Ω× (0, T )

with

b∇u (x, t) =

∫
Y1,1

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) dyds.

Here, u1 ∈ L2(ΩT ;W) is the unique solution to the local problem

∂su1 (x, t, y, s)−∇y · (a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s))) = 0. (3.8)

Proof. The weak convergence (3.4) follows immediately, up to a subsequence,
from the boundedness of {uε} in L2(0, T ;H1

0 (Ω)), proven in Proposition 3.1. If
the assumption (2.25) in Theorem 2.55 is satisfied, the convergences (3.5) and
(3.6) follow up to a subsequence. In the weak form (3.3), letting

v (x) c (t) = ε2v1 (x) c1 (t) c2

(
t

ε3

)
,

where v1 ∈ D(Ω), c1 ∈ D(0, T ) and c2 ∈ C∞] (S), we get∫
ΩT

−εuε (x, t) ε2v1 (x) ∂t

(
c1 (t) c2

(
t

ε3

))
+a

(
x

ε
,
t

ε3

)
∇uε (x, t) ε2 · ∇v1 (x) c1 (t) c2

(
t

ε3

)
dxdt

=

∫
ΩT

f (x, t) ε2v1 (x) c1 (t) c2

(
t

ε3

)
dxdt
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and by rearranging we obtain∫
ΩT

uε (x, t) v1 (x) ∂t

(
ε3c1 (t) c2

(
t

ε3

))
dxdt

=

∫
ΩT

ε2a

(
x

ε
,
t

ε3

)
∇uε (x, t) · ∇v1 (x) c1 (t) c2

(
t

ε3

)
−ε2f (x, t) v1 (x) c1 (t) c2

(
t

ε3

)
dxdt.

Since {uε} is bounded in L2(0, T ;H1
0 (Ω)), it holds that {∇uε} is bounded in

L2(ΩT )N . Hence

lim
ε→0

∫
ΩT

uε (x, t) v1 (x) ∂t

(
ε3c1 (t) c2

(
t

ε3

))
dxdt

= lim
ε→0

∫
ΩT

ε2a

(
x

ε
,
t

ε3

)
∇uε (x, t) · ∇v1 (x) c1 (t) c2

(
t

ε3

)
−ε2f (x, t) v1 (x) c1 (t) c2

(
t

ε3

)
dxdt = 0,

i.e. the assumption (2.25) in Theorem 2.55 is satisfied for r = 3. Thus, it follows
that (3.5) and (3.6) hold up to a subsequence.
To derive the homogenized problem, we choose test functions in the weak

form without microscopic oscillations. By choosing

v (x) c (t) = v1 (x) c1 (t) ,

where v1 ∈ H1
0 (Ω) and c1 ∈ D(0, T ), in (3.3) we get∫

ΩT

−εuε (x, t) v1 (x) ∂tc1 (t) + a

(
x

ε
,
t

ε3

)
∇uε (x, t) · ∇v1 (x) c1 (t) dxdt

=

∫
ΩT

f (x, t) v1 (x) c1 (t) dxdt.

When ε tends to zero, the first term vanishes due to the boundedness of {uε}
and, by (2.28) in Theorem 2.55, we obtain∫

ΩT

∫
Y1,1

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) · ∇v1 (x) c1 (t) dydsdxdt

=

∫
ΩT

f (x, t) v1 (x) c1 (t) dxdt.

By the Variational Lemma (Theorem A.21) we have∫
Ω

(∫
Y1,1

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) dyds

)
· ∇v1 (x) dx

=

∫
Ω

f (x, t) v1 (x) dx

50



a.e. in (0, T ), which is the weak form of (3.7).
To find the local problem, we choose test functions in (3.3) that capture the

microscopic oscillations, i.e. we choose

v (x) c (t) = εv1 (x) v2

(x
ε

)
c1 (t) c2

(
t

ε3

)
,

where v1 ∈ D(Ω), v2 ∈ C∞] (Y )/R, c1 ∈ D(0, T ) and c2 ∈ C∞] (S). Differentiat-
ing we get∫

ΩT

−uε (x, t) v1 (x) v2

(x
ε

)(
ε2∂tc1 (t) c2

(
t

ε3

)
+ ε−1c1 (t) ∂sc2

(
t

ε3

))
+a

(
x

ε
,
t

ε3

)
∇uε (x, t) ·

(
ε∇v1 (x) v2

(x
ε

)
+ v1 (x)∇yv2

(x
ε

))
c1 (t) c2

(
t

ε3

)
dxdt

=

∫
ΩT

f (x, t) εv1 (x) v2

(x
ε

)
c1 (t) c2

(
t

ε3

)
dxdt

and passing to the limit, omitting terms that vanish in the limit, we are left
with

lim
ε→0

∫
ΩT

−ε−1uε (x, t) v1 (x) v2

(x
ε

)
c1 (t) ∂sc2

(
t

ε3

)
+a

(
x

ε
,
t

ε3

)
∇uε (x, t) v1 (x) · ∇yv2

(x
ε

)
c1 (t) c2

(
t

ε3

)
dxdt = 0.

Applying (2.29) in Theorem 2.55 to the first term and (2.28) to the second we
obtain ∫

ΩT

∫
Y1,1
−u1 (x, t, y, s) v1 (x) v2 (y) c1 (t) ∂sc2 (s)

+a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s))v1 (x) · ∇yv2 (y) c1 (t) c2 (s) dydsdxdt = 0.

Using the Variational Lemma, we arrive at∫
Y1,1
−u1 (x, t, y, s) v2 (y) ∂sc2 (s)

+a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) · ∇yv2 (y) c2 (s) dyds = 0

a.e. in ΩT , which is the weak form of (3.8).
Thus far, we have proven the result up to a subsequence. By the uniqueness

of the solutions, all convergences hold for the entire sequence, and the proof is
complete.

Remark 3.3 The well-posedness of this and related local problems has been
investigated by several authors, see for example [6], [39] and [47].
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Remark 3.4 Using the ansatz

u1 (x, t, y, s) = z (y, s) · ∇u (x, t) ,

where z ∈ WN , the local problem (3.8) can be written

∂sz (y, s)−∇y · (a (y, s) (IN +∇yz (y, s))) = 0,

allowing the coeffi cient b in the homogenized problem (3.7) to be written explicitly
as

b =

∫
Y1,1

a (y, s) (IN +∇yz (y, s)) dyds.

3.1.2 A generalization with two spatial and two temporal scales

We now turn our attention to the homogenization of the problem

εq∂tuε (x, t)−∇ ·
(
a

(
x

ε
,
t

εr

)
∇uε (x, t)

)
= f(x, t) in ΩT , (3.9)

uε (x, 0) = u0 (x) in Ω,

uε (x, t) = 0 on ∂Ω× (0, T )

where 0 < q < r, f ∈ L2(ΩT ), u0 ∈ L2(Ω) and a ∈ C](Y1,1)N×N . We assume
that the coeffi cient a satisfies the same coercivity condition as the coeffi cient in
equation (3.1), i.e. there exists C0 > 0 such that for all (y, s) ∈ RN × R,

a (y, s) ξ · ξ ≥ C0 |ξ|2

for all ξ ∈ RN . The weak formulation reads: Find uε ∈W 1,2(0, T ;H1
0 (Ω), L2(Ω))

such that∫
ΩT

−εquε (x, t) v (x) ∂tc (t) + a

(
x

ε
,
t

εr

)
∇uε (x, t) · ∇v (x) c (t) dxdt (3.10)

=

∫
ΩT

f (x, t) v (x) c (t) dxdt

for all v ∈ H1
0 (Ω) and c ∈ D(0, T ). By Section 23.7 in [49], we have a unique

solution uε ∈W 1,2(0, T ;H1
0 (Ω), L2(Ω)). We also have an a priori bound.

Proposition 3.5 Let {uε} be a sequence of solutions inW 1,2(0,T ;H1
0 (Ω),L2(Ω))

to (3.9). Then, {uε} is uniformly bounded in L2(0, T ;H1
0 (Ω)), i.e. satisfies

‖uε‖L2(0,T ;H1
0 (Ω)) ≤ C

for some C > 0 independent of ε.

Proof. Following the same steps as in Proposition 3.1 but starting from the
operator form of (3.9) will yield

‖uε‖2L2(0,T ;H1
0 (Ω)) ≤ ε

qC−1
0 ‖u0‖2L2(Ω) + C−2

0 C2 ‖f‖2L2(ΩT ) ,
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where C0 and C2 are the coercivity constant and the Poincaré constant, respect-
ively. This implies boundedness of {uε} in L2(0, T ;H1

0 (Ω)), since u0 ∈ L2(Ω)
and f ∈ L2(ΩT ) are independent of ε so the left-hand side will remain bounded
as ε→ 0.

We now give the homogenization result.

Theorem 3.6 Let {uε} be a sequence of solutions in W 1,2(0, T ;H1
0 (Ω), L2(Ω))

to (3.9). Then it holds that

uε (x, t) ⇀ u (x, t) in L2(0, T ;H1
0 (Ω)), (3.11)

uε (x, t)
2,2
⇀ u (x, t) (3.12)

and
∇uε (x, t)

2,2
⇀ ∇u (x, t) +∇yu1 (x, t, y, s) , (3.13)

where u ∈ L2(0, T ;H1
0 (Ω)) is the unique solution to the homogenized problem

−∇ · (b∇u (x, t)) = f (x, t) in ΩT , (3.14)

u (x, t) = 0 on ∂Ω× (0, T )

with b determined by the choice of q and r according to the three cases below.

1. For r < q + 2,

b∇u (x, t) =

∫
Y1,1

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) dyds, (3.15)

where u1 ∈ L2(ΩT × S;H1
] (Y )/R) is the unique solution to the elliptic

local problem

−∇y · (a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s))) = 0. (3.16)

2. For r = q+ 2, the coeffi cient b is given by (3.15) but with u1 ∈ L2(ΩT ;W)
obtained as the unique solution to the parabolic local problem

∂su1 (x, t, y, s)−∇y · (a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s))) = 0. (3.17)

3. For r > q + 2,

b∇u (x, t) =

∫
Y

(∫
S

a (y, s) ds

)
(∇u (x, t) +∇yu1 (x, t, y)) dy,

where u1 ∈ L2(ΩT ;H1
] (Y )/R) is the unique solution to the elliptic local

problem

−∇y ·
((∫

S

a (y, s) ds

)
(∇u (x, t) +∇yu1 (x, t, y))

)
= 0. (3.18)
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Proof. By the a priori bound given in Proposition 3.5, we have that (3.11)
holds up to a subsequence. Furthermore, by using the weak form (3.10) with

v (x) c (t) = εr−qv1 (x) c1 (t) c2

(
t

εr

)
,

where 0 < q < r, v1 ∈ D(Ω), c1 ∈ D(0, T ) and c2 ∈ C∞] (S), we get∫
ΩT

−εquε (x, t) εr−qv1 (x) ∂t

(
c1 (t) c2

(
t

εr

))
+a

(
x

ε
,
t

εr

)
∇uε (x, t) εr−q · ∇v1 (x) c1 (t) c2

(
t

εr

)
dxdt

=

∫
ΩT

f (x, t) εr−qv1 (x) c1 (t) c2

(
t

εr

)
dxdt

and by rearranging we obtain∫
ΩT

uε (x, t) v1 (x) ∂t

(
εrc1 (t) c2

(
t

εr

))
dxdt

=

∫
ΩT

εr−qa

(
x

ε
,
t

εr

)
∇uε (x, t) · ∇v1 (x) c1 (t) c2

(
t

εr

)
−εr−qf (x, t) v1 (x) c1 (t) c2

(
t

εr

)
dxdt.

Since we know that {uε} is bounded in L2(0, T ;H1
0 (Ω)) we have that {∇uε} is

bounded in L2(ΩT )N and we get

lim
ε→0

∫
ΩT

uε (x, t) v1 (x) ∂t

(
εrc1 (t) c2

(
t

εr

))
dxdt

= lim
ε→0

∫
ΩT

εr−qa

(
x

ε
,
t

εr

)
∇uε (x, t) · ∇v1 (x) c1 (t) c2

(
t

εr

)
−εr−qf (x, t) v1 (x) c1 (t) c2

(
t

εr

)
dxdt = 0.

This means that (2.25) in Theorem 2.55 is satisfied, which implies that the
convergences (3.12) and (3.13) hold up to a subsequence.
To obtain the homogenized problem we choose, in the weak form (3.10),

v (x) c (t) = v1 (x) c1 (t) ,

where v1 ∈ H1
0 (Ω) and c1 ∈ D(0, T ), yielding∫

ΩT

−εquε (x, t) v1 (x) ∂tc1 (t) + a

(
x

ε
,
t

εr

)
∇uε (x, t) · ∇v1 (x) c1 (t) dxdt

=

∫
ΩT

f (x, t) v1 (x) c1 (t) dxdt.
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Letting ε tend to zero and applying (2.28) in Theorem 2.55, we get∫
ΩT

∫
Y1,1

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) · ∇v1 (x) c1 (t) dydsdxdt

=

∫
ΩT

f (x, t) v1 (x) c1 (t) dxdt,

and by the Variational Lemma (Theorem A.21) we arrive at∫
Ω

∫
Y1,1

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) · ∇v1 (x) dydsdx

=

∫
Ω

f (x, t) v1 (x) dx

a.e. in (0, T ), which is the weak form of (3.14).
Now we continue the proof by finding the local problem for each of the three

cases.
Case 1: r < q + 2. In (3.10) we choose

v (x) c (t) = εv1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
(3.19)

where v1 ∈ D(Ω), v2 ∈ C∞] (Y )/R, c1 ∈ D(0, T ) and c2 ∈ C∞] (S) and obtain,
after differentiating,∫

ΩT

−εq+1uε (x, t) v1 (x) v2

(x
ε

)
∂tc1 (t) c2

(
t

εr

)
−εq+1−ruε (x, t) v1 (x) v2

(x
ε

)
c1 (t) ∂sc2

(
t

εr

)
+εa

(
x

ε
,
t

εr

)
∇uε (x, t) · ∇v1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
+a

(
x

ε
,
t

εr

)
∇uε (x, t) v1 (x) · ∇yv2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt

=

∫
ΩT

εf (x, t) v1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt.

Letting ε→ 0, omitting terms that vanish, we get

lim
ε→0

∫
ΩT

−εq+1−ruε (x, t) v1 (x) v2

(x
ε

)
c1 (t) ∂sc2

(
t

εr

)
(3.20)

+a

(
x

ε
,
t

εr

)
∇uε (x, t) v1 (x) · ∇yv2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt = 0.

Using the fact that r < q + 2 and by noting that εq+1−r = εq+2−rε−1, the first
term vanishes in the limit due to (2.29) in Theorem 2.55 and (2.28) gives∫

ΩT

∫
Y1,1

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s))

×v1 (x) · ∇yv2 (y) c1 (t) c2 (s) dydsdxdt = 0.
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The Variational Lemma yields∫
Y

a (y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) · ∇yv2 (y) dy = 0

a.e. in ΩT × S, which is the weak form of (3.16).
Case 2: r = q+2. Using (3.19) again in (3.10) we arrive at (3.20). According

to (2.28) and (2.29) in Theorem 2.55, since r = q + 2, we have∫
ΩT

∫
Y1,1
−u1(x, t, y, s)v1 (x) v2 (y) c1(t)∂sc2(s)

+a(y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) v1 (x) · ∇yv2(y)c1 (t) c2(s)dydsdxdt = 0.

By applying the Variational Lemma we get∫
Y1,1
−u1(x, t, y, s)v2(y)∂sc2(s)

+a(y, s) (∇u (x, t) +∇yu1 (x, t, y, s)) · ∇yv2(y)c2(s)dyds = 0

a.e. in ΩT , which is the weak form of (3.17).
Case 3: r > q + 2. Before deriving the local problem for this case, we

establish the independence of s in u1. By choosing

v (x) c (t) = εr−q−1v1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
,

where v1 ∈ D(Ω), v2 ∈ C∞] (Y )/R, c1 ∈ D(0, T ) and c2 ∈ C∞] (S), in the weak
form (3.10) we have, after differentiating,∫

ΩT

−εr−1uε (x, t) v1 (x) v2

(x
ε

)
∂tc1 (t) c2

(
t

εr

)
−ε−1uε (x, t) v1 (x) v2

(x
ε

)
c1 (t) ∂sc2

(
t

εr

)
+εr−q−1a

(
x

ε
,
t

εr

)
∇uε (x, t) · ∇v1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
+εr−q−2a

(
x

ε
,
t

εr

)
∇uε (x, t) v1 (x) · ∇yv2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt

=

∫
ΩT

εr−q−1f (x, t) v1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εr

)
dxdt.

Since r > q + 2, all terms but the second one on the left-hand side vanish as
ε→ 0. Due to (2.29) in Theorem 2.55, we have∫

ΩT

∫
Y1,1
−u1 (x, t, y, s) v1 (x) v2 (y) c1 (t) ∂sc2 (s) dydsdxdt = 0
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and, applying the Variational Lemma, we get∫
S

−u1 (x, t, y, s) ∂sc2 (s) ds = 0

a.e. in ΩT × Y , which implies that u1 is independent of s. To find the local
problem, we choose

v (x) c (t) = εv1 (x) v2

(x
ε

)
c1 (t) ,

where v1 ∈ D(Ω), v2 ∈ C∞] (Y )/R and c1 ∈ D(0, T ), in the weak form (3.10),
and differentiating, we obtain∫

ΩT

−εq+1uε (x, t) v1 (x) v2

(x
ε

)
∂tc1 (t)

+εa

(
x

ε
,
t

εr

)
∇uε (x, t) · ∇v1 (x) v2

(x
ε

)
c1 (t)

+a

(
x

ε
,
t

εr

)
∇uε (x, t) v1 (x) · ∇yv2

(x
ε

)
c1 (t) dxdt

=

∫
ΩT

εf (x, t) v1 (x) v2

(x
ε

)
c1 (t) dxdt.

The convergence (2.28) in Theorem 2.55 and the fact that u1 is independent of
s gives ∫

ΩT

∫
Y

(∫
S

a (y, s) ds

)
(∇u (x, t) +∇yu1 (x, t, y))

×v1 (x) · ∇yv2 (y) c1 (t) dydxdt = 0

and, by the Variational Lemma, we have∫
Y

(∫
S

a (y, s) ds

)
(∇u (x, t) +∇yu1 (x, t, y)) · ∇yv2 (y) dy = 0

a.e. in ΩT , which is the weak form of (3.18).
By the uniqueness of the solutions, the result holds for the entire sequence.

Remark 3.7 By using the ansatz

u1 (x, t, y, s) = z (y, s) · ∇u (x, t)

we can write the local problem for each case and the homogenized coeffi cient
explicitly as follows.

1. For r < q + 2, the local problem (3.16) can be written

−∇y · (a (y, s) (IN +∇yz (y, s))) = 0,
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where z ∈ L2(S;H1
] (Y )/R)N , and the homogenized coeffi cient b in (3.14)

is calculated explicitly using

b =

∫
Y1,1

a (y, s) (IN +∇yz (y, s)) dyds. (3.21)

2. For r = q + 2, the local problem (3.17) becomes

∂sz (y, s)−∇y · (a (y, s) (IN +∇yz (y, s))) = 0,

where z ∈ WN , and the homogenized coeffi cient b can be obtained by
formula (3.21).

3. For r > q + 2, u1, and hence z, is independent of s so we can write the
local problem (3.18) as

−∇y ·
((∫

S

a (y, s) ds

)
(IN +∇yz (y))

)
= 0,

where z ∈ (H1
] (Y )/R)N , and the coeffi cient b is determined by the formula

b =

∫
Y

(∫
S

a (y, s) ds

)
(IN +∇yz (y)) dy.

3.1.3 An extension to three spatial and three temporal scales

We add one spatial and one temporal microscopic scale compared to the prob-
lems studied in the previous two subsections and consider

εp∂tuε(x, t)−∇ ·
(
a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε(x, t)

)
= f(x, t) in ΩT , (3.22)

uε(x, 0) = u0(x) in Ω,

uε(x, t) = 0 on ∂Ω×(0, T ),

where 0 < p < q < r, f ∈ L2(ΩT ), u0 ∈ L2(Ω) and a ∈ C](Y2,2)N×N . We
assume that there exists a constant C0 > 0 such that for all

(
y2, s2

)
∈ R2N×R2,

a
(
y2, s2

)
ξ · ξ ≥ C0 |ξ|2 (3.23)

for all ξ ∈ RN . The weak formulation reads: Find uε ∈W 1,2(0, T ;H1
0 (Ω), L2(Ω))

such that ∫
ΩT

−εpuε (x, t) v (x) ∂tc (t) (3.24)

+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) · ∇v (x) c (t) dxdt

=

∫
ΩT

f (x, t) v (x) c (t) dxdt
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for all v ∈ H1
0 (Ω) and c ∈ D(0, T ). According to Section 23.7 in [49], the solution

uε ∈ W 1,2(0, T ;H1
0 (Ω), L2(Ω)) is unique. We also have the following a priori

bound.

Proposition 3.8 Let {uε} be a sequence of solutions inW 1,2(0,T ;H1
0 (Ω),L2(Ω))

to (3.22). Then, {uε} is uniformly bounded in L2(0, T ;H1
0 (Ω)), i.e. satisfies

‖uε‖L2(0,T ;H1
0 (Ω)) ≤ C

for some C > 0 independent of ε.

Proof. Following the same steps as in Proposition 3.1 but starting from the
operator form of (3.22) and making use of the coercivity condition (3.23) instead
of (3.2) will yield the a priori bound.

The homogenization result of problem (3.22) is given in the theorem below.

Theorem 3.9 Let {uε} be a sequence of solutions in W 1,2(0, T ;H1
0 (Ω), L2(Ω))

to (3.22). Then it holds that

uε (x, t) ⇀ u (x, t) in L2(0, T ;H1
0 (Ω)), (3.25)

uε (x, t)
3,3
⇀ u (x, t) (3.26)

and

∇uε (x, t)
3,3
⇀ ∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

)
, (3.27)

where u ∈ L2(0, T ;H1
0 (Ω)) is the unique solution to the homogenized problem

−∇ · (b∇u (x, t)) = f (x, t) in ΩT , (3.28)

u (x, t) = 0 on ∂Ω× (0, T )

with b determined by the choice of p, q and r according to the 13 cases below.

1. For r < 2 + p,

b∇u (x, t) =

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

(3.29)

+ ∇y2u2

(
x, t, y2, s2

))
dy2ds2

where u1 ∈ L2(ΩT × S2;H1
] (Y1)/R) and u2 ∈ L2(ΩT × Y1,2;H1

] (Y2)/R)
are given by the system of local problems

−∇y2 ·
(
a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

(3.30)

+ ∇y2u2

(
x, t, y2, s2

)))
= 0

and

−∇y1 ·
∫
Y2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

(3.31)

+ ∇y2u2

(
x, t, y2, s2

))
dy2 = 0.
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2. For r = 2 + p, the coeffi cient b is determined by formula (3.29) where
u1 ∈ L2(ΩT × S1;W1,2) and u2 ∈ L2(ΩT × Y1,2;H1

] (Y2)/R) are solutions
to the system of local problems (3.30) and

∂s2u1

(
x, t, y1, s

2
)
−∇y1 ·

∫
Y2

a
(
y2, s2

)
(∇u (x, t) (3.32)

+ ∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

))
dy2 = 0.

3. For 2 + p < r < 4 + p and q < 2 + p,

b∇u (x, t) =

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.33)

+ ∇y2u2

(
x, t, y2, s2

))
dy2ds2

where u1 ∈ L2(ΩT × S1;H1
] (Y1)/R) and u2 ∈ L2(ΩT × Y1,2;H1

] (Y2)/R)
are given by the system of local problems

−∇y2 ·
(
a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.34)

+ ∇y2u2

(
x, t, y2, s2

)))
= 0

and

−∇y1 ·
∫
Y2×S2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.35)

+ ∇y2u2

(
x, t, y2, s2

))
dy2ds2 = 0.

4. For r < 4 +p and q = 2 +p, the homogenized coeffi cient is given by (3.33)
and u1 ∈ L2(ΩT ;W1,1) and u2 ∈ L2(ΩT ×Y1,2;H1

] (Y2)/R) are determined
by the system of local problems (3.34) and

∂s1u1 (x, t, y1, s1)−∇y1 ·
∫
Y2×S2

a
(
y2, s2

) (
∇u (x, t) (3.36)

+ ∇y1u1 (x, t, y1, s1) +∇y2u2

(
x, t, y2, s2

))
dy2ds2 = 0.

5. For r < 4 + p and q > 2 + p,

b∇u (x, t) =

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) (3.37)

+ ∇y2u2

(
x, t, y2, s2

))
dy2ds2

and the system of local problems is

−∇y2 ·
(
a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) (3.38)

+ ∇y2u2

(
x, t, y2, s2

)))
= 0
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and

−∇y1 ·
∫
Y2×S2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) (3.39)

+ ∇y2u2

(
x, t, y2, s2

))
dy2ds

2 = 0,

where u1 ∈ L2(ΩT ;H1
] (Y1)/R) and u2 ∈ L2(ΩT × Y1,2;H1

] (Y2)/R).

6. For r = 4 + p and q < 2 + p, the homogenized coeffi cient is characterized
by (3.33) while u1 ∈ L2(ΩT ×S1;H1

] (Y1)/R) and u2 ∈ L2(ΩT ×Y1,1;W2,2)
are given by the system of local problems

∂s2u2

(
x, t, y2, s2

)
−∇y2 ·

(
a
(
y2, s2

) (
∇u (x, t) (3.40)

+ ∇y1u1 (x, t, y1, s1) +∇y2u2

(
x, t, y2, s2

)))
= 0

and (3.35).

7. For r = 4 + p and q = 2 + p, the coeffi cient b is given by (3.33) where
u1 ∈ L2(ΩT ;W1,1) and u2 ∈ L2(ΩT × Y1,1;W2,2) are solutions to the
system of local problems (3.40) and (3.36).

8. For r = 4 + p and q > 2 + p, the homogenized coeffi cient is obtained via
(3.37) with u1 ∈ L2(ΩT ;H1

] (Y1)/R) and u2 ∈ L2(ΩT × Y1,1;W2,2) as the
solutions to the system of local problems

∂s2u2

(
x, t, y2, s2

)
−∇y2 ·

(
a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) (3.41)

+ ∇y2u2

(
x, t, y2, s2

)))
= 0

and (3.39).

9. For r > 4 + p and q < 2 + p,

b∇u (x, t) =

∫
Y2,1

(∫
S2

a
(
y2, s2

)
ds2

)(
∇u (x, t) (3.42)

+ ∇y1u1 (x, t, y1, s1) +∇y2u2

(
x, t, y2, s1

))
dy2ds1

where u1 ∈ L2(ΩT × S1;H1
] (Y1)/R) and u2 ∈ L2(ΩT × Y1,1;H1

] (Y2)/R)
are the solutions to the system of local problems

−∇y2 ·
((∫

S2

a
(
y2, s2

)
ds2

)(
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.43)

+ ∇y2u2

(
x, t, y2, s1

)))
= 0

and

−∇y1 ·
∫
Y2

(∫
S2

a
(
y2, s2

)
ds2

)(
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.44)

+ ∇y2u2

(
x, t, y2, s1

))
dy2 = 0.
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10. For r > 4 +p and q = 2 +p, the homogenized coeffi cient is given by (3.42)
and the system of local problems is (3.43) and

∂s1u1 (x, t, y1, s1)−∇y1 ·
∫
Y2

(∫
S2

a
(
y2, s2

)
ds2

)(
∇u (x, t) (3.45)

+ ∇y1u1 (x, t, y1, s1) +∇y2u2

(
x, t, y2, s1

))
dy2 = 0,

with u1 ∈ L2(ΩT ;W1,1) and u2 ∈ L2(ΩT × Y1,1;H1
] (Y2)/R).

11. For r > 4 + p and 2 + p < q < 4 + p,

b∇u (x, t) =

∫
Y2,1

(∫
S2

a
(
y2, s2

)
ds2

)(
∇u (x, t) (3.46)

+ ∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s1

))
dy2ds1

together with the system of local problems

−∇y2 ·
((∫

S2

a
(
y2, s2

)
ds2

)(
∇u (x, t) +∇y1u1 (x, t, y1) (3.47)

+ ∇y2u2

(
x, t, y2, s1

)))
= 0

and

−∇y1 ·
∫
Y2×S1

(∫
S2

a
(
y2, s2

)
ds2

)(
∇u (x, t) +∇y1u1 (x, t, y1) (3.48)

+ ∇y2u2

(
x, t, y2, s1

))
dy2ds1 = 0,

where u1 ∈ L2(ΩT ;H1
] (Y1)/R) and u2 ∈ L2(ΩT × Y1,1;H1

] (Y2)/R).

12. For q = 4+p, the coeffi cient in the homogenized problem is given by (3.46)
and u1 ∈ L2(ΩT ;H1

] (Y1)/R) and u2 ∈ L2(ΩT × Y1;W2,1) are determined
by the system of local problems

∂s1u2

(
x, t, y2, s1

)
−∇y2 ·

((∫
S2

a
(
y2, s2

)
ds2

)
(∇u (x, t) (3.49)

+ ∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s1

)))
= 0

and (3.48).

13. For q > 4 + p,

b∇u (x, t) =

∫
Y 2

(∫
S2
a
(
y2, s2

)
ds2

)(
∇u (x, t) +∇y1u1 (x, t, y1)

+ ∇y2u2

(
x, t, y2

))
dy2
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and the system of local problems is

−∇y2 ·
((∫

S2
a
(
y2, s2

)
ds2

)(
∇u (x, t) +∇y1u1 (x, t, y1) (3.50)

+ ∇y2u2

(
x, t, y2

)))
= 0

and

−∇y1 ·
∫
Y2

(∫
S2
a
(
y2, s2

)
ds2

)(
∇u (x, t) +∇y1u1 (x, t, y1) (3.51)

+ ∇y2u2

(
x, t, y2

))
dy2 = 0,

where u1 ∈ L2(ΩT ;H1
] (Y1)/R) and u2 ∈ L2(ΩT × Y1;H1

] (Y2)/R).

Proof. The weak convergence (3.25) follows, up to a subsequence, directly
from the a priori estimate in Proposition 3.8. For Theorem 2.57 to give the
convergences (3.26) and (3.27), up to a subsequence, we need to ensure that the
assumptions (2.33) and (2.34) in the theorem are satisfied. Letting

v (x) c (t) = εr−pv1 (x) c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
with v1 ∈ D(Ω), c1 ∈ D(0, T ), c2 ∈ C∞] (S1) and c3 ∈ C∞] (S2) in the weak form
(3.24) we get, after rearranging,∫

ΩT

uε (x, t) v1 (x) ∂t

(
εrc1 (t) c2

(
t

εq

)
c3

(
t

εr

))
dxdt

=

∫
ΩT

εr−pa

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) · ∇v1 (x) c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
−εr−pf (x, t) v1 (x) c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt.

Passing to the limit, and recalling that {uε} is bounded in L2(0, T ;H1
0 (Ω)),

which implies boundedness of {∇uε} in L2(ΩT )N , we obtain

lim
ε→0

∫
ΩT

uε (x, t) v1 (x) ∂t

(
εrc1 (t) c2

(
t

εq

)
c3

(
t

εr

))
dxdt

= lim
ε→0

∫
ΩT

εr−pa

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) · ∇v1 (x) c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
−εr−pf (x, t) v1 (x) c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt = 0

and (2.33) is satisfied. Following the same steps again but letting

v (x) c (t) = εq−pv1 (x) c1 (t) c2

(
t

εq

)
,
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where v1 ∈ D(Ω), c1 ∈ D(0, T ) and c2 ∈ C∞] (S1), in (3.24) yields that (2.34) is
satisfied.
We now turn to the homogenized problem (3.28). Choosing

v (x) c (t) = v1 (x) c1 (t) ,

where v1 ∈ H1
0 (Ω) and c1 ∈ D(0, T ), in the weak form (3.24) and letting ε tend

to zero, (2.38) in Theorem 2.57 gives∫
ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

))
·∇v1 (x) c1 (t) dy2ds2dxdt =

∫
ΩT

f (x, t) v1 (x) c1 (t) dxdt.

By the Variational Lemma (Theorem A.21) we arrive at∫
Ω

(∫
Y2,2

a
(
y2, s2

) (
u (x, t) +∇y1u1

(
x, t, y1, s

2
)

(3.52)

+ ∇y2u2

(
x, t, y2, s2

))
dy2ds2

)
· ∇v1 (x) dx =

∫
Ω

f (x, t) v1 (x) dx

a.e. in (0, T ), which is the weak form of (3.28).
We continue by proving independence of local temporal variables in u1 and

u2. We start by investigating u2 so, in the weak form (3.24), we choose a test
function which captures the oscillations from the second spatial microscopic
scale ε2 = ε2. More precisely, we choose

v (x) c (t) = εkv1 (x) v2

(x
ε

)
v3

( x
ε2

)
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
(3.53)

where k > 0, v1 ∈ D(Ω), v2 ∈ C∞] (Y1), v3 ∈ C∞] (Y2)/R, c1 ∈ D(0, T ),
c2 ∈ C∞] (S1) and c3 ∈ C∞] (S2) and, after differentiating, we arrive at∫

ΩT

−uε (x, t) v1 (x) v2

(x
ε

)
v3

( x
ε2

)(
εk+p∂tc1 (t) c2

(
t

εq

)
c3

(
t

εr

)
+ εk+p−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
+ εk+p−rc1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) ·

(
εk∇v1 (x) v2

(x
ε

)
v3

( x
ε2

)
+ εk−1v1 (x)∇y1v2

(x
ε

)
v3

( x
ε2

)
+ εk−2v1 (x) v2

(x
ε

)
∇y2v3

( x
ε2

))
×c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt

=

∫
ΩT

f (x, t) εkv1 (x) v2

(x
ε

)
v3

( x
ε2

)
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt.
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Passing to the limit, omitting terms that vanish in the limit, we have

lim
ε→0

∫
ΩT

−uε (x, t) v1 (x) v2

(x
ε

)
v3

( x
ε2

)
(3.54)

×
(
εk+p−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
+ εk+p−rc1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) ·

(
εk−1v1 (x)∇y1v2

(x
ε

)
v3

( x
ε2

)
+ εk−2v1 (x) v2

(x
ε

)
∇y2v3

( x
ε2

))
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt = 0.

Let r > 4 + p and choose k = r − p− 2 to obtain

lim
ε→0

∫
ΩT

−ε−2uε (x, t) v1 (x) v2

(x
ε

)
v3

( x
ε2

)
×
(
εr−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
+ c1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) ·

(
εr−p−3v1 (x)∇y1v2

(x
ε

)
v3

( x
ε2

)
+ εr−p−4v1 (x) v2

(x
ε

)
∇y2v3

( x
ε2

))
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt = 0.

Passing to the limit, applying (2.40) in Theorem 2.57 while keeping in mind
that r > 4 + p and r > q, we end up with∫

ΩT

∫
Y2,2
−u2

(
x, t, y2, s2

)
v1 (x) v2 (y1) v3 (y2)

×c1 (t) c2 (s1) ∂s2c3 (s2) dy2ds2dxdt = 0.

By the Variational Lemma∫
S2

−u2

(
x, t, y2, s2

)
∂s2c3 (s2) ds2 = 0

a.e. in ΩT ×Y2,1, which shows that u2 is independent of s2. If we instead require
q > 4 + p, implying that u2 is independent of s2 as r > q, we can let c3 ≡ 1
in (3.53) and choose k = q − p − 2. As ε → 0, due to (2.40) in Theorem 2.57,
(3.54) becomes∫

ΩT

∫
Y2,2
−u2

(
x, t, y2, s1

)
v1 (x) v2 (y1) v3 (y2) c1 (t) ∂s1c2 (s1) dy2ds2dxdt = 0,

and, by integrating over S2 and applying the Variational Lemma on ΩT×Y 2, we
obtain that u2 is independent of s1. Hence we have shown that u2 is independent
of s2 if r > 4 + p and independent of both s1 and s2 if in addition q > 4 + p.
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Now we turn our investigation to u1 and consider test functions that capture
oscillations from the first spatial microscopic scale ε1 = ε. In the weak form
(3.24), we let

v (x) c (t) = εkv1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
(3.55)

where k > 0, v1 ∈ D(Ω), v2 ∈ C∞] (Y1)/R, c1 ∈ D(0, T ), c2 ∈ C∞] (S1) and
c3 ∈ C∞] (S2). Differentiating, we get∫

ΩT

−uε (x, t) v1 (x) v2

(x
ε

)(
εk+p∂tc1 (t) c2

(
t

εq

)
c3

(
t

εr

)
+ εk+p−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
+ εk+p−rc1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) ·

(
εk∇v1 (x) v2

(x
ε

)
+ εk−1v1 (x)∇y1v2

(x
ε

))
×c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt

=

∫
ΩT

f (x, t) εkv1 (x) v2

(x
ε

)
c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt

and as ε→ 0, after omitting terms that vanish in the limit, we have

lim
ε→0

∫
ΩT

−uε (x, t) v1 (x) v2

(x
ε

)(
εk+p−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
(3.56)

+ εk+p−rc1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) εk−1v1 (x) · ∇y1v2

(x
ε

)
×c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt = 0.

Let r > 2 + p and choose k = r − p− 1 to obtain

lim
ε→0

∫
ΩT

−ε−1uε (x, t) v1 (x) v2

(x
ε

)(
εr−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
+ c1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) εr−p−2v1 (x) · ∇y1v2

(x
ε

)
×c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt = 0.

Letting ε tend to zero and applying (2.39) in Theorem 2.57, we have∫
ΩT

∫
Y1,2
−u1

(
x, t, y1, s

2
)
v1 (x) v2 (y1) c1 (t) c2 (s1) ∂s2c3 (s2) dy1ds2dxdt = 0
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and using the Variational Lemma on ΩT × Y1,1 implies that u1 is independent
of s2. Now, let q > 2+p then, recalling that u1 is independent of s2 since r > q,
we can set c3 ≡ 1 in (3.55) and choose k = q− p− 1. As ε→ 0 in (3.56), (2.39)
in Theorem 2.57 gives∫

ΩT

∫
Y1,2
−u1 (x, t, y1, s1) v1 (x) v2 (y1) c1 (t) ∂s1c2 (s1) dy1ds2dxdt = 0.

Integrating over S2 and using the Variational Lemma on ΩT × Y1, we have
that u1 is independent of s1. Thus u1 is independent of s2 if r > 2 + p and
independent of both s1 and s2 if also q > 2 + p.
We conclude that u1 is independent of s2 in Cases 3—8, that both u1 and u2

are independent of s2 in Cases 9—13 and, in addition, that u1 is independent of
s1 in Cases 5, 8 and 11—13 and u2 is independent of s1 in Case 13. This inde-
pendence together with (3.52) give the formulas for the homogenized coeffi cient
in Case 1—13.
To complete the proof, we will derive the system of local problems for each of

the 13 cases. Each case has a system consisting of two local problems. The first
local problem is with respect to the faster spatial microscopic scale ε2 = ε2, so
our point of departure is (3.54), for the choice k = 2 in (3.53), which, omitting
terms that vanish in the limit, gives us

lim
ε→0

∫
ΩT

−uε (x, t) v1 (x) v2

(x
ε

)
v3

( x
ε2

)
(3.57)

×
(
ε2+p−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
+ ε2+p−rc1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) v1 (x) v2

(x
ε

)
· ∇y2v3

( x
ε2

)
×c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt = 0.

The second local problem is with respect to the slower spatial microscopic scale
ε1 = ε and the point of departure here is (3.56), for the choice k = 1 in (3.55),
yielding

lim
ε→0

∫
ΩT

−uε (x, t) v1 (x) v2

(x
ε

)(
ε1+p−qc1 (t) ∂s1c2

(
t

εq

)
c3

(
t

εr

)
(3.58)

+ ε1+p−rc1 (t) c2

(
t

εq

)
∂s2c3

(
t

εr

))
+a

(
x

ε
,
x

ε2
,
t

εq
,
t

εr

)
∇uε (x, t) v1 (x) · ∇y1v2

(x
ε

)
×c1 (t) c2

(
t

εq

)
c3

(
t

εr

)
dxdt = 0.
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To obtain the weak form of the local problems in the 13 different cases, we follow
the same steps: We pass to the limit in (3.57) and (3.58) using Theorem 2.57,
and then apply the Variational Lemma. We show this in more detail for the
first case and more briefly for the other cases.
Case 1: r < 2 + p. In order to obtain the first local problem we let ε → 0

in (3.57). Noting that both 2 + p− q > 0 and 2 + p− r > 0, the first two terms
vanish in the limit and, from (2.38) in Theorem 2.57, we have that the limit for
the remaining term is∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

(3.59)

+ ∇y2u2

(
x, t, y2, s2

))
v1 (x) v2 (y1) · ∇y2v3 (y2)

×c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0.

Applying the Variational Lemma on ΩT × Y1,2, we obtain∫
Y2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

))
·∇y2v3 (y2) dy2 = 0,

which is the weak form of (3.30). For the second local problem, rewriting
ε1+p−q = ε−1ε2+p−q and ε1+p−r = ε−1ε2+p−r in (3.58) and passing to the
limit by using (2.39) in Theorem 2.57 on the first two terms and (2.38) on the
remaining term, we obtain∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

))
×v1 (x) · ∇y1v2 (y1) c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0.

By the Variational Lemma on ΩT × S2 we have∫
Y 2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

))
·∇y1v2 (y1) dy2 = 0,

which is the weak form of (3.31).
Case 2: r = 2 +p. Passing to the limit in (3.57) yields (3.59) from which we

obtain the weak form of the first local problem. For the second local problem,
as we pass to the limit in (3.58), we get∫

ΩT

∫
Y1,2
−u1

(
x, t, y1, s

2
)
v1 (x) v2 (y1) c1 (t) c2 (s1) ∂s2c3 (s2) dy1ds2dxdt

+

∫
ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
)

+∇y2u2

(
x, t, y2, s2

))
×v1 (x) · ∇y1v2 (y1) c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0,

68



from which we can derive the weak form of (3.32).
Case 3: 2 + p < r < 4 + p and q < 2 + p. Passing to the limit in (3.57), and

recalling that u1 is independent of s2, we arrive at∫
ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.60)

+ ∇y2u2

(
x, t, y2, s2

))
v1 (x) v2 (y1) · ∇y2v3 (y2)

×c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0,

and consequently the weak form of the first local problem (3.34). When deriving
the second local problem, because of the independence of s2 in u1, we can let
c3 ≡ 1 in (3.55). As ε→ 0 in (3.58) we get∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.61)

+ ∇y2u2

(
x, t, y2, s2

))
v1 (x) · ∇y1v2 (y1)

×c1 (t) c2 (s1) dy2ds2dxdt = 0

and from this we obtain the weak form of (3.35).
Case 4: r < 4 +p and q = 2 +p. Passing to the limit in (3.57), and recalling

that u1 is independent of s2, we arrive at (3.60), and the weak form of the first
local problem follows. Letting c3 ≡ 1 in (3.55) and passing to the limit in (3.58)
we get∫

ΩT

∫
Y1,2
−u1 (x, t, y1, s1) v1 (x) v2 (y1) c1 (t) ∂s1c2 (s1) dy1ds2dxdt (3.62)

+

∫
ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1)

+ ∇y2u2

(
x, t, y2, s2

))
v1 (x) · ∇y1v2 (y1)

×c1 (t) c2 (s1) dy2ds2dxdt = 0,

from which we can obtain the weak form of the second local problem (3.36).
Case 5: r < 4 + p and q > 2 + p. Recalling that u1 is independent of both

s1 and s2, as ε→ 0 in (3.57), we end up with∫
ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s2

))
×v1 (x) v2 (y1) · ∇y2v3 (y2) c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0,

and hence, the weak form of the first local problem (3.38). We turn to the
second local problem. Because of the independence, we can let c2 ≡ 1 and
c3 ≡ 1 in (3.55) and, as ε tends to zero, (3.58) yields∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s2

))
(3.63)

×v1 (x) · ∇y1v2 (y1) c1 (t) dy2ds2dxdt = 0
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from which we get the weak form of (3.39).
Case 6: r = 4 + p and q < 2 + p. Noting that u1 is independent of s2 and

passing to the limit in (3.57) gives us∫
ΩT

∫
Y2,2
−u2

(
x, t, y2, s2

)
v1 (x) v2 (y1) v3 (y2) c1 (t) c2 (s1) ∂s2c3 (s2) (3.64)

+a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) +∇y2u2

(
x, t, y2, s2

))
×v1 (x) v2 (y1) · ∇y2v3 (y2) c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0

which leads to the weak form of the first local problem (3.40). Because of the
independence in u1, we can let c3 ≡ 1 in (3.55) and, as ε→ 0 in (3.58), we get
(3.61) and the weak form of the second local problem.
Case 7: r = 4 + p and q = 2 + p. As ε → 0 in (3.57), we end up with

(3.64). Letting ε tend to zero in (3.58) and recalling that u1 is independent of
s2 so c3 ≡ 1, we arrive at (3.62). Hence, we get the weak forms of the two local
problems.
Case 8: r = 4 + p and q > 2 + p. Letting ε tend to zero in (3.57) and

observing that u1 is independent of both s1 and s2, we get∫
ΩT

∫
Y2,2
−u2

(
x, t, y2, s2

)
v1 (x) v2 (y1) v3 (y2) c1 (t) c2 (s1) ∂s2c3 (s2)

+a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s2

))
×v1 (x) v2 (y1) · ∇y2v3 (y2) c1 (t) c2 (s1) c3 (s2) dy2ds2dxdt = 0

from which we can deduce the weak form of the first local problem (3.41). Due
to the independence in u1, we can let both c2 ≡ 1 and c3 ≡ 1 in (3.55). Letting
ε→ 0 in (3.58), we obtain (3.63) followed by the weak form of the second local
problem.
Case 9: r > 4 + p and q < 2 + p. Recalling that u2 is independent of s2, we

can let c3 ≡ 1 in (3.53). Passing to the limit in (3.57) and noting that u1 also
is independent of s2 gives∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) (3.65)

+ ∇y2u2

(
x, t, y2, s1

))
v1 (x) v2 (y1) · ∇y2v3 (y2)

×c1 (t) c2 (s1) dy2ds2dxdt = 0

and we then obtain the weak form of the first local problem (3.43). For the
second local problem, due to the independence in u1, we can let c3 ≡ 1 in (3.55)
and, as ε→ 0 in (3.58), we obtain∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) +∇y2u2

(
x, t, y2, s1

))
×v1 (x) · ∇y1v2 (y1) c1 (t) c2 (s1) dy2ds2dxdt = 0,
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from which we derive the weak form of (3.44).
Case 10: r > 4 + p and q = 2 + p. We let c3 ≡ 1 in (3.53) and, as ε tends

to zero in (3.57), we arrive at (3.65) followed by the weak form of the first local
problem. We can let c3 ≡ 1 also in (3.55) and, letting ε→ 0 in (3.58), we get∫

ΩT

∫
Y1,2
−u1 (x, t, y1, s1) v1 (x) v2 (y1) c1 (t) ∂s1c2 (s1) dy1ds2dxdt

+

∫
ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1, s1) +∇y2u2

(
x, t, y2, s1

))
×v1 (x) · ∇y1v2 (y1) c1 (t) c2 (s1) dy2ds2dxdt = 0,

which leads to the weak form of the second local problem (3.45).
Case 11: r > 4 + p and 2 + p < q < 4 + p. Since u2 is independent of s2, we

let c3 ≡ 1 in (3.53). We also have independence of s1 and s2 in u1, so, as ε→ 0
in (3.57), we obtain∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s1

))
×v1 (x) v2 (y1) · ∇y2v3 (y2) c1 (t) c2 (s1) dy2ds2dxdt = 0,

from which we get the weak form of the first local problem (3.47). Because of
the independence in u1 we can let both c2 ≡ 1 and c3 ≡ 1 in (3.55). Passing to
the limit in (3.58), we end up with∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s1

))
(3.66)

×v1 (x) · ∇y1v2 (y1) c1 (t) dy2ds2dxdt = 0

and from this we obtain the weak form of the second local problem (3.48).
Case 12: q = 4 + p. For the first local problem we can take c3 ≡ 1 in (3.53),

recalling that u1 is independent of s1 and s2 and u2 of s2. Passing to the limit
in (3.57), we have∫

ΩT

∫
Y2,2
−u2

(
x, t, y2, s1

)
v1 (x) v2 (y1) v3 (y2) c1 (t) ∂s1c2 (s1)

+a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2, s1

))
×v1 (x) v2 (y1) · ∇y2v3 (y2) c1 (t) c2 (s1) dy2ds2dxdt = 0

and we can derive the weak form of (3.49). Because of the independence in u1,
we can let c2 ≡ 1 and c3 ≡ 1 in (3.55) and, as ε tends to zero in (3.58), we get
(3.66) and consequently the weak form of the second local problem.
Case 13: q > 4 + p. Since u2 is independent of s1 and s2, we can set c2 ≡ 1

and c3 ≡ 1 in (3.53). Noting that also u1 is independent of both s1 and s2 and
letting ε→ 0 in (3.57), we obtain∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
×v1 (x) v2 (y1) · ∇y2v3 (y2) c1 (t) dy2ds2dxdt = 0,
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from which we can deduce the weak form of the first local problem (3.50). For
the second local problem, we again let c2 ≡ 1 and c3 ≡ 1 in (3.55) and, as ε→ 0
in (3.58), we arrive at∫

ΩT

∫
Y2,2

a
(
y2, s2

) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
×v1 (x) · ∇y1v2 (y1) c1 (t) dy2ds2dxdt = 0

and we can thereby obtain the weak form of (3.51).
Up to this point, we have proven the result of the theorem up to a sub-

sequence. By the uniqueness of the solutions we have convergence for the entire
sequence, and the proof is complete.

Remark 3.10 By using the ansatzes

u1

(
x, t, y1, s

2
)

= z
(
y1, s

2
)
· ∇u (x, t) (3.67)

and

u2

(
x, t, y2, s2

)
= w

(
y2, s2

)
·
(
∇u (x, t) +∇y1u1

(
x, t, y1, s

2
))

(3.68)

= w
(
y2, s2

)
·
((
IN +∇y1z

(
y1, s

2
))
∇u (x, t)

)
it is possible to rewrite the local problems and obtain an explicit formula for the
homogenized coeffi cient b in (3.28). Note that u ∈ L2(0, T ;H1

0 (Ω)) and that
the solutions z and w to the local problems below have regularities consistent
with the decompositions (3.67) and (3.68), where u1 and u2 are the same as
in Theorem 3.9. Recalling that 0 < p < q < r, for the 13 cases we have the
following.

1. r < 2 + p. The first local problem can be written

−∇y2 ·
(
a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

)))
= 0 (3.69)

and the second becomes

−∇y1 ·
((∫

Y2

a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

))
dy2

)
×
(
IN +∇y1z

(
y1, s

2
)))

= 0.

The homogenized coeffi cient is given by

b =

∫
Y2,2

a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

))
(3.70)

×
(
IN +∇y1z

(
y1, s

2
))
dy2ds2.
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2. r = 2 + p. The first local problem is given by (3.69) and the second local
problem can be written

∂s2z
(
y1, s

2
)
−∇y1 ·

((∫
Y2

a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

))
dy2

)
×
(
IN +∇y1z

(
y1, s

2
)))

= 0.

The coeffi cient b is determined by the formula (3.70).

3. 2 +p < r < 4 +p and q < 2 +p. By observing that u1 is independent of s2

in this case and choosing z also independent of s2 in (3.67), the first local
problem can be written as (3.69) and the second local problem becomes

−∇y1 ·
((∫

Y2×S2
a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

))
dy2ds2

)
(3.71)

× (IN +∇y1z (y1, s1))

)
= 0.

The homogenized coeffi cient is given by

b =

∫
Y1,1

(∫
Y2×S2

a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

))
dy2ds2

)
(3.72)

× (IN +∇y1z (y1, s1)) dy1ds1.

4. r < 4 + p and q = 2 + p. Since u1 is independent of s2 in this case, we
choose z independent of s2 in (3.67) and the local problems can be written
as (3.69) and

∂s1z (y1, s1)−∇y1 ·
((∫

Y2×S2
a
(
y2, s2

)
(3.73)

×
(
IN +∇y2w

(
y2, s2

))
dy2ds2

)
(IN +∇y1z (y1, s1))

)
= 0.

The homogenized coeffi cient is given by (3.72).

5. r < 4 + p and q > 2 + p. In this case we have u1 independent of both s1

and s2 and therefore we choose z independent of s2 in (3.67). The local
problems become (3.69) and

−∇y1 ·
((∫

Y2×S2
a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

))
dy2ds

2

)
(3.74)

× (IN +∇y1z (y1))

)
= 0.

The coeffi cient b is determined by

b =

∫
Y1

(∫
Y2×S2

a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

))
dy2ds

2

)
(3.75)

× (IN +∇y1z (y1)) dy1.
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6. r = 4 + p and q < 2 + p. Here, u1 is independent of s2 so we let z in
(3.67) also be independent of s2. The local problems become

∂s2w
(
y2, s2

)
−∇y2 ·

(
a
(
y2, s2

) (
IN +∇y2w

(
y2, s2

)))
= 0 (3.76)

and (3.71). The homogenized coeffi cient is given by (3.72).

7. r = 4 + p and q = 2 + p. Since u1 is independent of s2, we let z in (3.67)
be independent of s2 as well. The first local problem is now given by (3.76)
and the second local problem becomes (3.73). The coeffi cient b is given by
(3.72).

8. r = 4 +p and q > 2 +p. We choose z independent of s2 in (3.67) since u1

is independent of both s1 and s2. The local problems can now be written
as (3.76) and (3.74). The homogenized coeffi cient can be calculated from
(3.75).

9. r > 4 + p and q < 2 + p. In this case we choose both z in (3.67) and w
in (3.68) independent of s2, since both u1 and u2 are independent of s2.
The local problems become

−∇y2 ·
((∫

S2

a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2, s1

)))
= 0 (3.77)

and

−∇y1 ·
((∫

Y2

(∫
S2

a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2, s1

))
dy2

)
× (IN +∇y1z (y1, s1))

)
= 0.

We have the homogenized coeffi cient

b =

∫
Y1,1

(∫
Y2

(∫
S2

a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2, s1

))
dy2

)
(3.78)

× (IN +∇y1z (y1, s1)) dy1ds1.

10. r > 4 + p and q = 2 + p. Since both u1 and u2 are independent of s2, we
choose both z in (3.67) and w in (3.68) independent of s2, and the local
problems become (3.77) and

∂s1z (y1, s1)−∇y1 ·
((∫

Y2

(∫
S2

a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2, s1

))
dy2

)
× (IN +∇y1z (y1, s1))

)
= 0.

The homogenized coeffi cient is given by (3.78).
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11. r > 4 + p and 2 + p < q < 4 + p. We choose z in (3.67) independent of
s2 since u1 is independent of both s1 and s2, and we let w in (3.68) be
independent of s2 since u2 is independent of s2. The first local problem
can now be written as (3.77) and the second local problem becomes

−∇y1 ·
((∫

Y2×S1

(∫
S2

a
(
y2, s2

)
ds2

)
(3.79)

×
(
IN +∇y2w

(
y2, s1

))
dy2ds1

)
(IN +∇y1z (y1))

)
= 0.

The homogenized coeffi cient is given by

b =

∫
Y1

(∫
Y2×S1

(∫
S2

a
(
y2, s2

)
ds2

)
(3.80)

×
(
IN +∇y2w

(
y2, s1

))
dy2ds1

)
(IN +∇y1z (y1)) dy1.

12. q = 4+p. Here, u1 is independent of both s1 and s2, and u2 is independent
of s2 so we choose z independent of s2 in (3.67) and w independent of s2

in (3.68). The local problems become

∂s1w
(
y2, s1

)
−∇y2 ·

((∫
S2

a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2, s1

)))
= 0

and (3.79). The coeffi cient in the homogenized problem is given by (3.80).

13. q > 4 + p. We let both z in (3.67) and w in (3.68) be independent of s2,
since both u1 and u2 are independent of s1 and s2. The local problems are
given by

−∇y2 ·
((∫

S2
a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2
)))

= 0

and

−∇y1 ·
((∫

Y2

(∫
S2
a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2
))
dy2

)
× (IN +∇y1z (y1))

)
= 0.

The homogenized coeffi cient is given from

b =

∫
Y1

(∫
Y2

(∫
S2
a
(
y2, s2

)
ds2

)(
IN +∇y2w

(
y2
))
dy2

)
× (IN +∇y1z (y1)) dy1.
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3.2 A linear hyperbolic-parabolic problem

In this section we consider the homogenization of a hyperbolic-parabolic problem
with two spatial microscopic scales. More precisely, we study

∂2
ttuε(x, t) + ∂tuε(x, t)−∇·

(
a
(x
ε
,
x

ε2

)
∇uε(x, t)

)
= f(x, t) in ΩT , (3.81)

uε(x, 0) = u0(x) in Ω,

∂tuε(x, 0) = g(x) in Ω,

uε(x, t) = 0 on ∂Ω×(0, T ),

where f ∈ L2 (ΩT ), u0 ∈ H1
0 (Ω) and g ∈ L2 (Ω). We assume that for all

y2 ∈ R2N , there exists a constant C0 > 0 such that a ∈ C]
(
Y 2
)N×N

satisfies
the structure condition

a
(
y2
)
ξ · ξ ≥ C0 |ξ|2

for all ξ ∈ RN . The weak form of (3.81) is∫
ΩT

uε (x, t) v (x) ∂2
ttc (t)− uε (x, t) v (x) ∂tc (t) (3.82)

+a
(x
ε
,
x

ε2

)
∇uε (x, t) · ∇v (x) c (t) dxdt

=

∫
ΩT

f (x, t) v (x) c (t) dxdt,

where v ∈ H1
0 (Ω) and c ∈ D (0, T ). From [32] it follows that we have a unique

solution uε and, furthermore, we have the following proposition regarding the
boundedness of the solution.

Proposition 3.11 Let {uε} be a sequence of solutions to (3.81). Then, {uε}
is uniformly bounded in W 1,2(0, T ;H1

0 (Ω), L2(Ω)), i.e.

‖uε‖W 1,2(0,T ;H1
0 (Ω),L2(Ω)) ≤ C

for some C > 0 independent of ε.

Proof. In [32], it is proven that {uε} is bounded uniformly with respect to the
L∞

(
0, T ;H1

0 (Ω)
)
-norm and {∂tuε} with respect to the L∞

(
0, T ;L2 (Ω)

)
-norm,

see Step 1 in the proof of Theorem 4.1. This implies that the sequence {uε} is
bounded in W 1,2(0, T ;H1

0 (Ω), L2(Ω)).

We give the homogenization result. Note that since the sequence of solu-
tions to problem (3.81) is bounded in W 1,2(0, T ;H1

0 (Ω), L2(Ω)), we can use
Theorem 2.43 in the homogenization, which was not possible to do in the ho-
mogenization of the problems studied in Section 3.1.

Theorem 3.12 Let {uε} be a sequence of solutions inW 1,2(0, T ;H1
0 (Ω), L2(Ω))

to (3.81). Then it holds that

uε (x, t)→ u (x, t) in L2(ΩT ), (3.83)
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uε (x, t) ⇀ u (x, t) in L2(0, T ;H1
0 (Ω)) (3.84)

and

∇uε (x, t)
3,1
⇀ ∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

)
, (3.85)

where u ∈ W 1,2(0, T ;H1
0 (Ω), L2(Ω)) is the unique solution to the homogenized

problem

∂2
ttu (x, t) + ∂tu (x, t)−∇ · (b∇u (x, t)) = f (x, t) in ΩT , (3.86)

u (x, 0) = u0 (x) in Ω,

∂tu (x, 0) = g (x) in Ω

u (x, t) = 0 on ∂Ω× (0, T ) ,

with

b∇u (x, t) =

∫
Y 2

a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
dy2.

Here, u1 ∈ L2(ΩT ;H1
] (Y1)/R) and u2 ∈ L2(ΩT ×Y1;H1

] (Y2)/R) are determined
by the system of local problems

−∇y2 ·
(
a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

)))
= 0 (3.87)

and

−∇y1 ·
∫
Y2

a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) (3.88)

+ ∇y2u2

(
x, t, y2

))
dy2 = 0.

Proof. Proposition 3.11 gives that {uε} is bounded inW 1,2(0, T ;H1
0 (Ω), L2(Ω))

and the scales are clearly well-separated. Hence, Theorem 2.43 gives, up to a
subsequence, the convergences (3.83), (3.84) and (3.85).
To get the homogenized problem we choose, in the weak form (3.82),

v (x) c (t) = v1 (x) c1 (t)

where v1 ∈ H1
0 (Ω) and c1 ∈ D(0, T ) and obtain∫

ΩT

uε (x, t) v1 (x) ∂2
ttc1 (t)− uε (x, t) v1 (x) ∂tc1 (t)

+a
(x
ε
,
x

ε2

)
∇uε (x, t) · ∇v1 (x) c1 (t) dxdt =

∫
ΩT

f (x, t) v1 (x) c1 (t) dxdt.

Letting ε→ 0 and applying Theorem 2.43 we have∫
ΩT

u (x, t) v1 (x) ∂2
ttc1 (t)− u (x, t) v1 (x) ∂tc1 (t) dxdt

+

∫
ΩT

∫
Y 2

a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
·∇v1 (x) c1 (t) dy2dxdt =

∫
ΩT

f (x, t) v1 (x) c1 (t) dxdt,
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which is the weak form of (3.86).
To obtain the first local problem we choose, in the weak form (3.82),

v (x) c (t) = ε2v1 (x) v2

(x
ε

)
v3

( x
ε2

)
c1 (t)

where v1 ∈ D(Ω), v2 ∈ C∞] (Y1), v3 ∈ C∞] (Y2)/R and c1 ∈ D(0, T ) and get,
after differentiating,∫

ΩT

uε (x, t) ε2v1 (x) v2

(x
ε

)
v3

( x
ε2

)
∂2
ttc1 (t)

−uε (x, t) ε2v1 (x) v2

(x
ε

)
v3

( x
ε2

)
∂tc1 (t)

+a
(x
ε
,
x

ε2

)
∇uε (x, t) ·

(
ε2∇v1 (x) v2

(x
ε

)
v3

( x
ε2

)
+ εv1 (x)∇y1v2

(x
ε

)
v3

( x
ε2

)
+ v1 (x) v2

(x
ε

)
∇y2v3

( x
ε2

))
c1 (t) dxdt

=

∫
ΩT

f (x, t) ε2v1 (x) v2

(x
ε

)
v3

( x
ε2

)
c1 (t) dxdt.

As ε→ 0, we apply Theorem 2.43 and obtain∫
ΩT

∫
Y 2

a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
×v1 (x) v2 (y1) · ∇y2v3 (y2) c1 (t) dy2dxdt = 0

and by the Variational Lemma (Theorem A.21) we have∫
Y2

a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
· ∇y2v3 (y2) dy2 = 0

a.e. in ΩT × Y1, which is the weak form of (3.87).
For the second local problem, we choose

v (x) c (t) = εv1 (x) v2

(x
ε

)
c1 (t)

where v1 ∈ D(Ω), v2 ∈ C∞] (Y1)/R and c1 ∈ D(0, T ) and obtain∫
ΩT

uε (x, t) εv1 (x) v2

(x
ε

)
∂2
ttc1 (t)− uε (x, t) εv1 (x) v2

(x
ε

)
∂tc1 (t)

+a
(x
ε
,
x

ε2

)
∇uε (x, t) ·

(
ε∇v1 (x) v2

(x
ε

)
+ v1 (x)∇y1v2

(x
ε

))
c1 (t) dxdt

=

∫
ΩT

f (x, t) εv1 (x) v2

(x
ε

)
c1 (t) dxdt.

Passing to the limit and using Theorem 2.43, we arrive at∫
ΩT

∫
Y 2

a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
×v1 (x) · ∇y1v2 (y1) c1 (t) dy2dxdt = 0,
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and applying the Variational Lemma, we have∫
Y1

(∫
Y2

a
(
y2
) (
∇u (x, t) +∇y1u1 (x, t, y1) +∇y2u2

(
x, t, y2

))
dy2

)
·∇y1v2 (y1) dy1 = 0

a.e. in ΩT , which is the weak form of (3.88).
From the uniqueness of the solutions, it follows that the result holds for the

entire sequence.

Remark 3.13 By making the ansatzes

u1 (x, t, y1) = z (y1) · ∇u (x, t) (3.89)

and

u2

(
x, t, y2

)
= w

(
y2
)
· (∇u (x, t) +∇y1u1 (x, t, y1))

= w
(
y2
)
· ((IN +∇y1z (y1))∇u (x, t)) , (3.90)

the local problem (3.87) can be written

−∇y2 ·
(
a
(
y2
) (
IN +∇y2w

(
y2
)))

= 0 (3.91)

and the local problem (3.88) becomes

−∇y1 ·
((∫

Y2

a
(
y2
) (
IN +∇y2w

(
y2
))
dy2

)
(IN +∇y1z (y1))

)
= 0. (3.92)

This makes it possible to calculate the homogenized coeffi cient b in (3.86) expli-
citly using

b =

∫
Y1

(∫
Y2

a
(
y2
) (
IN +∇y2w

(
y2
))
dy2

)
(IN +∇y1z (y1)) dy1.

Note that u ∈ W 1,2(0, T ;H1
0 (Ω), L2(Ω)) and that the solutions z and w to

(3.91) and (3.92) have regularities consistent with the decompositions (3.89)
and (3.90), where u1 ∈ L2(ΩT ;H1

] (Y1)/R) and u2 ∈ L2(ΩT × Y1;H1
] (Y2)/R).

Remark 3.14 More recent results, which extend the investigations in [32] as
well as those made in this section, are found in [13].
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Appendix: List of fundamental definitions and
theorems

For the convenience of the reader, we provide a list of fundamental definitions
and theorems.

Definition A.1 (Strong convergence) A sequence {uh} in a normed space
X is said to converge strongly to u ∈ X if

lim
h→∞

‖uh − u‖X = 0.

This is denoted
uh (x)→ u (x) in X.

Definition A.2 (Weak convergence) A sequence {uh} in a normed space X
is said to converge weakly to u ∈ X if

lim
h→∞

〈f, uh〉X′,X = 〈f, u〉X′,X

for all f ∈ X ′. This is denoted

uh (x) ⇀ u (x) in X.

Definition A.3 (Weak* convergence) A sequence {fh} in the dual X ′ of a
normed space X is said to converge weakly* to f ∈ X ′ if

lim
h→∞

〈fh, u〉X′,X = 〈f, u〉X′,X

for all u ∈ X. This is denoted

fh (u)
∗
⇀ f (u) in X ′.

Definition A.4 (Banach space) A complete normed space is called a Banach
space.

Definition A.5 (pre-Hilbert space) A linear space together with an inner
product is called a pre-Hilbert space.

Definition A.6 (Hilbert space) A complete pre-Hilbert space is called a Hil-
bert space.

Theorem A.7 Let X be a Banach space and let {uh} be a strongly convergent
sequence in X. Then {uh} converges weakly in X to the same limit.

Proof. See, for example, Proposition 21.23(a) in [49].
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Theorem A.8 Let {uh} be a sequence in a Banach space X. If

uh (x) ⇀ u (x) in X,

then {uh} is bounded and

‖u‖X ≤ lim inf
h→∞

‖uh‖X .

Proof. See, for example, Proposition 21.23(c) in [49].

Theorem A.9 Let X be a reflexive Banach space and let {uh} be a bounded
sequence in X. Then {uh} has a weakly convergent subsequence. If, in addition,
each weakly convergent subsequence of {uh} has the same limit u it holds for the
entire sequence that

uh (x) ⇀ u (x) in X.

Proof. See, for example, Theorem 21.23(i) in [49].

Theorem A.10 Let X be a separable Banach space and let {fh} be a bounded
sequence in the dual X ′. Then {fh} has a weakly* convergent subsequence.

Proof. See, for example, Theorem 21.E in [49].

Theorem A.11 Lp(Ω) is a Banach space for 1 ≤ p ≤ ∞. Furthermore, it is
separable for 1 ≤ p <∞ and reflexive for 1 < p <∞.

Proof. See, for example, Theorem 2.10, 2.15 and 2.35 in [1].

Theorem A.12 W 1,p(Ω) is a Banach space for 1 ≤ p ≤ ∞. It is separable for
1 ≤ p <∞ and reflexive for 1 < p <∞. Furthermore, W 1,p

0 (Ω) is separable for
1 ≤ p ≤ ∞ and reflexive for 1 < p <∞.

Proof. See, for example, Theorem 5.4.2, 5.4.4, 5.2.2 and 5.2.4 in [27].

Theorem A.13 The dual of Lp(Ω), 1 ≤ p < ∞, can be identified with Lq(Ω),
where 1

p + 1
q = 1 (for p = 1, q =∞).

Proof. See, for example, Theorem 2.9.1 and 2.11.8 in [27].

Theorem A.14 (Rellich Embedding Theorem) Let 1 ≤ p <∞. If

uh (x) ⇀ u (x) in W 1,p(Ω),

then
uh (x)→ u (x) in Lp(Ω),

Proof. See, for example, A8.4 in [5].
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Theorem A.15 (Cauchy—Schwarz Inequality) Let X be a pre-Hilbert space.
Then, for u and v in X, it holds that

|(u, v)X | ≤ ‖u‖X ‖v‖X .
Proof. See, for example, Lemma 2.2(2) in [5].

Theorem A.16 (Hölder’s Inequality) Let 1 ≤ p < ∞ and let Ω be a non-
empty measurable set in RN . For u ∈ Lp(Ω) and v ∈ Lq(Ω), where 1

p + 1
q = 1

(for p = 1, q =∞), it holds that∣∣∣∣∫
Ω

u (x) v (x) dx

∣∣∣∣ ≤ ∫
Ω

|u (x) v (x)| dx = ‖uv‖L1(Ω) ≤ ‖u‖Lp(Ω) ‖v‖Lq(Ω) .

Proof. See, for example, Proposition 18.13 in [49].

Theorem A.17 (Poincaré Inequality) Let Ω be an open bounded set in RN .
Then, for any u ∈ H1

0 (Ω), there exists a constant C (depending only on Ω) such
that

‖u‖2L2(Ω) =

∫
Ω

|u (x)|2 dx ≤ C
∫

Ω

|∇u (x)|2 dx = C ‖u‖2H1
0 (Ω) .

Proof. See, for example, 6.7 in [5].

Theorem A.18 (Divergence Theorem) Let u ∈ H1(Ω) and v ∈ H1(Ω).
Then ∫

Ω

u (x)∇v (x) + v (x)∇u (x) dx =

∫
∂Ω

u (x) v (x) n̂ dx,

where n̂ is the outer unit normal to ∂Ω.

Proof. See, for example, Theorem A8.8 in [5].

Theorem A.19 (Riesz Representation Theorem) Let H be a Hilbert space
and let f be a bounded linear functional in H ′. Then there exists a unique ele-
ment u ∈ H such that

〈f, v〉H′,H = (u, v)H for every v ∈ H
with

‖f‖H′ = ‖u‖H .
Proof. See, for example, Theorem 13 in Chapter 6 in [30].

Theorem A.20 (Lax—Milgram Theorem) Let H be a Hilbert space, let
f ∈ H ′ and let a be a bilinear form on H ×H satisfying

|a (u, v)| ≤ C1 ‖u‖H ‖v‖H (continuity)

and
a (u, u) ≥ C0 ‖u‖2H (coercivity)

for some constants 0 < C0 ≤ C1 <∞ and for all u, v ∈ H. Then there exists a
unique u ∈ H such that

a (u, v) = 〈f, v〉H′,H for all v ∈ H.
Proof. See, for example, Theorem 4.6 in [7].
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Theorem A.21 (Variational Lemma) Let Ω be a non-empty open set in RN
and let u ∈ L2(Ω). Assume that∫

Ω

u (x) v (x) dx = 0 for every v ∈ D(Ω),

then
u (x) = 0 a.e. in Ω.

Proof. See, for example, Proposition 18.2 in [49].
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