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The present work is on erned with exploiting a se ond order dynami al system approa h for
solving equations. The parti ular fo us here is for real valued linear equation systems having a wide
eigenvalue spe trum, often en ountered in appli ations as dis retization be omes dense. The Dynami al Fun tional Parti le Method (DFPM) is developed as an interdis iplinary method between
physi s and numeri al mathemati s. The method is this ontext optimized to take advantage of ritially damped os illators resulting in good performan e. Convergen e is rea hed when all eigenvalues
are either positive or negative. The ase with omplex eigenvalues is also studied. The parti ular
stru ture of the matrix turns out to be unimportant for onvergen e. Furthermore, DFPM is not
limited with respe t to a spe tral radius as is ommon for iterative methods. A rst order dynami al
system is also studied and ompared. Its performan e is not ompetitive in omparison with DFPM.
The performan e of DFPM s ales equally to the well known onjugate gradient method, but la ks
some of its limitations imposed by matrix symmetry. Several physi al test examples are provided
and ompared with various existent numeri al approa hes.

I. INTRODUCTION
Parti le methods in omputational physi s
The numeri al treatment through the appli ation of parti le methods has been a very a tive resear h area during
many years but these methods have still not been exploited to their full potential [1, 2℄.
on eptually attra tive sin e they are sprung from the very fundamental
all matter

onsists of intera ting parti les that obey

assumption is that

ertain laws of motion (su h as Newton's se ond law). The rst

parti le methods were developed soon after the birth of fast
treatments of dynami al obje ts in

Parti le methods are

ore of physi s. The basi

omputers some 40 years ago. A few examples of parti le

elestial me hani s are given in [3, 4℄. The long-term evolution of dynami al obje ts

in the Solar system (or a small galaxy)

an readily be

al ulated [5℄. The dis rete element method (DEM) is among the

early methods whi h appeared in the 1970s [6℄. Today DEM is often applied to treat engineering problems in granular
and dis ontinuous materials. Another relatively early example is the mole ular dynami s simulation te hnique (MDS)
that was developed during the 1980s.

Today, millions of mole ules or atoms are more or less non-problemati

to

simulate due to the simpli ity of parallelizing the N-body algorithms [7℄. Smoothed-parti le hydrodynami s (SPH) is
yet another parti le te hnique that deals with simulations of uids. SPH was originally developed by Lu y [8℄ and
Gingold and Monaghan [9℄ to deal with 3D problems in astrophysi s. SPH has also been adopted to solid me hani s
to study impa t fra tures in solids.

The method is in this

ontext abbreviated SPAM (smooth parti le applied

me hani s) [10℄. There are also MDS-like parti le methods (Hybrid Latti e Parti le Modeling), where Lennard-Jones
potentials or similar intera tion potentials are utilized for quasi-parti les [11℄. In the limit when the quasi-parti les
approa h the atomi

s ale the parti le method be omes an ordinary MDS method.

an extremely well known parti le method for dynami al

omputation of ele troni

The Car-Parrinello method is

quantum states during mole ular

dynami s simulation [12℄. Also in density fun tional theory, parti le methods have been applied to

ompute ele troni

states, see a good review by Payne et al. [13℄. Parti le methods have often been found attra tive for running fast
omputer graphi s of deformable obje ts [14, 15℄. A quite

omprehensive review on various parti le approa hes is

provided by Li and Liu [2℄.
In a re ent paper by Edvardsson et al. [16℄, it was argued that the parti le
usage in physi s or me hani s. Inspired by the

on ept is more general than its standard

onne tion between parti les in physi s and their usual translation

into dierential equations, the opposite possibility to translate mathemati al problems into a quite general parti le
s heme was re ognized. The dynami al fun tional parti le method (DFPM) was developed. Edvardsson et al. applied
DFPM to eigenvalue problems (S hrödinger equation) and
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ompared its

omputational speed to standard numeri al

libraries su h as ARPACK and LAPACK. For large matrix sizes it was seen that the parti le method was mu h more
e ient in the determination of a few eigenvalues and eigenve tors. The

onjugate gradient method was tested later

dealing with the same S hrödinger problem and found to be some 50% less e ient than DFPM [17℄. DFPM was also
demonstrated to work well for the non-linear S hrödinger equation [16℄. Convergen e properties were addressed, and
in analogy with many-parti le systems in me hani s, the existen e of a potential minimum is su ient to guarantee
onvergen e. However, it was re ognized empiri ally that there exist many
the la k of a potential. This fa t, and the details related to

ases where

omputational

onvergen e still o

urs despite

omplexity, was left out for further studies.

These details will be studied in the present work for the spe ial, but important,

ase of linear equation systems. As

we shall see the DFPM algorithm is attra tive due to several reasons. The most interesting points are related to a
surprisingly general appli ability and robustness,

omputational

Hamiltonian dynami s and stability of symple ti

omplexity, easiness of implementation, interesting

integration.

Related mathemati al methods
Although the se ond order dynami al system approa h provided by the present work to solve linear problems is
novel, there are related ideas given previously in mathemati s. The most
rst order dynami al system, i.e., the setup:
is solved.

du/dt = F (u), u(0) = u0 .

As

ommon method is the formulation of a

du/dt → 0

the original problem

F (u) = 0

Thus the idea is to solve a damped time dependent problem to identify the stationary solution.

order dynami al systems have frequently been applied to solve various kinds of equations

F (u) = 0,

First

both as a general

approa h and intended for spe i

mathemati al problems. An example of this is the solution of an ellipti

as the heat equation, see Sin ove

and Madsen [18℄. Sin e the stationary state is sought, the evolution of the system

is

onsidered to take pla e in

arti ial time.

The

PDE su h

on ept of arti ial time is further dis ussed and analyzed in [19℄.

Other works are for example the damped harmoni

os illator in

lassi al me hani s, the damped wave equation, [20℄

and the heavy ball with fri tion [21℄. These problem settings are spe i

mathemati al examples of physi al systems

and not developed to solve equations in general. In [22, 23℄, iterative pro esses to solve, e.g., eigenvalue problems are
onsidered as (gradient driven) dynami al systems. So
value problem of quasilinear ellipti

alled  titious time is used in [24℄ where a Diri hlet boundary

equation is solved by using the

on ept of a  titious time integration method.

The inverse problem of re overing a distributed parameter model is
attained from the ne essary optimality

onsidered in [19℄ using the rst order ODE

onditions of the inverse problem. Another approa h is that of

F (u) = 0 is embedded in a family of problems depending on a
F (u) = 0 is found by solving a sequen e of problems for values of s de

ontinuation,

s,

see [25℄ for an introdu tion, where

parameter

F (u; s) = 0. The solution to
0. Further, see No edal and Wright

reasing from

[26℄ for a dis ussion in the

i.e.,

1

to

ontext of optimization.

Outline of the paper
The paper starts with an introdu tion to the general ideas behind DFPM and its obvious
me hani s.

The versatility of DFPM is emphasized.

problem. The

onvergen e and

The paper then

onne tions to

lassi al

ontinues to treat spe i ally the

Ax = b

onvergen e rate is investigated. This analysis is expe ted to be useful also later for

other related problems (e.g. eigenvalue problems). The

onne tions with the parti le s heme in physi s is emphasized

throughout the arti le. It turns out that physi al arguments and many-parti le views provide important short uts
in the derivations and analyzes. A
made. The arti le is

omparison between DFPM and the related rst order dynami al system is also

on luded with numeri al examples and

omparisons with existent methods in the numeri al

linear algebra literature. In order to enhan e readability of the paper we have provided an Appendix where several
related details are given.

II. THE DYNAMICAL FUNCTIONAL PARTICLE METHOD
In the following we make a brief summary for the reader about DFPM as a quite general approa h for solving
F be a fun tional and u = u(x), u : X → Rk , k ∈ N and onsider the abstra t equation

equations. Let

F (u) = 0

that

(1)

t
u = u(x, t), u : X × T → Rk

ould be, e.g., a fun tional, dierential, integral or integro-dierential equation. Further, a time parameter

introdu ed that belongs to some (unbounded) interval

T

and a dynami al system in

formed as

F (u) = ηü + µu̇.

is
is

(2)

where the dots are the standard notation for time derivatives in me hani s. The symbols

η = η(x, t)

and

µ = µ(x, t)

are the mass and damping parameters, respe tively. The main idea is to solve the original equation (1) by instead
solving (2) in su h a way that
independent initial

u̇, ü → 0

when

t → T, T < ∞,

u(x, t)

i.e.,

approa h

u(x)

as

t → T.

Further, two

u(x, t),
i = 1, . . . , n.

onditions are needed for (2) to be well dened. In order to obtain a numeri al solution of

equation (2) is dis retized su h that

ui (t)

approximates

u(xi , t)

µi (t) = µ(xi , t), ηi (t) = η(xi , t)

and

for

The dis retization is made here with nite dieren es, but it is possible to use basis fun tions, nite elements, or any
other method of dis retization. After a nite dieren e dis retization we have the following equations

Fi (u1 . . . , un ) = ηi üi + µi u̇i , i = 1, . . . , n

(3)

orresponding to equation (2). This dis retized se ond order dynami al system is a system of ordinary dierential
equations. We

all the approa h for solving (1) using (3) the

emphasize that the idea behind DFPM is quite versatile.

Dynami al Fun tional Parti le Method, DFPM. We

There is for example no linear restri tion built into the

method so non-linear equations (fun tionals) are ertainly possible to atta k. However, in this work we shall investigate
only the spe ial, but important,

ase of systems of linear equations.

A. Conne tion between DFPM and lassi al me hani s
It is

lear that DFPM is a parti le method belonging to the domain of

of the fun tional

F (u)

lassi al me hani s. A natural interpretation

is that after dis retization it may be viewed as a ve tor for e eld. Consider the spe ial

ase

n linear equations, i.e., Ax = b. One possibility
is then to write the fun tional as F (x) = b − Ax. This for e eld is thus n-dimensional. A dynami al parti le method
an be onstru ted by viewing this as the problem to determine the positions of n parti les where the for e is zero,
i.e., the equilibrium point of a onservative many-parti le system. That is, if F (x) is onservative we know that there
exists a orresponding s alar potential Φ (x). The many-parti le system will tend to equilibrate towards one of its
when the dis retized version of a linear dierential equation redu es to

minimum points if dissipation is present [27℄. In this parti ular

ase the DFPM equation is simply given by

b − Ax = ηẍ + µẋ
where the dissipation term is

µẋ.

In the

ase of a symmetri

matrix

A,

a many-parti le potential

Φ (x) does

exist and

is expli itly given by

Φ (x) =
be ause ea h

omponent

k

of

F (x)

X
X
1
1X
bi xi = xT Ax − bT x
Aij xi xj −
Aii x2i +
2 i
2
i
i<j
is given by

Fk = −
whi h is
fulll

ompletely

Fk = 0

onsistent with ea h

and thus also the gradient of

X
∂Φ
= bk − Akk xk −
Aki xi
∂xk
i6=k

omponent of

Φ (x)

F (x) = b − Ax.

is zero. This

A is negative denite.
if A is nonsymmetri , a

At the solution

riti al point

A

denite and a maximum if

Obviously, if

F (x) = Ax − b.

potential fun tion does

However,

(4)

x,

is negative denite one

the dynami al system needs to be analyzed in further detail. Also, the

all the

omponent for es

orresponds to a minimum if

not

A

is positive

an instead use the ansatz

exist [17℄, so a possible

onvergen e of

onvergen e rate is not available by the above

potential analysis. These important issues will be addressed in the following.

III. DFPM FOR THE
Consider the following dis retized intera tion fun tional

Ax = b

PROBLEM

F = b − Ax,

where

A ∈ Rn×n

and

b ∈ Rn .

In this

ase

F

orrespond to the ordinary residual in numeri al linear algebra. To simplify the presentation we make the additional
assumption that the eigenvalues

λ (A) are all real and positive.

onsider the se ond order dynami al system:

Other

ases will be dealt with as we go on. To pro eed,

F (x1 , x2 , . . . , xn ) = b − Ax = ηẍ + µẋ
where
be

µẋ

is the dissipation term. The real s alar parameters

η>0

(5)

µ > 0 (damping) are here assumed to
x1 , x2 , . . . , xn are optimized in order to approa h

(mass) and

onstants. We thus suggest a parti le method where the positions

F (x1 , x2 , . . . , xn ) → 0 as t → T . In pra ti e, one may start with a random ansatz
x (0) and let ẋ (0) = 0. The parti ular numeri al time integration, using a real valued time step ∆t > 0
ve tors x (t) and ẋ (t), is here made by the ost ee tive and stable symple ti Euler [2830℄:

the unique equilibrium point, i.e.,
for the ve tor
to move the

(



ẋ (t + ∆t) = ẋ (t) + η1 b − η1 Ax (t) − µη ẋ (t) ∆t
x (t + ∆t) = x (t) + ẋ (t + ∆t) ∆t.

(6)

onvergent result solves the original problem Ax = b. If x (t + ∆t) ≈ x (t),
ẋ (t + ∆t) ≈ 0. If ẋ (t + ∆t) ≈ ẋ (t), the rst equation of (6) gives that
ẋ (t) ≈ ẋ (t + ∆t) and ẋ (t + ∆t) ≈ 0, we indeed have that Ax (t) ≈ b.

Firstly, it is important to establish that a
the se ond equation of (6) gives that

µẋ (t) ≈ b − Ax (t).

Sin e

Admittedly, the algorithm (6) is not parti ularly a

urate but its stability and a

Euler method [29℄. Further, it should be noted that high numeri al a
evolution towards the stationary state is

not

ura y is still superior to the

ura y of the many-parti le system during its

ne essary. The only desired property is that the approa h towards the

equilibrium point is made as fast as possible.
The features of interest are thus: 1) good numeri al stability allowing a large time step
a

∆t,

and 2) appli ation of

heap algorithm in order to spend little CPU time per iteration. These features are all provided by the symple ti

integration method [28, 30, 31℄. Other symple ti
method is one of the most

algorithms may still be of interest, among whi h the Verlet-Störmer

ommon [32℄. However, although this method is more a

ould be obtained. The number of iterations towards

urate, it was found that no gain

onvergen e is similar (if not the same) but the

ost per iteration

is higher.
In order to be exible in the analysis below, both parameters
shall not let e.g.

η=1

as suggested by a

η

and

algorithm that is nonlinear (as for example higher order symple ti
in performan e properties depending on both
assumption that the matrix

A

µ

are kept throughout the derivations, i.e., we

ontinuum view. The reason for this is that, possibly, a dis rete numeri al

η

and

µ.

algorithms or Runge-Kutta methods)

an result

Su h an example is provided later (A.58). Below we make the

is diagonalizable sin e it simplies the analysis tremendously.

A. Optimal parameters for a single os illator
µ, η and ∆t in (6) let us rewrite (5) by making a hange of basis into A's
b → c, x → u, A → ΛA = diag (λ1 , λ2 , ..., λn ). We then obtain the following de oupled system

In order to identify optimal parameters
eigenve tors. That is,
of equations:

c − ΛA u = ηü + µu̇.
After a

hange of variables

wi = ui − ci /λi

(7)

we have

−λ1 w1 = η ẅ1 + µẇ1
−λ2 w2 = η ẅ2 + µẇ2
.
.
.

.
.
.

(8)

.
.
.

−λn wn = η ẅn + µẇn .
The reader should note that (8) is only used for the analysis of optimal parameters, i.e., (8) should not be
with the a tual

n damped os illators
−λw = η ẅ + µẇ:

to the analysis of
su h os illator,

onfused

omputational algorithm (6). The great advantage of (8) is that the whole problem has been redu ed

(

in

lassi al me hani s. Now

onsider the symple ti



ẇ (t + ∆t) = ẇ (t) + − λη w (t) − µη ẇ (t) ∆t
w (t + ∆t) = w (t) + ẇ (t + ∆t) ∆t.

time integration of one

(9)

The iterations

an

onveniently be summarized on the form

zn+1 =
One

an also write

zn+1 = B n z0 .

diag(α1 , α2 ), we note that
optimal



wn+1
ẇn+1



=

"

1 − λη ∆t2
− λη ∆t

(ζ

onvergen e is a hieved if


#

1 − µη ∆t ∆t
wn
.
ẇn
1 − µ ∆t

|α1,2 | < 1.

(10)

η

B = C −1 ΛB C

where ΛB =
A minimization of the maximum eigenvalue gives the

onvergen e rate. The two eigenvalues are expli itly given by:

2

ζ = (µ + λ∆t) − 4ηλ.

> 0)



If we apply the similarity transformation su h that

λ
µ
∆t p
ζ
∆t2 − ∆t ±
2η
2η
2η

α1,2 = 1 −
where

zn+1 = Bzn :

There are three possible

(11)

ases, but only two are of interest.

The overdamped

dis arded. Ideally, we have the

ase (ζ

riti ally damped

riti ally damped so the underdamped

ase (ζ

= 0),

but we

annot expe t all the os illators in (8) to be

< 0)

will also be of interest. The problem is then to minimize
2
of them. The best solution for a single os illator is given by (µ + λ∆t) = 4ηλ. Sin e λ > 0 we nd that

p
ηλ
p
= 1 − λ/η∆t

µ + λ∆t = 2
In this

ase

is well known in me hani s [33℄ to only slowly restore the system to the equilibrium point and is therefore

hoi e of time step,

∆topt ,

for all

(12)

p
= η/λ

p
= 2 η/λ.

α1,2
so ∆topt
and ∆tmax
makes the algorithm to nish in just one iteration. This is great for this

ase, both eigenvalues are simply given by

The optimal

ζ

single os illator. However, the problem (5)

orresponds to many os illators as given by (8), so most os illators will

need mu h more than one single iteration to onverge. In the ase of underdamping one an similarly as above show
2
that |α1,2 | = 1 − (µ/η) ∆t, so an underdamped os illator onverges if 0 < (µ/η) ∆t < 1. We are now prepared
to understand the general behavior of n os illators. Eq. (12) annot be fullled for all the os illators but we shall
attempt to make (12) to be nearly fullled for them.

B. Optimal parameters for
As mentioned above, it is important for optimal

os illators

n

onvergen e that none of the os illators is overdamped, be ause

su h a situation would give a very slow progress towards the equilibrium point. The
whole system would then suer sin e all the other os illators would have to wait.
studying the
First

ases where only

onvergen e properties of the

We shall therefore pro eed by

riti al and light damping are allowed.

onsider only two os illators. As seen in (6) the parameters

µ

and

∆t

are global for all os illators. Eq. (12)

thus gives that



1 λ1
1 λ2



µ
∆t



√
=2 η

√ 
√λ1 .
λ2

λ1 6= λ2 , there is an unique solution for
µ and
√ √
ase. This solution is given by µ = 2 η λ1 λ2 /

If

os illators the

ondition

(13)

∆t
os illators evolve a ording

√ both
√ so that
√  to the
√
√
λ1 + λ2 and ∆t = 2 η/ λ1 + λ2 . In the
√
µ + λi ∆t ≤ 2 ηλi must be fullled for all λi . This ondition only holds if

riti ally damped
general

p

p
√ p
µopt = 2 η λmin λmax /
λmin + λmax

This

an be seen by inserting

µopt

and


p
√ p
∆topt = 2 η/
λmin + λmax

∆topt

into the

ondition

√
µ + λi ∆t ≤ 2 ηλi .

 p
2 p
2
p
p
p
2 λi − λmin − λmax ≤
λmin − λmax

ase of

n

(14)

(15)
One then nds that

(16)

λi ∈ [λmin , λmax ]. We thus have the desired situation that the os illators with λmin
riti ally damped and the rest
p are lightly damped. Convergen e of the two riti ally damped

whi h indeed is fullled for all
and

λmax

are both

∆topt < ∆tmax = 2 η/λi , i = max, min (see previous Se tion). The optimized results
given by (14) and (15) also ensures onvergen e for all the lightly damped os illators. Their onvergen e is guaranteed

os illators is ensured be ause

0 < (µ/η) ∆t < 1

if

(see previous Se tion), i.e., (14) and (15) then implies that

√
µopt
λmin λmax
∆topt = 4 √
2 < 1
√
η
λmin + λmax

(17)

A well known fa t is that an arithmeti

mean is always greater than its
p√

2
√
√
√
√
√
√
λmin + λmax /2 ≥
λmin λmax ⇒
λmin + λmax ≥ 4 λmin λmax

proved, meaning that all the underdamped os illators also

onverge. The

orresponding geometri

mean, so

and thus the inequality in (17) is

onvergen e of the parti le method is thus

always fullled for the optimized parameters. The only way to get a divergent result is to apply

onsiderably larger

values than those suggested here.

λmin and λmax are not ru ial so we suggest that rude
an be derived in just a few iterations by any of the standard numeri al pro edures available, see e.g. [34℄.

Simulations suggest that pre ise estimates of the eigenvalues
estimates

In the Appendix I we also provide estimates of

µ

∆t

and

dire tly without knowledge of eigenvalues.

C. Convergen e rate of the wide eigenvalue spe trum
In order to estimate the number of iterations required for DFPM to
of a wide eigenvalue spe trum (i.e.,

λmax ≫ λmin ).

In physi s this

onverge we shall

ase is very

onsider the important

ase

ommon as the grid is made more and

more dense or the number of basis fun tions is in reased. In the previous Se tion we note that two os illators are
riti ally damped (λmin and

λmax ) and the rest are underdamped.

Among the underdamped os illators, the one furthest away from

The

riti ally damped os illators will

riti al damping will be the last one to

onverge rst.
onverge and

thereby determine the number of iterations of the method.
Consider the
is a

√
√
µ + λi ∆t ≤ 2 ηλi . Let f (λ) = µ + λ∆t − 2 ηλ where λ ∈ [λmin , λmax ]
riti ally damped ases (λmin and λmax ) orrespond to f (λ) = 0. This is also the
furthest away from riti al damping is given by min (f ) . The rst derivative is

ondition for the damping:

ontinuous real variable. The

f (λ). The
−1/2
f (λ) = ∆t − (ηλ)
η,
maximum of

′

os illator

whi h is zero when

η
λ=
=
∆t2

2
√
√
λmin + λmax
,
4

where we have used Eq. (15) in the se ond equality. This

0.

Thus (18) gives the worst

onverged. Thus, to analyze the

order to simplify

λb .

onverged the whole system of

onvergen e time of the method we need to study this os illator. In

al ulations, we assume that the symple ti

ontinuum solution (a

λi
When this os illator has

ase s enario. In the dis rete problem the eigenvalue

−3/2

η2 >
f ′′ (λ) = 21 (ηλ)
losest to this λ will be asso iated

orresponds to a minimum be ause

with the weakest os illator. Let us denote this eigenvalue
os illators have

(18)

ommon feature of symple ti

integrator is able to approximately follow the analyti al

integrators, see [28, 30, 31℄).

T the distan e between the evolution of (6) and the exa t
kxT − xk = d. In the orresponding
system in (8) we have that kwT − 0k = d. However, after
p
pP
2
T we have that kwT k =
wb2 = |wb (T )| be ause then all the other os illators will
i wi =

Consider the evolution of the method (6). After a time
solution is given by
a long enough time
already have
The most

onverged to nearly zero.

onvergen e of the os illator asso iated with λb is to use the exponential de ay
[33℄. Su h a de ay formula is valid provided that the os illator is underdamped,

onvenient way to study the

E , see
√ e.g.
µ ≪ 2 λb η .

of the me hani al energy
i.e., it needs to fulll

given by (18) we nd that the
de ay formula

λb is approximately
√
√
2 λmin λmax ≪ λmin + λmax + 2 λmin λmax . The exponential

It does indeed, be ause if we insert (14) and assume that

ondition simply be omes

an thus be applied

µ

E (t) ≈ E (0) e− η t
and the me hani al energy is dened by

E (t) = Ek (t) + V (t) =

1 2 1
η ẇ + λb wb2
2 b 2

(19)

2

2

2

t = 0 we have that E (0) = 21 λb wb (0) (sin e ẇb (0) = 0) and at t = T we have that E (T ) = 12 η ẇb (T ) + 21 λb wb (T ) .
2
2
From earlier we know that kwT k = kwb (T )k = d so wb (T ) = d , but the kineti energy is unknown. A reasonable
At

estimate here is to use the mean kineti
known that

energy.

A

ording to the virial theorem for a harmoni

os illator it is

hEk i = hV i

(this remains approximately true also for the underdamped harmoni os illator). Therefore a
2
2
reasonable estimate is that E (T ) ≈ 2V (T ) = λb w (T ) = λb d . Using (19) we then on lude that at time T we have

λb d2 ≈
so the

µ
1
2
λb wb (0) e− η T
2

onvergen e time is

wb (0)2
2d2

η
T ≈ log
µ

!

nit an now be estimated by evaluating nit
given by Eqs. (14) and (15) respe tively, leading to the nal result

The number of iterations

2
√
√
λmin + λmax 1
√
nit ≈
log
4
λmin λmax

.

(20)

≈ T /∆t.
2

wb (0)
2d2

µ

The optimal parameters

!

and

.

∆t

are

(21)

We see that (21) is independent of the mass parameter so in this ase one may set η = 1 in (6). If we apply the


2
2
−10
2
∼ 10, almost independently of wb (0) . In
onvergen e riterion d = 10
we nd that (1/4) log wb (0) /2d

appli ations the matrix

A

is often very large. It is then often the

ase that

one would expe t the number of iterations to be approximately given by

nit ≈ 10

r

so even though the number of iterations suers when the

λmax ≫ λmin .

Then, as a rule of thumb,

λmax
.
λmin

λmax /λmin

(22)

ratio grows, it only does so a

ording to the

square root dependen e.

D. Convergen e rate of the narrow eigenvalue spe trum
Here we

onsider the

In this

ase all os illators are

onvergen e

λmax ∼ λmin ). A ording to (14) and (15) the
p
√
η/λ and µ = ηλ, (where one an take λ = (λmin + λmax ) /2)

ase of a narrow eigenvalue spe trum (i.e.,

optimal time step and damping then are given by
losely

an be investigated by

∆t =

riti ally damped so Eq. (19) is no longer appli able.

onsidering the evolution of a single

w (t) = w (0) 1 +
This expression satises the initial

kw (T )k ≤ d,

i.e. where,



1+

q

λ
ηT



ondition
q
− λ
ηT

e

ẇ (0) = 0.

≤ d/ kw (0)k.

δ = d/ kw (0)k, meaning that we need to nd x for whi
and by applying one symboli

h

s

However, now the

riti ally damped os illator [33℄:

! q
λ
− λ
ηt
t e
.
η

We are interested in the

onvergen e time

For simpli ity, we introdu e the variables

(1 + x) e−x = δ .

This is rewritten into

Newton-Raphson iteration with the initial guess

x = − ln δ ,

T

for whi h

x=

q

λ
η T and

ln (1 + x)−x−ln δ = 0

we nd

2

x≈−

(ln δ) + (1 − ln δ) ln (1 − ln δ)
≡ ξ (δ) ,
ln δ

whi h is a su iently good approximation for our purposes here (typi al error is less than 1 per ent). The
time

T

then be omes

onvergen e

T =
Given that the optimal time step is

p
η/λ

∆t =

mately given by

r

and

η
ξ
λ



d
kw (0)k

T ≈ nit ∆t,

nit = ξ





(23)

the number of iterations is expe ted to be approxi-

d
kw (0)k



(24)

The number of iterations is thus no longer dependent on the eigenvalues. Besides the spe ial interest of a narrow
eigenvalue spe trum, the full usefulness of this result
is

apable of running all os illators as

omplexity would in su h a
a

O (n)

annot be underestimated. If a method

ould be introdu ed that

onvergen e would be given by (24). The omputational

2
method for a dense matrix A and
ase be ex eptionally good. This would yield a O n

method for a sparse matrix

A,

riti ally damped, its

thus by far outperforming all existing methods. In standard numeri al linear

algebra, attempts to densify the eigenvalue spe trum is in fa t made through pre onditioning te hniques [34℄. These
te hniques are, however, not always su

essful whi h is why a fully

riti ally damped dynami al parti le method would

be of extremely high interest.

IV. COMPARISON WITH THE FIRST ORDER DYNAMICAL SYSTEM
There is one relevant algorithm that is

losely related to DFPM, namely the rst order dynami al system.

We

shall therefore study this system in some detail. In fa t, there are many papers in the literature where rst order
equations have been applied in order to obtain various numeri al solution methods (see the Introdu tion). The rst
order equation has the interesting mathemati al property that it, just as DFPM, yields exponential evolutions in time.
We shall therefore investigate how su h a method
Thus,

onsider again the intera tion fun tional

ompares in performan e with DFPM.

F = b − Ax

where

A,

as before, is a real matrix and the ve tors

are real valued. The various eigenvalues are still assumed to be real and positive. Let us attempt to solve for
through the rst order dynami al system:

F =0

F (x1 , x2 , . . . , xn ) = b − Ax = µẋ

(25)

where µẋ is the dissipation term and µ > 0 is a onstant. We see that the derivative takes the simple form f (x) ≡
ẋ = (b − Ax) /µ. The idea is that the ve tor omponents x1 , x2 , . . . , xn evolve exponentially in time in su h a way
that F (x1 , x2 , . . . , xn ) → 0 as t → T . One may start with a random ansatz for the ve tor x (0). The numeri al
time integration using a time step ∆t > 0 for the ve tor x an be made by any of the standard rst order methods
available. In parti ular, an expli it method

an generally be written as

x (t + ∆t) = x (t) + ∆tg (x (t)) .
ase that g (x (t)) = f (x (t)) this
g (x (t)) = f (x (t) + (∆t/2) f (x (t))), we

In the

(26)

be omes the rst order Runge-Kutta method (i.e., the Euler method). If
have the se ond order Runge-Kutta method, et .

For simpli ity, we here

provide the derivations for the rst order Runge-Kutta integration. The se ond order integration is provided in the
Appendix II. The goal is to derive the

omputational

omplexity and

eigenve tors.
equations:

I.e.,

b → c, x → u, A → ΛA

c − ΛA u = µu̇
After a

hange of variables

wi = ui − ci /λi

ompare it with DFPM.

∆t and µ let us as previously apply the hange
= diag (λ1 , λ2 , ..., λn ). We then get the following de

In order to identify the optimal parameters

of basis into

A's

oupled system of

(27)

we arrive at

−λ1 w1 = µẇ1
−λ2 w2 = µẇ2
.
.
.

.
.
.

.
.
.

−λn wn = µẇn

(28)

The reader should on e again note that (28) is used only for the analysis, i.e., this should not be
a tual numeri al solution of (25) using (26). Now

We see that at time

The

orresponding

t = n∆t

onfused with the

onsider the time integration of one su h equation:

−λw = µẇ :



λ
w (t + ∆t) = w (t) + ∆t − w (t) .
µ

(29)


n
λ
w (t) = 1 − ∆t w (0)
µ

(30)

we have

ontinuum result (∆t

= t/n; n → ∞)

the equations in (28) exponentials. We get



w (t) = exp − λµ t w (0).

is given by

1−

onvergen e in (30) if

λ
µ ∆t

< 1,

We shall therefore

leading to

∆tmax = 2µ/λ.

all
The

∆topt = µ/λ. These results are helpful in order to understand the general behavior of
equation (28). Below we provide the optimization of ∆t and µ for the whole system of exponentials.

optimal time step is given by

A. Optimal parameters for

n

exponentials

We shall now pro eed, as before, by attempting to optimize two exponentials in (28). The optimal situation for
a parti ular exponential

i

is if

translates into

αi ≡ 1 − (λi /µ) ∆t


equals zero, see (30). For two exponentials, the optimal situation

1 −λ1
1 −λ2



µ
∆t



=



0
0



(31)

λ1 6= λ2 the only solution is ∆t = µ = 0. A ordingly, a fully optimal situation is not possible the two
exponentials. If one instead let α1 = α2 , only ∆t = 0 is possible. It turns out that the only possibility is if α1 = −α2 ,

However, if
in whi h

ase we have that

∆t =
Note the restri tion on the time step:

2µ
.
λ1 + λ2

0 < ∆t < ∆tmax = 2µ/λ

for ea h exponential (previous Se tion). It is realized

∆t < 2µ/λmax is
∆t = µ/λmax . On the other hand, the exponential
∆t = µ/λmin possibly outside the boundary ∆tmax . For the

that the exponential with the largest eigenvalue will limit the overall stability of the method, i.e.,
absolutely required. The best time step for this exponential is
with the smallest eigenvalue leads to a larger time step
group of exponentials it is therefore the extreme

ases that determines the optimal time step:

∆topt =
As we

ompare (32) with the stability

ondition

2µ
.
λmin + λmax

∆t < 2µ/λmax

(32)

we see that it is satised so

onvergen e is guaranteed.

B. Convergen e rate of the rst order system
Among the exponentials in (28) one will show the slowest
properties of the whole system. This exponential is the one
properties of the whole system of exponentials
The

onvergen e and thereby determine the

onvergen e

orresponding to the smallest eigenvalue. The

onvergen e

an therefore be investigated by

onsidering this single exponential.

ontinuum solution for this exponential is given by:

w (t) = w (0) e−

λmin
µ

t

(33)

Advantage of dfpm oscillators over exponentials
100
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Figure 1: The ratio between the number of iterations for exponentials and os illators (ratio of the expressions (A.58) and (21)),
i.e. nit (exp)/nit (osc). The example is made for µ = 1, λmin = 1 and various λmax = 2, 3, ..., 10000. The logarithmi fun tion in
(A.58) and (21) is taken to be 20 and 40, respe tively (see text). It is seen that the se ond order method (DFPM) is expe ted
to be orders of magnitudes more e ient.

For the purposes here, it is su ient to assume that the evolution in dis rete time approximately follows (33). We
are interested in the time

T

for whi h

kw (T )k ≤ d,
T =

Given the optimal time step in (32) and

i.e.,

µ
λmin

T ≈ nit ∆topt ,

e−

log

λmin
µ



T

kw (0)k
d

onvergen e

If we also have that

riterion

λmax ≫ λmin

d = 10−10



The

onvergen e time

T

thus be omes

.

(34)

the number of iterations is approximately given by

λmin + λmax
nit ≈
log
2λmin
If we apply the

≤ d/ kw (0)k.

we nd that



kw (0)k
d



.

(35)

log (kw (0)k /d) ∼ 20,

almost independently of

kw (0)k.

then, as a rule of thumb, we expe t the number of iterations to be given by

nit ≈ 10

λmax
.
λmin

This result is inferior to the result of DFPM given in (22).

It

(36)
an therefore be

on luded that the se ond order

dynami al system proposed in the present work is a good idea, though it is not at all obvious from a

ontinuum point

of view.
In order to illustrate the dieren e between the rst order dynami al system and DFPM we provide an example in
Fig. 1. The ratio between the number of iterations for exponentials and os illators (ratio of the expressions (A.58)
and (21)) is plotted for various
ratio

λmax /λmin

λmax .

It is

lear that (21) gives a signi ant advantage in many appli ations as the

in reases. However, a possible obje tion

ould be that the poor result in (36) is due to the simple rst

order time integration algorithm applied. We have therefore provided results in the Appendix II where an analogous
derivation is made, but this time for a se ond order integration algorithm. This analysis shows that the resulting
onvergen e rate is not improved.

V. COMPARISON WITH OTHER METHODS
To the best of our knowledge, there exists no iterative method that

an handle matri es having an arbitrary

stru ture. Instead, there are a huge number of spe ialized iterative methods in the literature that solve
various stru tured matri es

A

(positive denite, symmetri , tri-diagonal, blo k diagonal, et .). A

all algorithms is not possible here. Even a detailed
and far too many details. This is not justied

Ax = b

for

omplete survey of

omparison with just a single method would require lots of spa e

onsidering the present

ontext. Instead we shall only provide some

arguments that give the reader at least a pra ti al view of some of the dieren es. These details are provided in the
Appendix III. The methods

onsidered are: Ja obi iterations, Gauss-Seidel iterations, SSOR iterations, the

onjugate

gradient method, the steepest des ent method and the Krylov subspa e method GMRES. Among these methods,
there are only two that stand out for the ase λmax ≫ λmin . Firstly, we have the onjugate gradient method, and
se ondly, SSOR iterations. Both of them are expe ted to perform similarly as the DFPM method.

The

onjugate gradient method is originally designed only for symmetri

to work also for a symmetri

negative denite matrix.

its spe tral radius must be less than one (see Appendix III). It is guaranteed to
symmetri

positive denite

for any real valued matrix

An example with

but

an be rewritten

onverge for a diagonally dominant

A. DFPM has no limitation regarding spe tral radius. DFPM
A if all its eigenvalues are larger than zero. In the Appendix

onverges also if all the eigenvalues are negative, and in many

Re (λ) < 0).

A,

positive denite

SSOR is more versatile, but suers by the limitation that

ases for

is guaranteed to

onverge

IV, we show that DFPM

omplex eigenvalues (as long as

Re (λ) > 0

or

omplex eigenvalues will be provided below. Needless to say, the parti ular stru ture

of the matrix is unimportant for DFPM, making it a very robust method.
Most of the below results will fo us on the number of iterations needed until

ompletion.

However, one should

remember that the number of iterations is not su ient to rank methods. The number of oating point operations
per iteration must also be analyzed. It

an be seen that the

operations than the DFPM algorithm (6),

onjugate gradient method needs to go through more

.f. pp. 200 [35℄. The same is even more true for SSOR ( .f. (6) with

[36℄). Numeri al examples showing the number of iterations are nevertheless

ommon in the literature and

onsidered

interesting to get a pra ti al view of the dieren es between various methods.

VI. NUMERICAL EXAMPLES
Here we provide a range of examples demonstrating the robustness of DFPM and that its performan e is expe ted to
approa h that of the

onjugate gradient method (when appli able). This is in a

ordan e with the above assessments

and those in Appendix III. We start with a few relatively simple examples.

A. A nonsymmetri introdu tory example
Consider the nonsymmetri

matrix




3 1 4.2
A=1 4 2 
3 2 7

λ =0.9271, 3.153 and 9.919, i.e., all positive. The spe tral radius ρ (TJ ) = 1 so
the Ja obi method diverges (and also SSOR). The onjugate gradient method also fails sin e A is nonsymmetri .
T
T
One ould in prin iple rewrite Ax = b into A Ax = A b, but the drawba k is that the ondition number in reases

2
T
a ording to κ2 A A = κ2 (A) , making the number of iterations to grow, see (A.66). Also, if A is very large it may
T
simply be intra table to ompute A A. The DFPM iterations was started with x (0) = (0.8, 0.2, 0.1) and ompletes
(k)
in 43 iterations for whi h its error d = ||x
− x|| < 10−10 . A ording to (21),
where its eigenvalues are given by

2
√
√
λmin + λmax
√
,
nit ≈ 10
λmin λmax
the estimated number of iterations is 56, whi h is thus slightly overestimated. Among several approximations, the
fa tor 10 is just an estimate from that Se tion. Gauss-Seidel works for this matrix be ause

ρ (TGS ) = 0.609

and it

ompletes in 49 iterations.

B. A matrix with a zero on its diagonal
Consider a matrix with one of its diagonal elements equal to zero:



Its eigenvalues are

λ =0.0246,


0 1 1
A =  −1 6 1 
1 1 7

5.3006 and 7.6749. The matrix is nonsymmetri

so the

onjugate gradient method is

not appli able. Both Ja obi and Gauss-Seidel fail sin e they require the diagonal elements of

A to be non-zero.

fails for the same reason. DFPM is fully fun tional be ause it only requires that the eigenvalues are positive.

SSOR

Figure 2: Example dis retization grid for the RT equation showing the boundary onditions: I (0, −1 ≤ u < 0) = 1 and
I (100, 0 < u ≤ 1) = 0. Nu = 4 and Nz = 3. Size of matrix is Nu Nz − Nu = 8.

C. The RT equation in 2-D
The RT equation in 2-D is an example where several iterative methods en ounter problems while it is straightforward
to apply DFPM. Consider a plane-parallel laterally homogeneous medium in whi h light s atters and absorbs. If the
single s attering is isotropi

and the light intensity is symmetri

w.r.t. the azimuthal angle

φ, the problem is des

ribed

by the following simplied radiative transfer equation:

u
where

I

is light intensity,

absorption

z

σs
∂I (z, u)
= −σe I (z, u) +
∂z
2

is depth,

u = cos θ

(with

oe ients respe tively. The extin tion

θ



1

I (z, u′ ) du′ ,

(37)

−1

σs
σe = σa + σs .

denoting polar angle) and

oe ient

σe

is given by

and

σa

are s attering and

We assign numeri al values

σs = 0.1 and σa = 0.001, whi h are relevant values from an appli ation point of view
[37, 38℄. The light in ident from above the medium at z = 0 is isotropi and there is no light in ident from below at

to the model parameter as

z = 100.

This gives the following boundary

onditions:

Fig. 2.

I (0, −1 ≤ u < 0) = 1

and

I (100, 0 < u ≤ 1) = 0.

See also

We approximate the derivative with standard forward and ba kward dieren es at the boundaries and otherwise
entral dieren es.
then take the form

The integral is approximated by the trapezoidal formula.

AI = c,

where

I

The resulting dis retized equations

now being the dis retized version of the light intensity. Improved results

onveniently be obtained through Ri hardson extrapolations.

An example dis retization grid is shown in Fig.

an
2.

A and ve tor c are shown below where we have used the abbreviations a = −hz hu σs /2,
b = 2hz σE − hz hu σs /2 and uk = 1 − (k − 1) hu with hz,u being the step length in depth and polar angle, respe tively.
Due to the integral term in (37), the matrix A is rather dense for any dis retization. It is also nonsymmetri . The
eigenvalues of A are in general omplex valued. DFPM performs well also in this ase. (An analysis of the ase with
The

orresponding matrix

omplex eigenvalues is provided in Appendix IV.)





AI = 



b
u1
2a
0
0
2a
0
a
−u1 u1 + b/2
0
a
0
0
0
0
a
0
a+b
u2
0
2a
0
a
0
a/2
−u2 u2 + (a + b)/2
0
0
0
0
0
0
0
0
−u3 + (a + b)/2
u3
a/2
0
a
0
2a
0
−u3
a+b
0
a
0
0
0
0
a
0
−u4 + b/2 u4
a
0
2a
0
0
2a
−u4
b

In Table I we show results for various dis retizations
results

an be obtained. Extrapolations w.r.t.

hz

Nu

and

Nz








I21
I31
I22
I32
I13
I23
I14
I24





 
 
=
 
 

u1
0
u2
0
−3/2a
0
−3/2a
0

in order to test that

are made by assuming a trun ation series





=c


onsistent

ontinuum

k1 hz + k2 h2z

whi h is

ˆ 1) is made by assuming that
onsistent with the trun ation errors of the rst derivatives. Extrapolation to I(0,
2
the angular trun ation error is O hu , as is expe ted for the trapezoidal formula. We see in Table I that the nal

Table I: Ri hardson extrapolations for the dis retized radiative transfer equation. A ertain point (z, u) = (0, 1) is here evaluated
for various dis retizations and ompared with DORT [39℄. Sizes of the matri es range from 320 to 5120.

extrapolated value

onverges to

Depending on the desired a
already at

Nu = 20

and

Nu
20
20
20
20

Nz
17
33
65
129

Nu
40
40
40
40

Nz
17
33
65
129

Nu
20
40
DORT

-

ˆ 1; Nu )
I(0, 1; Nz ; Nu )
I(0,
0.744070859223879
0.742813581335503
0.742493226091208 0.742378393313508
0.742415747675200 0.742393402063285
ˆ 1; Nu )
I(0, 1; Nz ; Nu )
I(0,

0.743926268731036
0.742670673372421
0.742352291858317 0.742240187787682
0.742276182465662 0.742255460649272
ˆ 1; Nu )
ˆ 1)
I(0,
I(0,
0.742393402063285
0.742255460649272
0.74221(2)
0.742212

ontinuum and agrees well with a

ura y, a satisfa tory result

Nz = 33

omputer

ode based on the DORT method [39℄.

an be obtained without extrapolations.

For example,

the relative error is less than 0.1 per ent.

Table II: Number of iterations to onvergen e (d = 10−10 ).
Nu
16
32
64
128
In Table II we show the
this problem (the
DFPM

Nz matrix size
9
128
17
512
33
2048
65
8192

DFPM Ja obi
604
751
1220
∞
2475
∞
5058
∞

G-S
379
∞
∞
∞

onvergen e behavior of some iterative methods that at least in prin iple

ould work for

onjugate gradient method does not work due to the nonsymmetry of the matrix). It is seen that

onverges for all matrix sizes while the other methods do not. The reason is that both of them have a spe tral

n

in reases. In DFPM, there is
 no limitation due to spe tral radius. It is
n1/2 . If the sparsity of A is disregarded the ost

O n5/2 . As a omparison, a similar non-sparse
3
treatment using Gaussian elimination gives the standard result (2/3) n . Gaussian elimination an be improved by
radius ex eeding one as the matrix size

evident from Table II that the number of iterations in DFPM is O

2
is O n
for ea h iteration, thus giving the total time omplexity

taking advantage of the sparsity of A. In su h a ase a result for the time omplexity for an n × n matrix having


m non-zero elements is O n3 / log n [40, 41℄. This is not su ient to over ome DFPM's O n5/2 as n in reases.


5/2
3/2
Moreover, DFPM's omplexity O n
would improve into O n
if we also in this method take advantage of the
sparsity of

A.

We

on lude that DFPM is a very e ient

hoi e for solving the RT equation.

D. The Poisson equation in 3-D
Consider the three-dimensional Poisson equation

ρ (x, y, z)
∂ 2 U (x, y, z) ∂ 2 U (x, y, z) ∂ 2 U (x, y, z)
+
+
=−
∂x2
∂y 2
∂z 2
ε0

(38)

where (x, y, z) ∈ [0, 1] × [0, 1] × [0, 1] and U = 0 on the boundaries. We onsider the spe ial ase that ρ (x, y, z) =
−ε0 sin (πx) sin (πy) sin (πz). We dis retize the derivatives using entral dieren es, and write the resulting equation
system as AU = b. Using Krone ker produ ts the matrix A an be omputed from

Solution for U at z=1/17
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Figure 3: Example solution for U at z =1/17. Mesh is 16 × 16 × 16. Boundary points are not in luded in the plotted solution
surfa e. Size of matrix A is 4096.

A=
where

I

1
(T ⊗ I ⊗ I + I ⊗ T ⊗ I + I ⊗ I ⊗ T ) ,
h2

(39)

is the identity matrix and
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b are given by bijk = h2 (−ρ (xi , yj , zk ) /ε0 ). The meshes of the unit ubes are 2 × 2 × 2,
4 × 4 × 4, 8 × 8 × 8 and 16 × 16 × 16 (not in luding the boundary points). In Fig. 3 the solution U (x, y, 1/17) is
plotted for the mesh 16 × 16 × 16.
The

omponents of the ve tor

In Table III we show the number of iterations needed to solve the Poisson equation for some relevant methods.

It is immediately seen that neither Ja obi nor Gauss-Seidel is
the

onjugate gradient method is taken from (A.67). In the

ompetitive.

The number of iterations needed for

ase of an exa t arithmeti

However, it is known that in pra ti e with limited arithmeti

may fail. The number of ops per iteration is lower for DFPM so a CPU time
favorable.

Nevertheless, in line with the previous analysis, we

onjugate gradient method. It

this number will be lower.

and for very large matri es the inequality (A.66)
omparison

ould have been more

on lude that DFPM performs in parity with the

an also be noted in Table III that the

onvergen e of the various methods depends

Table III: Number of iterations to onvergen e (d = 10−10 ).
matrix size λmax /λmin Ja obi
8
3
36
64
9.47
122
512
32.16
429
4096
116.46
1610

G-S DFPM Conj. grad. (A.67)
19
21
15
62
43
30
216
84
56
806 167
108

p
λmax /λ
λmax /λmin . Given a matrix size n, the number of iterations
min and


2/3
1/3
for Ja obi and Gauss-Seidel s ale as O n
, while DFPM and the onjugate gradient method s ale as O n
.


2/3
1/3
The total omputational omplexity for the 3-D problem be omes O n × n
and O n × n
respe tively, sin e
the matrix A is sparse. This is onsistent with known omplexity results of general dimensionality D , i.e., omplexity
O n × n1/D for the onjugate gradient method [42℄.
approximately as expe ted on the ratios

Table IV: Iterations of the onjugate gradient method versus DFPM. The eigenvalues were omputed using the DFPM method
in [16℄. A large part of this omputation an be avoided, see text.
k

C-G DFPM

p
5.1 λmax /λmin λmin λmax

10

244

249

249

1.126

2695

12

298

302

302

1.124

3943

14

364

365

365

1.123

5772

16

444

442

442

1.123

8449

18

541

534

535

1.122

12369

20

659

647

647

1.122

18107

22

804

782

784

1.121

26509

24

980

946

948

1.121

38811

26 1194

1145

1148

1.121

56820

28 1454

1386

1389

1.121

83189

30 1772

1677

1681

1.121 121795

E. A ase for whi h

λmax ≫ λmin

Here we onsider a symmetri matrix as an example where λmax ≫ λmin . The matrix is from a s-limit three-parti le
1
3
Hamiltonian. Its eigenvalues are all the so alled S-states, i.e., S , S et . so the lowest eigenvalue is the groundstate
1
S and the largest is determined by the dis retization, i.e., λmax = ∞ in the ontinuum limit. We shall not fo us on

the eigenvalue problem here, but instead use this matrix to setup an appropriate
the properties of DFPM for the

λmax ≫ λmin .

ase

bound and free states there are both negative and positive eigenvalues.
in the diagonal elements, thus making all eigenvalues positive. A
Hamiltonian for the s-limit

Au = b

problem in order to study

Sin e the eigenvalues of the Hamiltonian matrix represent both
We therefore introdu e a

onstant shift

δ

ordingly, the eigenvalue problem for the shifted

ase is [43℄:



1 ∂2
1 ∂2
2
2
1
Âv (r1 , r2 ) = −
−
−
−
+
+
δ
v (r1 , r2 ) = λv (r1 , r2 )
2 ∂r12
2 ∂r22
r1
r2
max (r1 , r2 )
v (r1 , 0) = v (0, r2 ) = v (R, r2 ) = v (r1 , R) = 0 (R = 15). The dis retization is
h = 0.1/1.1k (for both r1 and r2 ), where k is an integer
(see Table IV). Let us now setup a Âu = b problem and dis retize as follows

The boundary

onditions are given by

made by using

entral dieren es with equidistant mesh sizes

sele ted to get dierent problem sizes

Âuij = −

2uij
2uij
uij
1 ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4uij
−
−
+
+ δuij = bij
2
h2
r1i
r2j
max (r1i , r2j )

pij at the position (r1i , r2j ) is given by Fij = bij − Âuij . Note that the matrix
is not expli itly derived. In fa t, it is often onvenient to avoid an expli it matrix formulation. Also note that

The for e a ting on a parti le

A

this formulation is automati ally sparse. We apply a
damping

µ and time step ∆t are given by (14, 15).

a fun tion

all was made to DFPM or to the

onstant mass

shows

k

and the shift was sele ted as

δ = 4.

ore2duo 2.4GHz. The

ompiler used were g

version 3.4.4.

ompiled by using the optimization: '-O'. This ben hmark is shown in Table IV. The rst

whi h determines the dis retization

h

of iterations needed to a hieve the desired a

ontinue. Se ondly, the

DFPM so its advantage is a tually larger than that indi ated
p by the Table IV. As
exa t proportionality

starts. The last two

olumn

as mentioned before. In the next two olumns we show the number
−6
ura y (here d = 10
). As an be seen, the performan e of DFPM is

improved for the larger problems. This trend is expe ted to
the number of DFPM iterations is

The

onjugate gradient method [42℄. All tests were performed on a Linux PC

with 3 GB primary memory and the CPU was a Intel
The C- ode were

η=1

A single C- ode was written where the only dieren e was whether

losely proportional to

oe ient depends on the required a

ost per iteration is smaller for

an be seen in the fourth

olumn

λmax /λmin as was derived theoreti ally in (22). The
−6
ura y d (here 10
) and how far from the solution one
λmax . Note that the lowest eigenvalue is hardly ae ted

λmin and
(λmin (h) = λmin (0) + O  h2 ). It is easy to show that the maximum eigenvalue depends on
2
whi h is due to the entral dieren e formula applied (free state).
ording to: λmax = O 1/h
olumns show the eigenvalues

by the dis retization
the mesh size

h

a

The proportionality
estimates for both
15). The overall

onstant is given by 4. It

λmin

and

λmax .

omputational

an therefore be

on luded that it is non-problemati

Thus it is straight forward to

omplexity for DFPM is

to get very good

ompute optimal DFPM parameters given by (14,

 3
O n 2 in this 2-D example.

is an ex ellent method for these type of problems as they grow large.

It

an be

on luded that DFPM

VII. CONCLUSION
DFPM is

learly a

onvenient and robust method to solve equations. The approa h is strongly interdis iplinary

sin e it applies ideas from physi s but operates in the eld of numeri al mathemati s. The basi

idea of DFPM as

a dynami al system may also be attra tive from a user's perspe tive sin e the algorithm is physi ally intuitive and
very pedagogi al. The
to be nearly

onvergen e of the DFPM os illators in time is

losely exponential sin e they are optimized

riti ally damped. The method is not sensitive with respe t to a spe tral radius or the stru ture of the

given matrix. Its

omputational

omplexity is as good as that of the

onjugate gradient method. DFPM as

on ept,

is mu h more general than the parti ular study performed here. The DFPM algorithm remains essentially the same
also for e.g. nonlinear problems. The idea must therefore be
of

onsidered quite versatile. The e ien y of DFPM

an

ourse, just as for all other methods, be further optimized by applying pre onditioning of the matrix. Optimization

w.r.t. variation of the DFPM parameters during the iterations has not been studied here. We believe that this is
probably more advantageous in the

ase of non-linear problems. A future parallelization requirement (e.g. using MPI)

is expe ted to be as straight forward as it is for e.g. mole ular dynami s. The possibility to improve the method
further, i.e., run all os illators with

riti ally damped parameters requires that the inexibility imposed by a global

time step and damping parameter is lifted. This is left for a future study.
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Appendix
I. Estimation of DFPM parameters
A

ording to Se tion B the optimal parameters are related to the eigenvalues

λmin and λmax .

These are in general not

known in advan e. The Se tion B suggests a strategy where these values are determined approximately before DFPM
starts. Through iterative te hniques the min/max eigenvalues

an be approximated by using just a few iterations, see

e.g. [34℄ for various possibilities. Pre ise eigenvalues are not needed to get good performan e from DFPM. However, if
determination of eigenvalues are

onsidered to be too awkward to

ompute for a parti ular problem, we provide below

some reasonable damping and time step parameters through approximations. These suggested DFPM parameters are
all very simple to

al ulate.

The

ase that

λmin ∼ λmax

We shall here estimate the DFPM parameters by using least squares optimization. This treatment
that all os illators fulll

√
µ + λi ∆t ≤ 2 ηλi

annot guarantee

so some os illators may be ome slightly overdamped. To pro eed, let us

optimize the parameters by minimizing the square distan es

n 
X
i=1

Dierentiating w.r.t.

∆t

and

µ

µ + λi ∆t − 2

p 2
ηλi

(40)

gives that

√ λ3/2 − λ1/2 hλi
∆t = 2 η
2
hλ2 i − hλi

h.i

E
√ D
µ = 2 η λ1/2 − ∆t hλi

(42)

mean. The result (A.41) is not useful here while (A.42) is. The mean of the
1/2
i.e., tr (A) is the tra e of the matrix. An estimate for λ
an be
1/2
or through Hölder's inequality:
derived either by means of a Taylor expansion of (hλi + (λ − hλi))

where the symbol

is the arithmeti

(41)

eigenvalues is dire tly given by

hλi = tr (A) /n,

n
X
i=1

kai bi k ≤

n
X
i=1

kai k

p

!1/p

n
X
i=1

kbi k

q

!1/q

By taking

p=q=2

and

1/2

ai = λi

and

bi = 1
D

A

we nd that

E
p
1/2
= tr (A) /n
λ1/2 . hλi

(43)

omparison with (15) suggests the following estimate for the time step

∆t ≈
so a

√ D 1/2 E √
√ p
1/2
η/ λ
≈ η/ hλi
= η/ tr (A) /n

(44)

ording to (A.42) the damping parameter be omes

µ≈

√ p
η tr (A) /n

(45)

A dierential analysis of (A.42) together with the inequality (A.43) shows that the damping estimate (A.45) is
overestimated.
A

One

an thus expe t an improved

onvergen e rate if one a tually sele ts a slightly lower value.

ording to (14) and (15) the best ratio is given by

µ/∆t = hλi, i.e., the geometri

mean of

λmin

The approximation is appropriate as long as

The

If we have the interesting

ase for whi h

λmax

and

λmin

µopt /∆topt =

λmin λmax , while (A.44) and (A.45) gives that
has been repla ed by the arithmeti mean of all the eigenvalues.

is similar in size as

ase that

λmin

λmax . kAk

[34℄. The most

λmax .

is small relative to

λmin ≪ λmax ,

λmax

the approximations in the previous Se tion will not be good.

One possibility is then to re ognize that (15) is approximated into
any norm,

√

onvenient norm is the


√
√
∆t = 2 η/ λmax .

∞-norm

Then one

ould use that for

so we get

√
2 η
∆t ≈ p
kAk∞

(46)

This time step is somewhat underestimated than the optimal. The damping parameter be omes a

ording to (A.42,

A.43)

√
1/2
µ ≈ 2 η hλi − ∆t hλi
where

(47)

hλi = tr (A) /n.
Matrix

A

is

lose to the identity matrix

Let us apply the following properties of norms [34℄

(
A

ording to (14) and (15) we have that

λmax ≤ kAk
λmin ≥ kA1−1 k

µopt /∆topt =

√
λmin λmax .

(48)

By taking the simplest norm, i.e., the

reasonable estimation of this ratio be omes

µopt
≈
∆topt
Unfortunately

A−1

s

kAk∞
kA−1 k∞

is unknown. Let us therefore introdu e a new matrix

matrix. Then we write the following geometri

series

∞-norm,

a

(49)

B

given by

A = I − B , where I

is the identity

A−1 = (I − B)−1 =
whi h is allowed if

kBk < 1.

Thus, if

A

in a

∞
X

Bk

(50)

k=0

ertain appli ation is su h that

small it might be su ient with:

kBk < 1,

this be omes useful. If

kBk

is

A−1 ≈ I + B
so that

µopt
≈
∆topt
Then the suggested time step be omes a

µopt

is obtained from (A.51). One might

better estimate but the

omputational

kI − Bk∞
kI + Bk∞

(51)

ording to (15)

∆topt ≈
and

s

√
2 η

(52)

p
p
1/ kI + Bk∞ + kI − Bk∞

onsider to repla e

I +B

above with e.g.

ost may be too high for a large matrix

I + B + B2

in order to get a

B.

II. Integrating the rst order system with a se ond order algorithm
Here we

onsider the se ond order Runge-Kutta method.

A greater time step

ould thus be possible and the

approximation that the evolution in dis rete time follows (33) should be improved. In this

f (w (t) + (∆t/2) f (w (t))),

where for a exponential

f (w (t)) = − (λ/µ) w,

ase we have that

g (w (t)) =

see (26) and (28). We nd that

λ
λ
g (w (t)) = − w (t) −
w (t) ∆t
µ
2µ
so the numeri al algorithm a

ording to (26) reads





λ
λ
w (t + ∆t) = w (t) + ∆t − w (t) + ∆t − w (t) ∆t
µ
2µ
Again at

t = n∆t,

(53)

this is simplied into

n

λ
λ
2
w (0)
∆t
w (t) = 1 − ∆t −
µ
2µ
The optimal time step is in this

(54)

ase given by

∆topt =

r

1+

2µ
−1
λ

(55)

4µ
−1
λ

(56)

and the maximum time step for a given exponential is

∆tmax =

r

1+

Just as before among the group of exponentials,
(αmin

= −αmax ),

∆topt
The inequality

λ = λmax

determines the maximum time step.

∆topt < ∆tmax =

r
= 1+

p
1 + (4µ/λmax ) − 1

is

4µ
−1
λmin + λmax
learly fullled so

an now pro eed in mu h the same way as above. Apply the relation
gives that

Note that the damping parameter
ase that

λmax ≫ λmin

µ

onvergen e is guaranteed. The analysis

T ≈ nit ∆topt


and equation (34) whi h then

(58)

an not be eliminated in this expression as it

ould before. Consider as before

µ
q
λmin
1+

4µ
λmin +λmax

−1

 log

kw (0)k
d

and apply a Taylor expansion. We then get

r
1+
In su h a

(57)



nit ≈

the

Also as before

one nds that

ase, (A.57) now gives that

4µ
≈
λmin + λmax

∆topt ≈ 2µ/λmax

r
4µ
2µ
1+
≈1+
λmax
λmax

and we nd that

nit ≈ 10

λmax
λmin

(59)

whi h is the same result as (36). The higher order integration algorithm thus gives no apparent advantage and it has
a higher

ost/iteration. The dimensionality dependen e between

nit

and the eigenvalues remains un hanged.

III. Comparisons with other iterative methods
Stationary iterative methods - Ja obi iterations

The iteration formula of these methods are given by

x(k) = T x(k−1) + c
, where

c

is a

onstant ve tor. The

onvergen e

an be studied through

d = ||x(k) − x|| ≈ ρ (T )k ||x(0) − x||

(60)

is the spe tral radius of the iteration matrix T , i.e., max |λ (T )|. As seen in [44℄, the Ja obi and Gauss−1
TJ = D−1 (L + U ) and TGS = (D − L) U , respe tively. We have that A = D − L − U ,
where the matrix D is the diagonal of A, L and U are the stri tly lower and upper triangular matri es of A, see [44℄.
, where

ρ (T )

Seidel iterations matri es are

From (A.60) the number of iterations

nit

be omes

nit ≈ −
where

ρ (T ) < 1

log


x(0) − x /d
log (ρ (T ))

is required, see (A.60). We need to rewrite (A.61) in order to be able

(61)

ompare with the

onvergen e

results of the present work. We rst onsider the Ja obi iterative method. Its iteration matrix an
 be expressed as TJ
I − D−1 A, where I is the identity matrix, so |λ (TJ )| = λ I − D−1 A = λ (I) − λ D−1 A = 1 − λ D−1 A

1 − hDi−1 λ (A)

.

The last approximation is reasonable if the diagonal elements in

D−1

=
≈

are similar in size (it is

exa t if

hDi

−1

D−1 = µI ,

where

µ

is a

onstant s alar). Finally we set

−1

≡ (tr (A) /n)
= 1/ hλ (A)i.
1 − λmin (A) / hλ (A)i.

orresponds to

nit ≈ −

1 − hDi−1 λ (A) = |1 − λ (A) / hλ (A)i|

Sin e ρ (TJ ) = max |λ (TJ )| ≈ max |1 − λ (A) / hλ (A)i|
The following approximate formula an then be used

< 1,

be ause

one possibility



log x(0) − x /d
log x(0) − x /d
≈
log (1 − λmin (A) / hλ (A)i)
λmin (A) / hλ (A)i

(62)

The last approximation is through Taylor expansion. Consider a reasonably homogenous eigenvalue spe trum, then
−10
hλ (A)i ≈ (λmin (A)
taking the onvergen e riterion d = 10
, one nds that
 + λmax (A)) /2. As before, by
(0)
(0)
log x − x /d ≈ 20, almost independent of x − x . We arrive at the result



λmax (A)
λmax (A)
nit ≈ 10 1 +
∼ 10
λmin (A)
λmin (A)
The expli it use of (A.61) gives of
other

ourse a mu h more a

(63)

urate result, but as stated above, a

omparison with our

onvergen e results is valuable. The Ja obi result (A.63) is seen to be just similar in performan e as the rst

order system's result (36) whi h is not su iently

ompetitive.

max |λ (TJ )| than that studied above, namely the
ase is not given in detail. That possibility just leads to

It should be pointed out that there is a se ond possibility for
possibility that

λ (A) / hλ (A)i ∼ 2.

In order to be brief, this

the same result as already given by (A.63).

Stationary iterative methods - Gauss-Seidel iterations

For the

ase of the Gauss-Seidel method there is no simple way to make a similar assessment as above. No general

result exists telling whi h of the methods will be more e ient for an arbitrary system
however, it is known that
ase that

A

Ax = b.

In many pra ti al

ases,

ρ (TGS ) < ρ (TJ ) rendering the Gauss-Seidel method

more e ient [44℄. For example, in the
2
is positive denite and tri-diagonal, blo k diagonal or similar it has been shown that ρ (TGS ) = ρ (TJ ) < 1

[45℄. Eq. (A.61) then tells us that only half of the number of iterations is needed for the Gauss-Seidel method. Thus
also the Gauss-Seidel method performs similarly as the rst order dynami al system (36).

Stationary iterative methods - SSOR iterations

Symmetri

su

essive over relaxation (SSOR) is a popular iterative method that

ombines a forward and ba kward

iteration of SOR [35℄. The spe tral radius of SSOR is given by [36℄

ρSSOR
whi h is valid provided that

1 − 2λmin (A) /λmax (A)

so

ρ (TJ ) ≤ 1.

ρSSOR
and thus a

ording to (A.61)

A

p
(1 − ρ (TJ )) /2
p
.
1 + (1 − ρ (TJ )) /2
1−

ording to the previous Ja obi Se tion,

(64)

ρ (TJ ) ≈ 1 − λmin (A) / hλ (A)i ≈

s
p
λmin (A) /λmax (A)
λmin (A)
p
≈1−2
.
λmax (A)
1 + λmin (A) /λmax (A)
1−

(65)

s


log x(0) − x /d
log x(0) − x /d
λmax (A)
q
q
nit . −
 ≈
≈ 10

λmin (A)
λmin (A)
λmin (A)
log 1 − 2 λmax (A)
2 λmax (A)
where it has been assumed as before that
is the same as DFPM, see (22).

log


x(0) − x /d ≈ 20.

This approximate result is

ompetitive be ause it

Krylov subspa e methods - the

The

onjugate gradient method

onjugate gradient method is a popular iterative method

ommonly referred as very e ient for solving sparse

linear systems whose matrix is positive denite, symmetri and diagonal dominant [42℄. In this method the

onvergen e

an be studied through (pp. 215 in [35℄)

(k)

d = ||x
κ2 = λmax (A) /λmin (A)
iterations nit be omes

where
of

√

κ2 − 1 k (0)
− x||A . 2 √
||x − x||A
κ2 + 1

is the eu lidean

ondition number and

||x||A = (Ax, x)1/2 .

(66)

From (A.61) the number



log 2 x(0) − x A /d
log 2 x(0) − x A /d


√

nit . −
(67)
=−
κ −1
log √κ22 +1
log 1 − √κ22 +1

p


2
√ 2
√2
≈
−
If λmax ≫ λmin , Taylor expansion gives that log 1 − √
≈
−
=
−2/
λ
(A)
/λ
(A)
.
max
min
κ2 +1
κ2 +1
κ2

−10
(0)
, one nds that log 2 x
− x A /d ≈ 20. The nal estimate is the
By taking the onvergen e riterion d = 10
familiar

nit . 10

s

λmax (A)
λmin (A)

(68)

This is again as good as the DFPM result (22).

The steepest gradient method

The steepest gradient method is another method whi h is similar to the

√
κ2

in (A.66) is repla ed by

κ2 ,

onjugate gradient method ex ept that the

see pp. 215 [35℄. In the same way as above, this then lead to the less good result

nit . 10

λmax (A)
λmin (A)

(69)

Krylov subspa e methods - GMRES

There are other Krylov subspa e methods that
method.

an handle more general matri es than the

One su h example is the generalized minimal residual method (GMRES) whi h is

non-symmetri

problems. A

ording to pp. 216 [35℄ the

For simpli ity to get an estimate,

onjugate gradient
apable of handling

onvergen e is given by

 !n/2
λmin AT + A
d. 1−
||x(0) − x||
2λmax (AT + A)

T
onsider a symmetri matrix A: λ A + A = λ (2A) = 2λ (A),
d.

(70)

so


n/2
λmin (A)
1−
||x(0) − x||
2λmax (A)

(71)

Similarly as above after Taylor expansion one nd


λ
λmax (A)
max (A)
≈ 80
nit . 4 log 2 x(0) − x /d
λmin (A)
λmin (A)

whi h indi ates that GMRES does not appear to be

ompetitive for the

ase of interest here:

(72)

λmax ≫ λmin .

IV. Generalization of DFPM
Negative eigenvalues

If the matrix

A

only has negative eigenvalues the same DFPM algorithm

λ < 0 all that is needed is to multiply ea

an in prin iple be reused. By inspe ting

−1, so η → −η and µ → −µ. The easiest
update of the algorithm (6) to a omplish this is to hange the sign of the fun tional F . Thus let b − Ax → Ax − b
in (6) and the optimal parameters are still given by (14, 15) ex ept the hange λ → |λ|.

(8), it is seen that if

The sign of the eigenvalues

h equation with

an often be mathemati ally motivated by inspe ting the stru ture of the original

operator. Another way to nd out for a given matrix whether all

|λ − Aii | ≤

P

|Aij |,

λ>0

or

λ<0

is to apply Gershgorin's Theorem:

see the very ni e examples in [46℄. If a matrix is stri tly diagonally dominant and all its diagonal

elements are positive, then the real parts of its eigenvalues are positive; if all its diagonal elements are negative, then
the real parts of its eigenvalues are negative. These results follow from the Gershgorin

ir le theorem, see e.g. [34℄.

Complex eigenvalues

Throughout this work we have assumed that

A is

real valued. However, eigenvalues may still be omplex valued. If
λ1 , λ∗1 , λ2 , λ∗2 , λ3 , λ∗3 , .., λn/2 , λ∗n/2 , see (8). Equation

so, it is well known in linear algebra that they appear in pairs, i.e.,
(11) is still valid but a new analysis is needed. Let us therefore

α1,2 = 1 −
2

onsider (11) again

µ
∆t p
λ
∆t2 − ∆t ±
ζ =U ±W
2η
2η
2η

(73)

ζ = (µ + λ∆t) − 4ηλ. Sin e λ ∈ C, both U and W are omplex in general. A riti al ondition for onvergen e
is that |α1,2 | < 1. These two eigenvalues are given by |α1,2 | = |U ± W |. However, this expression is too intra table
to analyze in detail. A mu h simpler way is to instead look at |U ± W | ≤ |U | + |W |. If |U | + |W | ≤ 1 onvergen e is
ensured. To get an e ient method we need to identify min (|U | + |W |). The problem be omes very mu h simplied
if we re ognize that, in any ase, a good thing is to minimize |U |. We note that there is no real valued ∆t and µ that
renders U = 0. Nevertheless let us nd its minimum by onsidering
where

|U |2 = U U ∗ =




λ
µ
λ∗
µ
1 − ∆t2 − ∆t
1 − ∆t2 − ∆t
2η
2η
2η
2η

= λ∆t2 + µ∆t − 2η
By dierentiation w.r.t.

µ

one nds the

ondition that




λ∗ ∆t2 + µ∆t − 2η /4η

Re (λ) ∆t2 + µ∆t − 2η = 0
This is all good but it is only optimum for one os illator. It

annot be fullled for all the os illators. In order to nd

the global optimum we therefore suggest minimization through the following least square expression:

n
X
i=1

Dierentiation w.r.t.

µ

Re (λi ) ∆t2 + µ∆t − 2η

2

(74)

then gives that

n

∆t2

1X
Re (λi ) + µ∆t − 2η = 0
n i=1

Pn
Sin e the eigenvalues are real valued or omes in pairs with omplex onjugates we have that
i=1
Pn
thus on lude that
i=1 Re (λi ) = tr (A). We nd that a good damping of the system is given by

Im (λi ) = 0.

We

µ=

2η − (tr (A) /n) ∆t2
∆t

(75)

2

2

|W | = W W ∗ = (∆t/2η)
|ζ| is minimized by minimizing ζ = (µ + λ∆t) − 4ηλ. Let us onsider
p
iϕ/2
the possibility that ζ = 0, i.e., µ = ±2 η |λ|e
− |λ| eiϕp
∆t. Sin e µ is real this is only possible if the imaginary
part of this equation be omes zero. This gives that 0 = ±2 η |λ| sin (ϕ/2) − |λ| sin (ϕ) ∆t. For a single os illator we
The se ond part

nd that the time step is

∆t = 2
For a pair of os illators with

λ

and

λ∗ the

r

η sin (ϕ/2)
|λ| sin (ϕ)

(76)

same time step is obtained for both. The question is what happens when

we have the full system of os illators? From (A.73) and (A.75) we have that

, where


U = ∆t2 /2η (k − λ)

(77)

k = (tr (A) /n). From (A.77) we see that |U | is zero only when ∆t = 0 and otherwise in
|W | to identify an optimal time step. Equations (A.73), (A.75) and (A.77) gives that

reasing so we have

to turn to

W =



2k
U
1+U −
k−λ
2

Unfortunately there is no expli it formula for
in order to nd the optimum
optimal

∆t

1/2

∆t

=


U−

k
k−λ

that minimizes

2

−

|U ± W |.



k
k−λ

2

+1

However, one

!1/2
an plot

(78)

|U ± W |

versus

∆t

or alternatively use an appropriate numeri al optimization method to identify the

∆t.

In order to at least get some edu ated guess we ask the question: for whi h λj ∈ {λ} is |U | largest? Consider
2


2
2
U U ∗ / ∆t2 /2η = k − |λj | eiϕ k − |λj | e−iϕ = k 2 − 2k |λj | cos ϕ + |λj | ≤ (k + |λj |) . Thus we have

∆t2
|U | =
2η

q
∆t2
(k + |λj |)
k 2 − 2k |λj | cos ϕ + |λj |2 ≤
2η

whi h need to be fullled for all os illators

j = 1, 2, .., n.

(79)

We therefore have that

∆t2
(k + max (|λ|)) < 1
2η

(80)

