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Abstract 
When a high frequency electromagnetic wave propagates through a plasma (for example a 

radio wave that enters the ionosphere, or an energetic laser beam that propagates through a 
fusion plasma) the nonlinearity of the medium give rise to low frequency perturbations of the 
background state of the plasma. Among other things a low frequency nonlinear current is 
created. This current in turns creates a low frequency magnetic field that can affect the 
propagation characteristics of the original high frequency wave.  

 
In this paper we have considered, starting from the relativistic Vlasov equation, the case of 

a collisionless, weakly relativistic electron plasma (with immobile ions constituting a 
neutralising background) through which two high frequency waves are propagating. The low 
frequency nonlinear current density which is then created, and the corresponding quasi static 
magnetic field, have a relativistic contribution. During certain conditions this effect is more 
important than the non-relativistic contribution.  

An instructive example of this effect is also given. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 



1  Introduction 
In this paper we are considering, starting from the relativistic Vlasov equation, the case of 

a collisionless, non magnetised, weakly relativistic electron plasma (with immobile ions 
constituting a neutralising charge background) through which two high frequency waves, 
indexed 1 and 2 respectively, are propagating. A low frequency wave, indexed 3, is then 
created. The frequencies in our calculations are assumed to be above the ion plasma frequency 
so that the ion motion can be ignored. 

The so called Vlasov equation relates the changes in the electron velocity- and spatial 
distribution function, which is called the phase space, to given electric and magnetic fields at 
some specific point in space and time. 

In addition we have the Maxwell equations that give us the electric and magnetic field 
given the charge density and current, which we can calculate from the electron distribution 
function. 

In principal, we can solve this system of equations and get our wave-plasma system 
behaviour but due to the nonlinearity of the Vlasov equation we must in general use a 
computer to solve the system of equations numerically. If, however, some quantities in our 
plasma system are small we can obtain analytical solutions which are good approximations to 
the actual evolution. 

This paper is organised as follows: 
 
In §2, Relativistic plasma, we first derive the relativistic Vlasov equation which allow the 

plasma electrons to increase there masses as their speed increases. We do this by using the 
momentum to define phase space, instead of defining the phase space using the velocities as 
in the nonrelativistic Vlasov equation. 

Then we reconsider first linear and then weakly nonlinear plasma waves to understand the 
methods and assumptions on which §3 is built.  

 
In §3, The nonlinear current, we first derive a general expression, in the form of an 

unevaluated integral, for the nonlinear low frequency current density using nonlinear 
perturbation theory and weakly relativistic corrections. The detailed calculation is placed in 
Appendix A and B. The calculations in Appendix A and B is verified in Appendix C using the 
computer algebra program Maple V, relase 4. 

Then we consider the general expression in the long wavelength limit to get a case of 
physical interests where we can evaluate the integral to get an algebraic expression for the low 
frequency current.  

Finally we use the long wavelenght expression in a special case to give an illustative 
example of when the relativistic effect is important.  

 
 
 
 
 
 
 
 
 
 
 



2  Relativistic plasma 
In this chapter we present the previously known background which is essential for the 

understanding of the new results in the following chapter. 
First we derive the relativistic Vlasov equation in order to understand the equation that is 

the basis for this paper. We then use this equation to consider the weak nonlinear wave 
interaction, the wave interaction which give rise to the low frequency current. 

2.1The relativistic Vlasov equation 
The relativistic Vlasov equation reads 

     ( 2.1) 

where is the particle mass, q is the particle charge, is the particle velocity,  and is 
the electric and magnetic field at the particle respectively.  is the particle momentum given 

by . is the number of particles ,electrons in our case, per momentum 
and space volume, so that the total number of electrons N in a volume is 

  ( 2.2) 

in a Cartesian co-ordinate system. The number of electrons per unit volume is  

  ( 2.3) 

The operator in (2.1) means 

  

There are different ways to derive (2.1). The way presented here is instructive in the sense 
that the we can ”see” how the particles actually moves. 

First we look at the plasma particles positions and momentum is in the x-direction.  
We consider particles which at  have co-ordinates in the small space volume 

 and in the small 
momentum volume . 
This is pictured in figure 2.1 as 
rectangle (1).  

If the acceleration varies slowly 
in plasma (no collisions), the 
particles will move together. The 
rectangle (1) is then deformed to (3) 
in figure 2.1. We may for clarity let 
the deformation of (1) to (3) go via 
(2), that is, from (1) to (2) we look at 
the change in the particle positions 
and  

 
  Figure 2.1 The phase space in the x-direction 
from (2) to (3) we look at the change in the particle velocities. 
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Because of the smallness of the volumes we can drop the integral sign in (2.2) and write 

  ( 2.4) 

where N is a the number of particles in the phase-space (1). When our volume has been 
deformed to (3) we have: 

  

                                                                                       ( 2.5) 

The number of particles in the volume is unchanged from (1) to (3) so (2.5) minus (2.4) 
yields 

  

         ( 2.6) 

if we can show that , and .  
Proof: Figure (2.1) shows that the four corners moves from (1) to (3) in this way: 
corner 1: 

  

corner 2: 

   

corner 3: 

  

and corner 4: 

   

to the lowest order in the Taylor expansion in our small quantities. 
The difference between the x-co-ordinates of corner 2 and 1 in (3) yield 

  

and the difference between the - co-ordinates of corner 3 and 1 in (3) yield: 

  

  



where  that is  if , that 
is, if the force in the x-direction do not depend on the momentum in the x-direction . This is 
true if the force acting on the particles is the Lorentz force: 

  ( 2.7) 

To see this we write out the x-component of (2.6): 

  

so that . We proceed the same way with the y and z co-ordinate to get 
 and respectively. Now, dividing (2.6) with  and taking 

the limit yield . Finally using the chain rule on this we obtain: 

  

according to the chain rule on vector form, or  

  

using the Lorentz force (2.7). This is the relativistic Vlasov equation (2.1). 

2.2Introduction to nonlinear plasma waves 
As a prerequisite to investigate weakly nonlinear waves we first study linear waves, that is, 

we consider the case when the deviation from equilibrium is so small that we can neglect 
terms containing products of perturbations. This is presented in §2.2.1.  

In §2.2.2 we then consider the case of weakly nonlinear waves, where we can not ignore 
terms of higher order in the perturbations. The deviation from equilibrium is still small 
though. 

2.2.1Linear waves 
If the perturbation f of the distribution function is small compared with the time an space 
independent background distribution function  we can make the ansatz 

  ( 2.8) 

 may or may not be the distribution which corresponds to thermodynamic equilibrium.  
Inserting our ansatz (2.8) in (2.1) yield 
 

     ( 2.9) 

If the perturbation is small enough we can neglect f compared to  in (2.9). We then get 

    ( 2.10) 



This is a linear equation in our perturbations since we have neglected the last term in (2.9) 
which contains the perturbations squared since the electric and magnetic fields are also 
perturbations. Now we make the ansatz 

    ( 2.11) 

where  is the complex conjugate to  so that f do not have any imaginary part. 
For example, if  in (2.11), A being the wave amplitude, we get , 

and if  we obtain , that is, the complex factor give the phase 
of the wave relatively to our reference. We proceed in the same way for the ansatz for the 
perturbation of the electric and magnetic field: 

     ( 2.12) 

  ( 2.13) 

and 

     ( 2.14) 

where n is the density perturbation. Assuming that  is a symmetric function in  around 
, that is , we get   

  ( 2.15) 

 
so that the -part in (2.9) (and (2.10)) is zero. Substituting (2.11), (2.12) and 
(2.13) in (2.10) and assuming that the amplitude coefficients do not depend on time and 
space, that is, that and of  ,  etc is zero, we get 
 
 

     

   

or 
    

   

Collecting terms: 

  

         ( 2.16) 

We note that to make (2.16) always true we must have 



   ( 2.17) 

and 

  

solving for in (2.11) then yield: 

        ( 2.18) 

The current density is given by 

  ( 2.19) 

Substituting (2.18) in (2.19) yields 

  ( 2.20) 

In addition we will need the last of Maxwell’s equation (Amperes law): 

  ( 2.21) 

When we do the linear approximation we obtain a solution of sinus type for a given 
frequency. The general linear solution is then a linear combination of sinus type expressions 
with different frequencies: the Fourier expansion. Since we only consider monochromatic 
waves with distinct frequencies (2.21) can be written as 

  ( 2.22) 

In the same way Faraday’s law becomes 

  ( 2.23) 

Substituting (2.23) in (2.22) and using the vector identity  
yield 

  ( 2.24) 

We now look at the i-component of (2.24) and write out the dot products explicitly:  

  ( 2.25) 

where the index i is x, y or z. We observe that this can be written with index formalism: 

  ( 2.26) 



  ( 2.27) 

where two index with the same name means summation over this, that is 
  
and is the Dirac delta function: 

  

The current density in (2.26) is given by (2.20). The i-component of (2.20) may be written: 

  ( 2.28) 

Combining (2.26), (2.27) and (2.28) yields 

  ( 2.29) 

An evaluation of (2.29), which may include an expansion of the integral in the appropriate 
limit, yields the linear dispersion relation. We do this in §3.2.2. (2.29) can compactly be 
written on index form 
  
where  is given by 

  

 
Now, assume that we have one more plasma wave, indexed 2. We make the ansatz: 

  ( 2.30) 

And so on. If we can do the linear approximation (2.10) we will get 

    

  

    

           ( 2.31) 

that is, we get (2.16) plus two terms with index interchanged . This means that (2.31) 
give us the dispersion relation (2.29) for the two waves respectively, that is, the two waves do 
not affect each other.  
 
 



2.2.2Nonlinear waves 
We now consider equation (2.9) in the weakly nonlinear approximation and make the ansatz 
  

               ( 2.32) 

     ( 2.33) 

  ( 2.34) 

 
where C.C means the complex conjugate. Substituting (2.32), (2.33) and (2.34) in (2.9),using 
a momentum symmetrical distribution function as our  so that      
according to (2.15) and assuming that the amplitude coefficients are not varying in space and 
time, we get:  

  

     ( 2.35) 

where the right hand side of (2.35) is the nonlinear part. If this term was negligible we would 
get three independent waves like in the linear case. Now, we multiply (2.35) with the factor 

 because we want to find out about wave number three which we choose 
to be  the one generated by the nonlinear interaction between wave 1 and 2. We get 

   

  

                             

     ( 2.36) 

Integrating this equation over a time long compared with  and distans long compared 
with , and then dividing the result by the length of the intervals yield 

     ( 2.37) 

since the periodic exponential function has a zero mean value. The -bracket means that its 
contents should be average as we have already done with the left hand side of (2.37).  
We now assume the relations  and . This quantities is allowed to 
be negative. The only terms that survive the averaging is then  



               

                            

                                 

 

                           

                              

 

                                ( 2.38) 

Substituting (2.38) in (2.37) then yields: 

               

                              ( 2.39) 

We solve for : 

     

                                           ( 2.40) 

Substituting (2.18) +  in (2.40) then yields 

      ( 2.41) 

The low frequency current is given by 

  ( 2.42) 

Inserting (2.41) in (2.42) then yield: 

         

                 ( 2.43) 

 



The first integral in (2.43) is a current density which is linear in . Although, the low 
frequency electric field is dependent of wave 1 and 2. We have:  
  ( 2.44) 

where index L means linear and NL means nonlinear and where 

             ( 2.45) 

  ( 2.46) 

This result is important and it form the foundation for all of the following calculations. The 
goal of this paper is to find a more explicit expression for the nonlinear current in a special 
case. Combining (2.25) which we obtained from Maxwells equations with (2.44) and (2.45) 
yield: 

  (2.47) 

In the linear limit the right hand side of (2.47) is zero, we have no driving term. If we then 
still have a low frequency electric field  we obtain the linear dispersion relation (2.29) for 
this so called resonant low frequency wave. 

The i-component of the linear current is given by (2.45) where  is given by the 
dispersion relation (2.47). This may be written 
  ( 2.48) 

where is given by: 

  

and  is given by (2.46). To obtain  we have to solve (2.48): 

  (2.49) 

where . A clever way to find  is  

  (2.50) 

where  means the determinant when row i and column j has been deleted from 

the corresponding matrix . On vector/matrix form we have 

     (2.51) 

 
according to (2.49) and (2.50). The matrix D looks like this 



  (2.52) 

 
The determinant of D is what decides the properties of the wave. If it is zero the wave is 

said to be a resonant wave: it can ”live” in the plasma on its own. If the determinant is not 
zero the low frequency wave is a driven oscillation and the wave will vanish when the high 
frequency pump waves vanish. We are considering the steady state solution for the non-
resonant case because we have assumed that ,  for the amplitude coefficients, 
that is, we see no transient solutions in time or space. 

 

3  The nonlinear current 
In this chapter, which contains the new result, we will simplify the expression for the 

nonlinear current in a special case taking into account the relativistic effects. 
First we derive a simplified expression for the nonlinear current density, then we consider 

the special case when the low frequency wave has long wavelength. 
To be able to do the simplification we assume that certain parameters are small. Then we 

can do Taylor expansions in these parameters. These small parameters are: 

 ,  

which are each small compared to unity. Further we have assumed that  and 
 which we also will use to be able to neglect small terms later. 

3.1The simplified nonlinear relativistic current density 
The low frequency nonlinear current density is given by (2.46) on vector form: 

                 ( 3.1) 

From statistical physics we have that the most probable distribution function is 

    ( 3.2) 

If we have an ensemble of non interacting particles they can maintain an arbitrary 
distribution, but collisions tend to drive the system towards the most probable state given by 
(3.2). In deriving the Vlasov equation we assumed that we had no collisions. In a real plasma 
we always have some collisions though which tend to give the distribution function according 
to (3.2). There is also cases when the collisions in the plasma is not sufficient to explain why 
the distribution is (3.2) but still is so, see Chen (1990). The choice of (3.2) as our equilibrium 
distribution is therefore reasonable. 

The relativistic kinetic energy of a plasma electron is given by: 

  (3.3) 



  

     ( 3.4) 

Inserting (3.3) in (3.2) yield: 

   ( 3.5) 

where . The distribution function (3.2) with the relativistic kinetic energy (3.3) 
is called the Synge-Jüttner distribution function. We take the gradient of (3.5): 

                    

                           

                           

                                   ( 3.6) 

This implies 

                       ( 3.7) 

The derivative of (3.7) is: 

  

                                 

or 

    

   ( 3.8) 

The relativistic momentum of the plasma electrons is , or 



     ( 3.9) 

The last approximation is valid when . When this condition is fulfilled we can use 
(3.9) to do the approximation: 

     ( 3.10) 

 
We can make yet another expansion: since  is very small for  according to (3.5) 

we can estimate a maximum value of the quantity  when  

  (3.11) 

is not small as 

  ( 3.12) 

where  is the phase velocity for the waves respectively. If, for example, our two high 
frequency waves are of electromagnetic type their phase velocity is greater than the speed of 
light. This is not true for arbitrary waves, but to be able to simplify we assume it is true for the 
waves we are considering. 

Taylor expansion of (3.11) in this parameter yield:  
 

  

                                                     ( 3.13) 

Since the factor is very small we can neglect terms containing it squared. We get: 

  

  ( 3.14) 

Taking the derivative of (3.14) and collecting common factors yield: 

  



  

       ( 3.15) 

One important factor in the nonlinear current density (3.1) is 

        

    ( 3.16) 

Substituting (3.8), (3.14), (3.7) and (3.15) in (3.16) yields: 

  

      

                         

        

                      

        

                                    ( 3.17) 

 
Yet another approximation can be made: since the frequencies  and are large (and of 
about the same magnitude) we can neglect terms where they appear four times in the 
denominator. This may sound strange because the frequencies are not dimensionless 
quantities. But what we in reality do here is to consider the dimensionless parameters of type 

 ,  

that we mentioned in the beginning of this chapter.  
We also neglect some terms which contains squared:  



 

        

                                                                 

         

            ( 3.18) 

We split (3.18) into one relativistic and one nonrelativistic part. The nonrelativistic part: 

                  

  

                                         

                                                    ( 3.19) 

The relativistic part of (3.18) is, with obvious second order relativistic corrections ignored: 

           

                   

         

       

           ( 3.20) 

Another important factor in (3.1) is 



  ( 3.21) 

In the linear case for a plan wave Faraday’s law yield: 

 .    ( 3.22) 

since the waves in this case is exactly sinusoidal. In our case we have three different waves. 
Since the three waves is coupled through the nonlinearity, (3.22) is not in general exactly 
valid for each wave. But since we only consider the case of time and space independent 
amplitude coefficients, (3.22) is valid for each wave in our case. Substituting (3.22) in (3.21) 
yield 
 

     ( 3.23) 

To get rid of the nasty double cross product we substitute the identity 
  

in (3.23). This yield: 

              

                                                 ( 3.24) 

We split (3.24) in one relativistic and one nonrelativistic part: 

    ( 3.25) 

                      ( 3.26) 

 
 

An important factor in (3.1) is 

 

+  

 
to lowest order in the relativistic correction. To obtain the non-relativistic part we take the dot 
product between (3.25) and (3.19) which yield 

           



                                    

                                     

                                      ( 3.27) 

 
The details of this calculation is given in Appendix A, where (3.27) above have equation 

number (A.12). This result agrees to second order in the high frequency’s  exactly with 
Brodin & Stenflo (1993). Our result also agrees to third order with this paper except for a 
numerical factor in the -term. 

To obtain the relativistic part we take the sum of the dot products of (3.25) with (3.20) and 
(3.26) with (3.19), that is  

  

                  

                      

                    

                       

                                                                      

                       

                                                                  ( 3.28) 

 
The details of this calculations is presented in Appendix B, where (3.28) above is equation 

number (B.16).  (3.27) plus (3.28) yield the total expression: 

   

   



     

                  

  

          ( 3.29) 

 
Inserting (3.9) in (3.1) yield: 

              

                                 

 

                 

Using that the relativistic correction is small we obtain 

    ( 3.30) 

 
We finally get the simplified expression for the nonlinear current density by inserting (3.29) 
in (3.30): 
 
 
 
 
 
 
 
 
 



   

                   

                 

                                               

                                                                   

                  

                                                  

                                                                         ( 3.31) 

 
Equation (3.31) is the main result of this paper. It contains the weakly relativistic corrections 
we are interested in studying. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



3.2 The long wavelength limit 
The integral (3.31), though it is already a simplification of (3.1), is hard to evaluate in 

general. To illustrate the formula and show the importance of the relativistic term we will 
consider a special case when we can solve the integral and calculate a algebraic expression for 
the simplified nonlinear current. 

We consider the case with long wave length of the generated wave (indexed 3). This case 
is interesting because the current density and the corresponding quasi static magnetic field 
then is slowly varying in space so that the low frequency magnetic field is almost constant 
over large distances. 

3.2.1 Derivation of the explicit long wavelength formula  
When we multiply the first factor in (3.31) with the rest of the expression we obtain in 

some terms a factor of this type: 

       

           

where A is some number. Since the relativistic correction is small we can write this as 

   ( 3.32) 

We consider the limit where is small compared to one. (3.32) then becomes: 

      

            

 
 
 
 



               

                     

We neglect terms of third order in : 

            

              

 

          

      

That is, to second order in  we have 

  

      

 

               

       

 

              

                       ( 3.33) 

 
 
 
 



3.2.1.1 The nonlinear second order in frequency part 
To better see what is big in (3.31) we neglect terms of order three in : 

          

                            

                                             ( 3.34) 

where  means that the current density is of order two in  
Substituting (3.33) in (3.34), neglecting higher order relativistic corrections, yields:  

       

                                                             

                               

                                                             ( 3.35) 

simplification of (3.35) yields 

  ( 3.36) 

where 

   ( 3.37) 

and 

     

                                                       ( 3.38) 

 
 
 
 



We now look at the x-component of the integrand of  (3.37): 
 

        

 

    

          

 

     

                                    

 

       

              

                           

                                                               

 
When we integrate , and  from  to the terms which involve any of the 
momentum components raised to an odd power give a zero contribution to the integral 
because we are then integrating an odd function on a symmetrical interval. What is left is: 

   

              

 
Working out the brackets, neglecting the odd terms, yield: 
 



 

                                                              

                                                               

 

    

                                                              

                                                               

    

                                        

Thus we have 
   

  

    

                                                             

 
Since this integral is proportional to the relativistic expansion parameter  we only 
use the non-relativistic part of the expanded Synge-Jüttner distribution (3.5) to avoid higher 
order relativistic corrections, that is, we use the Maxwell distribution. We get: 

 

                                                             

                                                             

Now we use some standard integrals which can be found in most physical and mathematical 
handbooks: 



                         

Using this on the integral above yield 

      

                                      

                                      

    

                                                                               

 

        

                                                                 

                                                                  

 

            

 
Proceeding in the same way for the y and z-components give the result on vector form:  

                    ( 3.39) 

We now consider the x-component of the integrand of  (3.38): 

 

 

        

                          



 
In the same way as above the odd terms do not contribute to the integral. The remaining part 
that may contribute is: 

 

 
We integrate: 

     

                                                 

 
 

          

                                                    ( 3.40) 

 
We throw away the odd terms in (3.40) and write , (3.5), explicit. In (3.40) there are terms 
which are nonrelativistic. In these terms the first order relativistic expansion of the Synge-
Jüttner distribution must be used:  

    ( 3.41) 

Since the relativistic correction is small we can Taylor expand in this parameter: 

      

                                   ( 3.42) 

Substituting (3.42) in (3.41) yield 

 

                                                                        

 



        

                                        

               

 
Using our standard integrals 

, , ,  

 
yield: 

 

                     

             

                                       

 

      

                                                    

                                                   

 

       

                                                   

                                                    

 

   



 
The same calculations are made for the y and z-components. On vector form the result is: 

 

                    ( 3.43) 

 
Substituting (3.39) and (3.43) in (3.36) yields the total current density, to second order in the 
high frequencies:  
      

                         

                             ( 3.44) 

 
Since the relativistic correction is small we can use the non-relativistic normalisation factor 
for our distribution function. It looks like this: 

  ( 3.45) 

Inserting (3.45) in (3.44) finally yields 
 

  

                      

 

                     

                                                     

 

               ( 3.46) 

3.2.1.2 The nonlinear third order in frequency part 
Since we already have calculated the second order in frequency part of (3.31) in the long 

wavelength case above we now only consider the part of (3.31) that is of third order in the 
high frequencies.  



Since these terms are already small we also neglect their relativistic correction. We then 
get: 

 

                                                

                                                       ( 3.47) 

where marks that this is a exclusively third order in frequency current. (3.47) then yield: 

  

 

  ( 3.48) 

 
for small parameter as before. Substituting (3.48) in (3.47) yield: 

 

                        

 

     

                         ( 3.49) 

 
We now look at the x-component of the integrand of (3.49), excluding the part that 
we have due to symmetry between the index 1 and 2: 

        

         

 



        

                                                        

          

          

 

         

            

           

          

          

 

         

            

           

          

          

         

            



           

          

          

 
We throw away the odd momentum components. What is left is: 
 
 

          

           

          

          

 

        

                         

          

          

          

          

 
Odd components vanish: 

 



          

     

   

           

          

          

 
Since we neglect relativistic corrections we have the Maxwell distribution, that is 
  
 
We integrate, keeping in mind our explicit expression for : 

 

                        

 

           

            

     

   

           

          



          ( 3.50) 

 
Our standard integrals again 

, , ,  

 
Integrating (3.50) explicit yield 

 

    

    

    

            

                                                                                 

            

          

          

 

       

    

    



    

            

                                                                           

            

          

          

 

     

     

            

            

          

          

 

      

             

          

            



          

 

   

             

           

           

          ( 3.51) 

Simplification of (3.51) yields 

 

                                                                                               

 
This give us the expression on vector form: 
 

       

                                                                                               ( 3.52) 

 
Substituting (3.45) in (3.52) as above yield 

 ( 3.53) 

3.2.1.3 The linear part 
The linear part of the low frequency current is principally different from the nonlinear part 

since it may or may not be independent of the high frequency waves according to (2.47): 

 

 



(2.45) on vector form: 

                 

  

Inserting (3.6) in this yield: 
  

  

         

        

We expand the first factor according to our assumption of long wavelength: 

        

                                                                                 

 

        

                                                                                 

           

                                                                                 ( 3.54) 

 
We have neglected the -term above as previous. We now study the x-

component of (3.54):s integrand: 
 



      

                                                                          

 

     

                         

             

 
The second bracket is odd in p so only odd terms in the first bracket make the product of 

the brackets even and non vanishing when integrating: 

      

                

 

       

      

                

                       

 

    

      



                

                       

 
As before, all terms which contains an odd power of any p-component give zero 

contribution. What is left is: 
 

       

                                                        

      

       

 

     

        

                                                  

      

       

 

      



       

       

      

      

       

We neglect terms that are of second order in the relativistic correction: 

     

    

       

       

      

      

       

 
Simplifying and integrating: 

  



                                        

                                        

                                         

                        

                       

 

            

                                        

                                         

                                                            

 
The last step is possible because we have an isotropic medium so that  
  
and so on. 
We neglect terms containing products of the small quantities  and 

: 

 

                                     

 
 
 



That we here are neglecting terms of order three may seem strange because earlier we have 
kept such terms. But since  also is a small quantity (that is , see the beginning 
of §3 and also the special case (3.63)) the neglected terms are in reallity of order four or 
higher. 

Only the first term is not of second order (third order including ) so only this term need 
the relativistic expansion of the Synge-Jüttner distribution (3.42). We obtain:  
 

  

  

 

  

                           

  

 
Our standard integrals: 

, , ,  

 
Explicit integration yields: 

  

     

                                      

      

 

            



     

                                      

 

                                      

                                                                                     

Using we get 

   

     

                                      

 

      

                            

 

            

                            

 

      

                      

 



           

 
On vector form this yields 

  ( 3.55) 

 

3.2.1.4 The summation of the three parts 
The sum of our three contributions yields the current density in the long wavelength limit 

to third order in our expansion parameters. (3.55) plus (3.46) plus (3.53): 
 

        

        

   

                                                                                                         

 

           

           

                                            

                                            

                                                                                                    ( 3.56) 

Since we have assumed that  is small we can neglect terms containing this 
terms squared in terms that are already small, that is: 

      



           

                                    ( 3.57) 

 
The terms in (3.57) which is directed as is called the ponderomotive terms, they 

generates a current parallel with the propagation direction of the low frequency wave. We 
note that the nonlinear, non-relativistic part of this expression agrees exactly with Brodin & 
Stenflo (1993) in the collisionless case. The condition that the relativistic term is dominant in 
the nonlinear non-ponderomotive part can be written 

  ( 3.58) 

where we have used the definition . 
 

3.2.2 An illustrative example of the relativistic effect 
To demonstrate what can happen when we take the relativistic effect according to (3.57) 

into account we consider a special case of a plasma with two different waves, one 
electromagnetic wave indexed 1 and one electron plasma wave (electrostatic) indexed 2, 

propagating in the same direction 
which we choose to be parallel to the x-
axis. 
That  is parallel with the assumed 
direction of  and  follows from the 
resonans condition .  

The direction of the different vectors 
is shown in figure 3.1. 

To get as a low frequency we have 
here defined  negative so that 

 is small. This implies that 
also  is counted negative, see (2.38). 
 
        Figure 3.1 The geometry of the waves. 

(3.57) then becomes 

  

                                            (3.59) 
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 That is, along 
the z-axis 

 

 

 



As mentioned before, the electric field  and the wave vector  is not independent of 
the two pump waves. To understand the linear part of the low frequency current it is therefore 
necessary to calculate these quantities.  

We first derive the (linear) dispersion relations for our two high frequency waves. Then we 
calculate the low frequency current density in our special case. 

3.2.2.1 Derivation of the dispersion relation for the electromagnetic wave 
For the electromagnetic wave, indexed 1, (2.29) becomes  

  

or 

  

                                     

According to figure 3.1, wave 1 has , . This yields 

  

For this becomes 

  

We use  and , neglecting relativistic effects and 

simplify: 

  

neglecting  compared with unity and using  we get 

  

  

Using and simplifying yield the well known result for an electromagnetic 
wave 

  ( 3.60) 



3.2.2.2 Derivation of the dispersion relation for the electron plasma wave 
We now derive the linear dispersion relation for the electron plasma wave, indexed 2, again 
starting from (2.29): 

  

                                     

 
From figure 3.1 we now have  , .  

  

 
For this becomes after simplification 

  

Again using  and we get 

  

Expanding the denominator give 

  

 
Integrating yields 
 

 

 
Using  and simplifying yield 

  

  

Using << 1 as earlier we get . This give the well known result 

  ( 3.61) 



3.2.2.3 A formula for the low frequency 
The resonance condition together with (3.60) and (3.61) yield 

  

remembering that  is defined negative. We assume that  is not too small so that 

 is small compared to unity so that we can expand the expression for : 

  

                                                 

                                                    (3.62) 

 
Since the two inner brackets are both small compared with unity we see that  

which in turn yield  so that . Since we know from (3.60) that  

  

which is small, we realise that  is small compared to one so the assumption 
 is consistent with its result.  

The high frequencies must not be too close to each other so that  where  is the 
ion plasma frequency since we throughout this paper have assumed that the ions do not move. 

3.2.2.4 Derivation of the dispersion relation for the low frequency wave 
The “dispersion relation” for the non resonant low frequency wave is given by inserting the 
linear and the nonlinear part of the low frequency current in (2.47): 

        

                              
where (3.59) yield: 

  

 
and 

  

 
in our example. We must in general solve 



 

, 
 
according to (2.51) with extracted from the D-matrix. The matrix D looks like this (2.52): 

  

where 
     

 

 
or, using  

  

 
But since we have assumed that  only , and  are non zero. Furthermore  
we have  so that . We get 

  

and 

  

That is 

 ,  

A short calculation yield  

  

                                                                       

and 

  



                                                                       

to give 

       

 
That is, . Since  we get to third order in our expansion parameters 

       (3.63) 

 
The current density is again given by (3.59): 

  

                                                           

Substituting (3.63) in this expression yield to third order in our expansion parameters 

  

                                                           

 
or 

  (3.64) 

 
 and  is here related by the dispersion relations (3.60) and (3.61).  is given 

by (3.62). We see that, depending on which term that is dominating, the current is changing 
sign.  

Combining Maxwells equations for a plan wave yield an expression for the generated low 
frequency magnetic field expressed in the current: 

  (3.65) 

 
We note that for a plan wave the ponderomotive current do not generate a magnetic field. 
(3.64) in (3.65) give the magnetic field: 



 . 

Or, using the plasma frequency 

   (3.66) 

We note that when  

  

the relativistic term cancel the nonrelativistic and the field vanish. This means that in this 
case the two HF-waves are not affected by the LF-wave they generate. When B is finite it is 
parallel to the z-axis as is the high frequency magnetic field. 

 
This quasi static magnetic field in turn affect the dispersion relation of the high frequency 

waves and new wave modes can be created.  
The effect from new waves on the low frequency magnetic field is not calculated in this 

paper. However the effect is a higher order phenomenom which we se from the following: 
The quasi static magnetic field is in general of second order or more in our expansion 
parameters. Inserting this result into the modified dispersion relations (for example (3.60) and 
(3.61)) for the high frequency waves thus give us corrections of these of at least order two. 
Finally, inserting the dispersion relations into the expression for the low frequency field (for 
example (3.66)) then yield corrections to the field of at the least fourth order, that is, small 
corrections that we throughout this paper has neglected. 
 

4  Summary 
By considering the weakly nonlinear  case, with no transients in time and space, in 
the relativistic Vlasov equation (2.1) we obtained (3.1) for the nonlinear current density. We 
then used the weakly relativistic approximation  and assumed that 

 in (3.1) for the waves we are considering. We also assumed that the 
generated wave has low frequency, that is, . This approximations yielded the 
simplified expression for the nonlinear current (3.31) which is the main result of this paper. 
To be able to solve (3.31) to obtain an algebraic expression we considered the case of long 
wavelength of the generated low frequency wave, that is, we assumed that . 
We then obtained the expression (3.57) for the total current . We noted that when  

  

according to (3.58), the relativistic contribution to the nonlinear non ponderomotive current 
density is more important than the non relativistic. Further, to demonstrate a case when the 
relativistic contribution to (3.57) is important we considered a situation with two waves in a 
plasma according to Figure 3.1. We then obtained (3.66) for the magnetic field. 
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7  The nonrelativistic part 
We get the nonrelativistic part by taking the dot product between (3.25) and (3.19) 

 

                 

                                  

                                  

                                  

 

                                  

                                  

                                  

 

                                  

                                

                                         ( 7.1) 

When the different brackets are worked out some terms will contain  in the 
denominator. They can therefore be neglected: 
 

 

 

                                  



                                  

                                  

 

                                  

                                  

                                  

 

                                  

                                

                                        ( 7.2) 

The middle term in the second and third group cancel each other. Working out the brackets 
and adding the part yield: 
 

                           

                                  

                                     

               

              

                                  

                                 

 



                                  

                                  

                                  

                                  

 

                                  

                                  

                                

                                    ( 7.3) 

All terms in (A.3) contains one and only one of the factors , , 
 and . Thus we can study (A.3) factor for factor instead of trying to 

simplify the whole expression (A.3) at the same time: 

7.1 The nonrelativistic E1
.pk1

.E2 -term 
We first study the -term in (A.3): 

 

                   

                   

                  

                   

                  

       



                 

                

                     ( 7.4) 

 
The approximation in the last row can be made because we can neglect terms containing 

the divisor . 

7.2 The nonrelativistic E2
.pk2

.E1 -term 
We now consider the -term in (A.3): 

                

                

                  ( 7.5) 

Our short calculation here is due to the fact that we get this term by switching  in 
the -term. 

7.3 The nonrelativistic E1
.pE.p - term 

The turn has come to the -term in (A.3): 

                

              

                       

                       

 

                         



                          

                        

 

               

                                                       ( 7.6) 

The last term contains the devisor , that is, it is of order four and can be neglected: 
 

             

          

          

                                                ( 7.7) 

 
A useful lemma is (Lemma 1): 

   ( 7.8) 

 
Proof: 
Working out the RHS of (A.8) yield 

 

                        

                        

                      



                      

                      

                      

The middle term in the third row from below is of fourth order and is neglected. In the last 
row we have used that . The error in this is absorbed in a term of fourth order and 
hence neglected. The proof of Lemma 1 is now complete. 

 
Another useful lemma is (Lemma 2): 

    ( 7.9) 

This is true without any approximations and may be shown by substituting  
and  in the RHS of (A.9). 

 
Using Lemma 2 and Lemma 1 on the -term above yield: 

 

       

            

            

                                             

 

          

                ( 7.10) 

 
 
 
 
 
 
 



7.4 The nonrelativistic E1
.E2 -term 

Now we turn our attention to the -term: 

                           

                           

                          

                          

 

                          

                                            

 

                 

                                        

 
Using Lemma 1 and 2 yield: 

         

                                                                                                                  

  

 
The last term is of fourth order and is neglected: 

          

          

             ( 7.11) 

 
 



 
Summation of (A.4),(A.5),(A.10) and (A.11) yield the simplified (A.1): 

 

                                                      

                                     

                                     

                                     

 

                                    

                                     

                                       (A.12) 

 
This result agrees with Brodin & Stenflo (1993) within a factor 2 in the third order -

term. 
 

 

8  The relativistic part 
The first order relativistic correction to the nonrelativistic part is given by taking the dot 

product of (3.25) with (3.20) plus the dot product of (3.26) with (3.19): 

                  

 
First we study the first term above. We divide it in two parts. Part 1 
 

                 

                                         

                                         



                                         

                                     

 

                                         

                                        

                                        

                                         

 

                                         

                                         

                                        

                                             ( 8.1) 

Working out the brackets and neglecting forth order terms yield: 

         

                     

                    

                                         

                                     

 

                                         



                                        

                                        

                                         

 

                                         

                                         

                                        

                                            ( 8.2) 

 
The last term in the third group and the last term in the second group cancel each other. As 

do the second term in the third group and the second term in the second group. 
We add the -part: 
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Now we study the second part of the first term: 
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Neglecting terms that obviously is of fourth order yield: 

 

                                 

                                

                                

                               

 

                                

                                

                                

                               

 

                               



                               

                                

                                

 
The second term in the second group cancel the second term in the third group, as does the 
third terms in the groups. We add the -part: 
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Now we study the second term in the relativistic expression: 

            

                                       

                                          

                                        

 

                                     

                                      

                                         

 
We work out the brackets and neglecting terms of order four: 
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The second term in the first and second group cancel each other. We add the -part: 
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All terms in (B.3),(B.5) and (B.7) contains one and only one of the factors , 

,  and  as in the nonrelativistic part. We study the 
different factors one by one and simplify them: 

8.1 The relativistic E1
.pk1

.E2 - term 
We first consider the - part of  (B.3),(B.5) and (B.7): 
 

                



               

                

                

               

                 

                 

                 

              

                                                             

                                                            

 

           

                                                         

 

           

                                                            

 

             

Using Lemma 2 on the inner bracket yield 
 

 

 



The second term is of order four and is neglected: 
 

                        

 
Using  in the third term yield to third order: 

                       

                   

                         ( 8.8) 

 
The total -term, which is the sum of the nonrelativistic (A.4) and the relativistic 
(B.8) part, is: 

      

                ( 8.9) 

8.2 The relativistic E2
.pk2

.E1 - term 
We note that the -term is obtained by switching  in the -term: 

  (B.10) 

The total -term is the sum of  (A.5) and (B.10): 

                       ( 8.11) 

8.3 The relativistic E1
.pE2

.p - term 
Now we consider the relativistic -term: 
 

                 

                 



                

                 

                

                

                

                

               

                 

                 

                 

                  

 

           

                                                            

                                               

                

                                                 

                



                                                                            

 

      

                

                       ( 8.12) 

The last term is of order four and is neglected. Using Lemm1 1 and Lemma 2 yield: 
 

             

                                                            

               

                                                     

           

                                                              ( 8.13) 

 
The total -term is obtained by adding the nonrelativistic part (A.10) and the 

relativistic part (B.13) 

                   

               

                                                                          ( 8.14) 

8.4 The relativistic E1
.E2 - term 

We finally study the relativistic -term: 



                         

                      

                     

                      

                      

                      

                    

                     

                   

                   

 

                     

                                                          

                                             

                                              

                                             

 

                    

                                                            



                                                       

                                            

                                                            

Using Lemma 1 and 2 yield: 

             

                                                            

                                                         

                 

                                                          

 
We neglect terms of order four: 

              

 

                                                         

                            

                                                          

 

              

                                                    

 

           



                                                       ( 8.15) 

 
The total -is the sum of (A.11) and (B.15): 

                  

                  

                                                            

 
The total relativistic term is the sum of (B.8), (B.10), (B.13) and (B.15): 
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9  Check with Maple 
To verify that the simplified expression (3.29) agrees with the start expression, the dot 

product of (3.18) with (3.24) + the -part, to third order in the expansion parameter we 
use the computer algebra program Maple V release 4: The maple session is given below. 
 
> restart; 
> with(linalg): 
Warning, new definition for norm 
Warning, new definition for trace 
> E1:=([E1x,E1y,E1z]): E2:=([E2x,E2y,E2z]): k1:=([k1x,k1y,k1z]): 
> k2:=([k2x,k2y,k2z]): k3:=([k3x,k3y,k3z]): p:=([px,py,pz]): 
> w3:=w1+w2: k3:=k1+k2:c:=1/d: 
> #The first term in (3.18): 
> p2grad1:=(-2*F0/pt^2*E2+4*F0*dotprod(E2,p)/pt^4*p 
+F0*E2*dotprod(p,p)/pt^2/m0^2/c^2+F0*dotprod(E2,p)*2*p/pt^2/m0^2/c^2) 
*(1+dotprod(k2,p)/m0/w2*(1-dotprod(p,p)/2/m0^2/c^2)+(dotprod(k2,p)/m0/w2)^2*(1-
dotprod(p,p)/m0^2/c^2))/w2: 
># (1<->2) in the first term 
> p1grad1:=(-2*F0/pt^2*E1+4*F0*dotprod(E1,p)/pt^4*p 
+F0*E1*dotprod(p,p)/pt^2/m0^2/c^2+F0*dotprod(E1,p)*2*p/pt^2/m0^2/c^2) 
*(1+dotprod(k1,p)/m0/w1*(1-dotprod(p,p)/2/m0^2/c^2)+(dotprod(k1,p)/m0/w1)^2*(1-
dotprod(p,p)/m0^2/c^2))/w1: 
> #The second term in (3.18): 
> p2grad2:=dotprod(E2,p)*dotprod(p,p)/pt^2/m0^2/c^2* (-
2*p/pt^2*F0+dotprod(p,p)*p/pt^2/m0^2/c^2*F0)* (1+dotprod(k2,p)/m0/w2*(1-
dotprod(p,p)/2/m0^2/c^2)+(dotprod(k2,p)/m0/w2)^2*(1-dotprod(p,p)/m0^2/c^2))/w2: 
> #(1<->2) in the second term  
> p1grad2:=dotprod(E1,p)*dotprod(p,p)/pt^2/m0^2/c^2* (-
2*p/pt^2*F0+dotprod(p,p)*p/pt^2/m0^2/c^2*F0)* (1+dotprod(k1,p)/m0/w1*(1-
dotprod(p,p)/2/m0^2/c^2)+(dotprod(k1,p)/m0/w1)^2*(1-dotprod(p,p)/m0^2/c^2))/w1: 
> #The third term in (3.18) 
> p2grad3:=(-
2*F0*dotprod(E2,p)/pt^2+dotprod(E2,p)*dotprod(p,p)/pt^2/m0^2/c^2*F0)*k2/m0/w2^2*((1-
dotprod(p,p)/2/m0^2/c^2)+2*dotprod(k2,p)/m0/w2*(1-dotprod(p,p)/m0^2/c^2)): 
> #(1<->2) in the third term 
> p1grad3:=(-2*F0*dotprod(E1,p)/pt^2+dotprod(E1,p)* 
dotprod(p,p)/pt^2/m0^2/c^2*F0)*k1/m0/w1^2*((1-
dotprod(p,p)/2/m0^2/c^2)+2*dotprod(k1,p)/m0/w1*(1-dotprod(p,p)/m0^2/c^2)): 
> #The fourth term in (3.18): 
> p2grad4:=(2*F0*dotprod(E2,p)/pt^2-
dotprod(E2,p)*dotprod(p,p)*F0/pt^2/m0^2/c^2)*p/m0^2/c^2*dotprod(k2,p)/m0/w2^2* 
(1+2*dotprod(k2,p)/m0/w2): 
> #(1<->2) in the fourth term 
> p1grad4:=(2*F0*dotprod(E1,p)/pt^2-
dotprod(E1,p)*dotprod(p,p)*F0/pt^2/m0^2/c^2)*p/m0^2/c^2*dotprod(k1,p)/m0/w1^2* 
(1+2*dotprod(k1,p)/m0/w1): 
> #Sum over the ”part gradients”: 
> #The whole (3.18) 
> p2grad:=p2grad1+p2grad2+p2grad3+p2grad4: 



> #(1<->2) in (3.18) 
> p1grad:=p1grad1+p1grad2+p1grad3+p1grad4: 
 
> #The Lorentzpart: 
> #(3.24) 
> Lorentz1:=E1+(k1*dotprod(E1,p)-E1*dotprod(p,k1))/m0/w1* (1-
dotprod(p,p)/2/m0^2/c^2): 
> # (1<->2) in (3.24) 
> Lorentz2:=E2+(k2*dotprod(E2,p)-E2*dotprod(p,k2))/m0/w2* (1-
dotprod(p,p)/2/m0^2/c^2): 
> #The start expression: 
> start:=dotprod(p2grad,Lorentz1)+dotprod(p1grad,Lorentz2): 
> #The simplified expression:  
> #First term in (3.29) 
> E1pk1E2osv:=-
2*F0/pt^2/m0/w1/w2*(dotprod(E1,p)*dotprod(k1,E2)/w1+dotprod(E2,p)*dotprod(k2,E1)/w2
)*(w3*(1-dotprod(p,p)/m0^2/c^2) -2*dotprod(k3,p)/m0*(1-3*dotprod(p,p)/2/m0^2/c^2)): 
> #Second term in (3.29) 
> E2pE1p:=4*F0*dotprod(E2,p)*dotprod(E1,p)/pt^4/w1/w2* (    (w3-
dotprod(k3,p)/m0)*(1+dotprod(k1,p)/m0/w1+dotprod(k2,p)/m0/w2) +(pt^2-
dotprod(p,p))/2/m0^2/c^2* ((w3-
2*dotprod(k3,p)/m0)*(1+dotprod(k1,p)/m0/w1+dotprod(k2,p)/m0/w2) +(w3-
dotprod(k3,p)/m0)*(dotprod(k1,p)/m0/w1+dotprod(k2,p)/m0/w2))   ): 
> #Third term in (3.29) 
> E1E2:=-2*F0/pt^2/w1/w2*dotprod(E1,E2)*((w3-dotprod(k3,p)/m0)* 
(1+dotprod(k1,p)/m0/w1+dotprod(k2,p)/m0/w2)-dotprod(k3,p)/m0 -
dotprod(p,p)/2/m0^2/c^2*((w3-4*dotprod(k3,p)/m0)* 
(1+dotprod(k1,p)/m0/w1+dotprod(k2,p)/m0/w2) + 
(w3+dotprod(k3,p)/m0)*(dotprod(k1,p)/m0/w1+dotprod(k2,p)/m0/w2)) ): 
> #The total simplified expression: 
> nya:=E1pk1E2osv+E2pE1p+E1E2: 
> w1:=1/x1: w2:=1/x2: 
> #The difference between the start expression and the simplified one: 
> a:=expand(simplify(start-nya)): 
> b:=select(t->degree(t,d)<3,a):#Throw away terms of higher order than d^2=1/c^2 in the 
difference a 
select(t->degree(t,[x1,x2])<3,b);#Throw away terms of higher order than order two in the 
high frequency’s in b 
 
0 
 
> #that is, no terms of order 2 or lower so the error must be of order 3 or higher. 
> #Since we only have terms of order 3 or higher in b the substitution w1=-w2 or x1=-x2 
would 
> #yield order 4 terms if OK. We do the substitution in b: 
> g:=expand(simplify(subs(x1=-x2,b))): 
> # We throw away terms of higher order than 3 in g: 
> select(t->degree(t,[x1,x2])<4,g); 
0 
>#that is, no terms of order 3 in g so that the error in the difference is of order 4 or higher. 




