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Holomorphic automorphisms of
Danielewski surfaces

Andreas Lind

Abstract

In this thesis we define the notion of an overshear on a Daniel-
ewski surface. Next we show that the group generated by the over-
shears is dense in the component of the identity of the automorphism
group. Moreover, we show that the overshear group has a structure
of an amalgamated product, and as consequence of this the overshear
group is a proper subgroup of the automorphism group. Finally we
classify the Rn-actions, and therefore the one parameter subgroups,
of the overshear group. We also show that any Lie subgroup of an
amalgamated product can be conjugated to one of the factors of the
amalgamated product.

Sammanfattning

I denna avhandling så börjar vi med att definiera överskjuvningar
på en Danielewskiyta. Därefter visar vi att gruppen som genereras
av överskjuvningar är tät i identitetskomponenten till automorfigrup-
pen. Vidare så visar vi att överskjuvningsgruppen är en amalgamerad
produkt, och en följd till denna sats är att överskjuvningsgruppen är
en äkta delmängd till automorfigruppen. Slutligen så klassificerar vi
Rn-gruppverkan, och därmed enparameterdelgrupper, för överskju-
vningsgruppen. Vi visar även att varje Lie-delgrupp till en amalgam-
erad produkt kan konjugeras till en av faktorerna i den amalgamerade
produkten.
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1 Introduction

The subject of this thesis will be the exploration of holomorphic automor-
phisms. Holomorphic automorphisms of Cn have been studied a number
of years. In fact, in the late 1980’s and the early 1990’s, Andersén and Lem-
pert started intensive studies of the automorphism group Authol(Cn), [An1]
and [AL]. They showed (thus answering a question by Rosay and Rudin
[RR]) that the subgroup generated by shears and overshears OS(Cn) is
dense in the holomorphic automorphism group Authol(Cn), in spite of be-
ing a proper subgroup of Authol(Cn) in all dimensions n ≥ 2. An impor-
tant principle in complex analysis is that on affine algebraic varieties, holo-
morphic functions can be approximated (in the compact-open topology)
by polynomials. When considering holomorphic automorphisms it is no
longer true that these can be approximated by polynomial automorphisms.
Even on Cn all algebraic automorphisms have constant Jacobian and there-
fore cannot approximate a holomorphic automorphism with non-constant
Jacobian. The results of Andersén and Lempert show that the right object
to study in the holomorphic automorphism group is the shear group.

A remarkable fact in dimension n = 2, see [AR] for a proof, is that
the overshear group of C2, OS(C2), is a free amalgamated product of the
affine automorphisms and the Jonquière automorphisms over their inter-
section. This structure theorem is an analogue of a classical theorem, due
to van der Kulk [VdK], which states that the group generated by polyno-
mial shears of C2 have a similar product structure. Jung also had results
in the same direction as van der Kulk in [Ju], proving that any volume
preserving polynomial automorphism is equal to a finite composition of
polynomial shears. Combining the results by Jung and van der Kulk gives
that the whole group of polynomial automorphisms has the structure of an
amalgamated product.

Another way of studying automorphisms of a manifold M is by consid-
ering one-parameter subgroups, that is a smooth mapping ϕ : R×M → M
such that for each fixed t ∈ R the mapping ϕt := ϕ(t, ·) is an automorphism
and ϕs+t = ϕs ◦ ϕt for every s, t ∈ R. One-parameter subgroups are ob-
tained by integrating complete holomorphic vector fields on M, and there-
fore are called flows. The classification of all one-parameter subgroups of
Aut(Cn) would be an ambitious project, but what about one-parameter
subgroups of the shear group or the overshear group in Cn? In fact, in
dimension 2 there is a characterization of all one-parameter subgroups of
the overshear group up to conjugation, a result due to Ahern, Forstnerič
and Varolin (cf. [AF] and [AFV]). This characterization relies on the fact
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that the overshear group is a free amalgamated product of elementary au-
tomorphisms and affine automorphisms. Analogous results for the polyno-
mial automorphism case were obtained by Suzuki in [Su1] and [Su2], and
later by Bass and Meisters, [BM]. An alternative proof of this classification
was given by Zurkowski in [Zu]. The proof in [BM] relies on the fact that
the polynomial automorphisms is a free amalgamated product of (polyno-
mial) elementary and (polynomial) affine automorphisms. Furthermore,
in [Fa1], [Fa2] and [Fa3], Fabritiis also studied polynomial automorphisms,
the shear group and one-parameter subgroups.

As the title of this thesis reveals we shall study holomorphic automor-
phisms on Danielewski surfaces. Danielewski surfaces are a class of affine
algebraic manifolds which are well known in affine geometry but has re-
ceived relatively little attention from the point of view of complex analysis.
Danielewski surfaces are hypersurfaces in C3

(x,y,z) defined by

Dp := {(x, y, z) ∈ C3 : xy = p(z)}
where p ∈ C[z] is a polynomial with simple zeros. If the degree of p equals
1, the Danielewski surface is obviously just C2, so we assume that p is of
degree at least 2. We shall show that it is possible to define a notion of
shears and overshears on these surfaces whose behavior is analogous to
the behavior of overshears on C2. One of the main results is the follow-
ing generalization of the main result of Andersen-Lempert theory of Cn to
Danielewski surfaces.

Theorem 1.1. The group OS(Dp) generated by overshears is dense in the compo-
nent of the identity of the holomorphic automorphism group Aut(Dp) of a Daniel-
ewski surface Dp.

It is already known that all Dp have the density property (cf. Theorem 1
in [KK1]). In that proof, so-called hyperbolic vector fields are used, which
in the case of C2 are known to be (and so far are the only known) concrete
examples of holomorphic automorphisms not contained in the group gen-
erated by overshears (cf. [KKr], [An1] and [AL]). Thus the main part of our
proof consists of proving the fact that the corresponding hyperbolic fields
are contained in the Lie algebra generated by overshear fields (cf. Proposi-
tion 5.7).

Continuing to build analogous results to those in C2, we prove next
in Theorem 9.1, that the overshear group on Danielewski surfaces, with
deg(p) > 2, has the structure of an amalgamated product. As Ahern and
Rudin did in [AR] we choose the Nevanlinna characteristic to prove the
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structure theorem. As we want to use Nevanlinna theory on Danielewski
surfaces we chose to use a description inspired by Griffiths and King, [GK].
Using that the overshear group has the structure of an amalgamated prod-
uct, we go on characterizing all Rn-actions, and thus all one-parameter sub-
groups, of the overshear group.

This thesis is arranged in the following way. In section 2, we give a short
survey of Danielewski surfaces. The survey includes various results con-
cerning algebraic automorphisms and some generalizations of Danielewski
surfaces. In the subsequent section we continue with automorphisms, but
this time holomorphic automorphisms. We first give a brief introduction to
shears and overshears on Cn, and then we define the notion of overshears
on Danielewski surfaces via integration of certain kinds of vector fields,
the so-called overshear fields. In section 4 we show that Danielewski sur-
faces benefit from having both the density property and the volume density
property. The density property is then used for proving that the overs-
hear group is dense in the component of the identity of the automorphism
group. The denseness result for the overshear group is in section 6. Sec-
tion 7 discusses the number of components of the automorphism group of
a Danielewski surface. In section 8 we concentrate on Nevanlinna theory
on Danielewski surfaces. We prove several necessary properties which are
then used to prove that the overshear group has the structure of an amalga-
mated product (see section 9). In section 10 we show that any Lie subgroup
with finitely many components of an amalgamated product can be conju-
gated to one of the factors. The structure theorem proved in section 9 is then
used in section 11 to prove that the overshear group is a proper subgroup
of the automorphism group. In the next section we study Lie algebras, and
we show that any finite dimensional Lie subalgebra of a Lie algebra gen-
erated by overshears is abelian. In section 13 we classify all Rn-actions of
the overshear group, and in the final section we discuss open problems and
possible future work related to this thesis.
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2 Danielewski surfaces and beyond

Danielewski surfaces are the key objects studied in this thesis. This section
gives a short survey of results concerning Danielewski surfaces, in particu-
lar automorphisms defined on Danielewski surfaces.

Danielewski surfaces was first introduced by Danielewski in [Da] in
the late 1980’s. Danielewski studied the surfaces V = {xy = z2 − 1} and
W = {x2y = z2 − 1} in C3 and provided the first known counterexample
to Zariski’s cancellation problem over an algebraically closed field. In fact,
Danielewski showed that the cylinders V × C and W × C are isomorphic
while V and W are not. Zariski stated the famous cancellation problem in
1949 at the Paris Colloquium on algebra and the theory of numbers, cf. [Sg].
Nowadays it is formulated in a multitude of ways, for instance: if A[n] ∼=
B[n] is it then true that A ∼= B where A and B are algebras over a field k
and A[n] is the polynomial ring in n indeterminates? Another version of
the cancellation problem states:

Let V and W be affine varieties over a field F. If V × Fk ∼= W × Fk is
it then true that V ∼= W?

The cancellation problem has been studied by numerous mathematicians
for many years. Naming a few contributors to the subject: Abhyankar,
Heinzer and Eakin [AHE]; Fujita [Fu]; Belov, Makar-Limanov and Yu
[BMLY]; Fieseler [Fi]; Dubouloz [Du1].

Ever since the introduction of the Danielewski surfaces in 1989, many
have intensely studied these algebraic objects in different ways. First off
was Makar-Limanov, [ML1], who determined the generators of the poly-
nomial automorphism group of the simplest kind of Danielewski surfaces.
Even though Danielewski did introduce the Danielewski surfaces and gave
a counterexample to the cancellation problem, he never published his re-
sult. In 1994 Fieseler proved the same result as Danielewski, see [Fi]. In
fact Fieseler proved an extension of Danielewski’s result. The next result
was due to Makar-Limanov, [ML2], who in 2001 extended his earlier re-
sult from [ML1] to a wider class of Danielewski surfaces. From this point
onwards, the results on Danielewski surfaces seems to appear continu-
ously. Locally nilpotent derivations were studied in [ML3], [Da1] and [Da2]
by Makar-Limanov and Daigle. Crachiola studied polynomial automor-
phisms of slightly more general Danielewski surfaces than Makar-Limanov
in [Cr]. In [FMJ], Freudenburg and Moser-Jauslin proved some results con-
cerning embeddings of Danielewski surfaces and the question regarding
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equivalent embeddings. Later on, Dubouloz published several papers re-
garding results about Danielewski surfaces, see [Du1], [Du2] and [Du3].
Dubouloz and Poloni studied a generally defined Danielewski surfaces
in [DP] and managed to determine the generators of the polynomial au-
tomorphism group of these surfaces.

Clearly the work on Danielewski surfaces has been fruitful and today
they also have applications in other areas of affine geometry. For instance,
recall the Koras-Rusell cubic threefold defined by the equation x + x2y +
z2 + t3 = 0 in C4. This threefold is a C3-like hypersurface in C4 which is not
C3 (cf. [ML4] by Makar-Limanov). This is similar to Danielewski surfaces,
since Danielewki surfaces are C2-like twofolds in C3 which are not C2 (un-
der the right assumptions on the defining polynomial of the Danielewski
surface). A property of the Koras-Rusell cubic threefold is that it can be con-
sidered as a one-parameter family of Danielewski surfaces. So it seems that
Danielewski surfaces have many applications in affine algebraic geometry.
What more applications may Danielewski surfaces have?

A Danielewski surface is a hypersurface in C3 given by

Dp,n := {(x, y, z) ∈ C3 : xny = p(z)} ,

where p ∈ C[z] is a polynomial. Danielewski showed that the surfaces
{xny = z2 − 1} gave a negative answer to the cancellation question for
n = 1 and n = 2, that is Dp,1 × Ck ∼= Dp,2 × Ck while Dp,1 6∼= Dp,2, for
p(z) = z2 − 1. In fact Danielewski showed that the cylinders Dp,n × Ck ∼=
Dp,m×Ck for all n and m, and later Fieseler, [Fi], showed that Dp,n ∼= Dp,m if
and only if n = m. Dubouloz extended Danielewski’s work to a wider class
of Danielewski surfaces in [Du1], showing that {xmy− p(z) = 0} ⊂ Cn+2

for different multi indices m ∈ Zn
>1 are non-isomorphic while the corre-

sponding cylinders are isomorphic. The precise statement can be found
in [Du1].

Danielewski surfaces have also been studied by Makar-Limanov in
[ML1] and [ML2]. In [ML1], Makar-Limanov determined the generators
of the polynomial automorphism group of Dp,1 := Dp over an arbitrary
algebraically closed field K. In this case a Danielewski surface can be seen
as the factor algebra Dp := K[x, y, z]/〈xy − p(z)〉, where 〈xy − p(z)〉 is a
principal ideal. Makar-Limanov’s main theorem in [ML1] is the following.

Theorem 2.1. ([ML1]) The group Aut(Dp), where Dp is as above, is generated
by the following automorphisms:

(a) Hyperbolic rotations: Hλ(x, y, z) = (λx, λ−1y, z), λ ∈ K∗ := K \ {0}.
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(b) Involution: I(x, y, z) = (y, x, z)

(c) Triangular: Tf (x, y, z) =
(

x, y + p(z+x f (x))−p(z)
x , z + x f (x)

)
, f ∈ K[x].

(d) If p(z) = c(z + a)d, then a rescaling automorphism should be added:

R(x, y, z) = (x, λdy, λz + (λ− 1)a), λ ∈ K∗

(e) If p(z) = (z + a)iQ((z + a)n), then a symmetry should be added:
S(x, y, z) = (x, µiy, µz + (µ− 1)a), where µ ∈ K such that µn = 1.

( f ) If char(K) = τ > 0, and p(z) = Q(zτ − aτ−1z), then a translation auto-
morphism should be added: T(x, y, z) = (x, y, z− a).

The Danielewski surfaces Dp can also be characterized in terms of lo-
cally nilpotent derivations. This is done by Daigle, [Da1], in Theorems 2.5
and 2.6 and Corollary 2.6.2.

In [ML2], Makar-Limanov determined the generators of the polynomial
automorphism group of Dp,n. In this paper Makar-Limanov consider a
Danielewski surface as Dp,n := C[x, y, z]/〈xny − p(z)〉, n > 1, and prove
the following theorem.

Theorem 2.2. ([ML2]) The group Aut(Dp,n), where Dp,n is defined as above, is
generated by the following automorphisms:

(a) Hyperbolic rotations: Hλ(x, y, z) = (λx, λ−ny, z), λ ∈ C∗ := C \ {0}.

(b) Triangular: Tf (x, y, z) =
(

x, y + p(z+xn f (x))−p(z)
xn , z + xn f (x)

)
, f ∈ C[x].

(c) If p(z) = zd, then the automorphisms R(x, y, z) = (x, λdy, λz), λ ∈ C∗
should be added.

(d) If p(z) = zdQ(zm), then the automorphism S(x, y, z) = (x, µdy, µz),
where µ ∈ C such that µm = 1 should be added.

Observe that Dp,n does not have the same symmetry as Dp, and there-
fore has fewer automorphisms than Dp.

In [Cr], Crachiola studied a kind of Danielewski surface, namely R :=
{xny − z2 − r(x)z = 0} in K3 with r ∈ K[x], r(0) 6= 0 and n ≥ 2, where
K is a field of arbitrary characteristic. One of the main results in [Cr] is
the classification of the automorphism group of the Danielewski surface R
with explicit generators
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Theorem 2.3. ([Cr]) Let R be as above. Then the group Aut(R) is generated by
the following automorphisms:

(a) Translation: E(x, y, z) = (x, y,−z− r(x)),

(b) Triangular:

Tf (x, y, z) =
(
x, y + 2 f (x)z + xn f (x)2 + f (x)r(x), z + xn f (x)

)
,

where f ∈ K[x].

(c) If r(x) = r1(xm), for some r1 ∈ K[x] and some m ≥ 1 then the auto-
morphism Lµ(x, y, x) = (µx, µ−ny, z) with µ ∈ K and µm = 1 should be
added.

Dubouloz and Poloni in [DP] studied more general Danielewski sur-
faces of the form SQ,n = K[x, y, z]/〈xny − Q(x, z)〉 where Q ∈ K[x, z] is
a polynomial such that Q(0, z) splits with simple roots z1, . . . , zr ∈ K, r =
deg(Q(0, z)) ≥ 2. These Danielewski surfaces are all isomorphic to another
type of Danielewski surface

Theorem 2.4. ([DP]) Let SQ,n be a Danielewski surface defined as above. Then
there exists a collection σ = {σi(x)}r

i=1 ⊂ K[x] with deg(σi(x)) < n such that
SQ,n is isomorphic to the Danielewski surface definied by

Sσ,n = K[x, y, z]/

〈
xny−

r

∏
i=1

(z− σi(x))

〉
.

The isomorphism given in Theorem 2.4 above is algebraic, and Propo-
sition 3.6 in [DP] gives quite simple criteria for determining when different
Danielewski surfaces Sσ1,n and Sσ2,n are (algebraically) isomorphic. A simi-
lar theorem was proven in [ML2] by Makar-Limanov, but for Danielewski
surfaces Dp1,n1 and Dp2,n2 . Working in the holomorphic category the ques-
tion about isomorphisms gets even simpler.

Theorem 2.5. ([DP]) All Danielewski surfaces SQ,n are analytically equivalent
when embedded in C3.

Given two closed algebraic surfaces S1 and S2 in C3, recall that the em-
beddings α1 : S1 → Cn and α2 : S2 → Cn are algebraically (holomorphi-
cally) equivalent if there exists an algebraic (holomorphic) automorphism
Φ : Cn → Cn such that α2 = Φ ◦ α1. Clearly algebraic equivalence is
stronger than holomorphic equivalence.
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Theorem 2.6. ([DP]) The automorphism group of a Danielewski surface Sσ,n de-
fined by the equation

xny− P(x, z) = 0 where P(x, z) =
r

∏
i=1

(z− σi(x))

is generated by the automorphisms (a) − ( f ) below. Furthermore the automor-
phisms are induced by restrictions of automorphisms of the ambient space K3.

(a) Triangular: Tf (x, y, z) =
(

x, y + p(x,z+xn f (x))−p(x,z)
xn , z + xn f (x)

)
,

f ∈ K[x].

(b) If there exists a polynomial τ ∈ K[x] such that P(x, z + τ(x)) = P̃(z), then
the automorphism Hλ(x, y, z) = (λx, λ−ny, z + τ(λx) − τ(x)), where
λ ∈ K∗ and λm = 1 should be added.

(c) If there exists a polynomial τ ∈ K[x] such that P(x, z + τ(x)) = P̃(xm, z),
then the automorphism H̃λ(x, y, z) = (λx, λ−ny, z + τ(λx)− τ(x)),
where λ ∈ K∗ and λm = 1 should be added.

(d) If there exists a polynomial τ ∈ K[x] such that P(x, z + τ(x)) = zi P̃(x, zs),
i = 0, 1 and s ≥ 2, then the automorphism

Sµ(x, y, z) = (x, µiy, µz + (1− µ)τ(x)) ,

where µ ∈ K∗ and µs = 1 should be added.

(e) If char(K) = s > 0 and P(x, z) = P̃(zs − c(x)s−1z) for some polyno-
mial c ∈ K[x] such that c(0) 6= 0, then the automorphism Lc(x, y, z) =
(x, y, z + c(x)) should be added.

( f ) If n = 1, then the involution I(x, y, z) = (y, x, z) should be added.

In [ML2], Makar-Limanov also establish that every automorphism of
Dp,n is induced by the restriction of an automorphism of the ambient space
C3. Furthermore, Dubouloz and Poloni, [DP], showed that every algebraic
automorphism of SQ,n, over C, can be extended to a holomorphic automor-
phism of C3.

In [FMJ], Freudenburg and Moser-Jauslin study two kinds of Danielew-
ski surfaces: Let a ∈ C be a fixed number and consider the surface

Xa := {(x, y, z) : xny− p(z)− a = 0}
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and
X′

a := {(x, y, z) ∈ C3 : xny− r(x)p(z)− a = 0} ,

where r ∈ C[x] is a polynomial with deg(r) ≤ deg(p) − 1 and r(0) = 1.
Freudenburg and Moser-Jauslin proved that X0 and X′

0 are algebraically
isomorphic while Xa and X′

b are not algebraic isomorphic for a ∈ C and
b ∈ C∗. Furthermore they showed that there does not exist an algebraic
automorphism of C3 that carries the X0 and X′

0 to each other. In the case
when p(z) = z2 we get something different in the holomorphic category,
namely there exists a holomorphic automorphism α of C3 with α(X0) = X′

0
but no algebraic automorphism of C3 doing the same job. For polynomials
other than p(z) = z2 the result is not known.

So far we have only discussed algebraic results and polynomial auto-
morphisms of different kinds of Danielewski surfaces. What about in the
holomorphic category? Are there any known results there? In fact there are
few results concerning Danielewski surfaces and holomorphic automor-
phisms. There are some results about equivalent holomorphic embeddings
in [FMJ]. Furthermore, it is proven in [DP], that any polynomial automor-
phism of a generalized Danielewski surface can be extended to a holomor-
phic automorphism of C3. There are more results pertaining to extensions
in above named papers.

More results about holomorphic automorphisms can be found in [KK1],
where Kutzschebauch and Kaliman proved that hypersurfaces in Cn+2 of
the form {xy = p(z1, . . . , zn)} have the density property, introduced by
Varolin in [Va2] and [Va3]. Recently, Kutzschebauch and Kaliman showed
that these hypersurfaces also possess the volume density property, see
[KK2]. More results about holomorphic automorphisms of Danielewski
surfaces are desirable.

We shall consider Danielewski surfaces Dp as defined previously. Our
interest lies in holomorphic automorphisms of Dp, but the polynomial au-
tomorphisms (a)− (c) of Theorem 2.1 will also play an important role.
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3 Holomorphic automorphisms of Danielewski sur-
faces

In this section we shall introduce the automorphisms of interest to us. Since
Danielewski surfaces have not been studied in the holomorphic sense be-
fore, little is known about their holomorphic automorphisms. We shall use
the notions of shears and overshears on C2 but restricted to C∗×C to define
the notion of shears and overshears on Danielewski surfaces. First recall
some well-known results concerning shears and overshears in Euclidean
complex n-space.

Recall that a mapping f : M → M, where M is a complex manifold, is
called an automorphism if f is biholomorphic, and that we write Aut(M)
to denote the set of these automorphisms. The set Aut(M) becomes a group
under composition of mappings, and with the topology of locally uniform
convergence Aut(M) is a topological group. In the late 1980’s and the early
1990’s, intense studies of the automorphisms of Cn began. The automor-
phisms of the plane C are just the affine mappings az + b, a ∈ C∗, but
in higher dimension the automorphism group is infinite dimensional and
very complicated.

To understand Aut(Cn) a study of its large subgroups was initiated. In
the seminal paper by Rosay and Rudin, [RR], they ask whether the group
generated by shears is dense in the automorphism group. Recall that a
shear of Cn is a mapping Cn → Cn defined by

Cn 3 (z1, . . . , zn) 7→ (z1 + f (z2, . . . , zn), z2, . . . , zn) , f ∈ O(Cn−1)

All possible permutations of the coordinates are also shears. Notice that
shears have Jacobi determinant equals to 1 and thus are volume preserving,
that is the pullback of the volume form on Cn is left invariant by shears.
An affirmative answer to the question of Rosay and Rudin was given by
Andersén in [An1], and he also showed that the shear group is a proper
subgroup of the automorphism group. In fact, the mapping

C2 3 (z, w) 7→ (zezw, we−zw)

is not a finite composition of shears.
In [AL], Andersén and Lempert introduced overshears and the over-

shear group. Overshears are generalized shears defined by

Cn 3 (z1, . . . , zn) 7→ (z1eg(z2,...,zn) + f (z2, . . . , zn), z2, . . . , zn) ,
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where f , g ∈ O(Cn−1). When g ≡ 0 this mapping is a shear. In [AL],
Andersén and Lempert showed that the overshear group is dense in the
automorphism group, and they also showed that the overshear group is a
proper subgroup of Aut(Cn). The properness was shown using two differ-
ent methods: First they gave an example in C2:

(z, w)
f7→ (zeφ(zw), we−φ(zw)) , (3.1)

where φ : C → C is a nonconstant holomorphic mapping. It was shown
in [AL] that f in equation (3.1) is not a finite composition of overshears.
The second method was non-constructive in Cn, giving the existence, via
Baire’s theorem, of a volume-preserving automorphism fixing the origin,
which is not a finite composition of overshears fixing the origin. No explicit
examples in dimension 3 or higher are known. In fact, it is not sufficient to
use the an extended version of the mapping f above to get an automor-
phism which is not a composition of overshears. More about dimension 3
can be found in the end of [AL].

Throughout this section we shall consider Danielewski surfaces which
we denote, as in section 2, by

Dp := {(x, y, z) ∈ C3 : xy = p(z)} ,

where p ∈ C[z] is a polynomial with simple zeros and of degree at least
2. Clearly when p has degree 1, Dp is biholomorphic to C2, and therefore
we shall assume that deg(p) ≥ 2 from now on. Our interest is holomor-
phic automorphisms of Dp, and we shall show density results analogous to
those of Andersén and Lempert did in [AL] for the overshear group in Cn.
First and foremost we need to define shears and overshears on Danielewski
surfaces.

Recall one version of the definition of an overshear on C2. A short
and neat definition is by integrating the vector field (z1 f (z2) + g(z2)) ∂

∂z1

or (z2 f (z1) + g(z1)) ∂
∂z2

, where f and g are entire functions on C and then
look at the time-1-map (a definition can be found in [AL] or [FR]). An over-
shear is a shear if the linear part in the above vector field is missing, i.e. a
shear is the time-1 map of a field g(z2) ∂

∂z1
or g(z1) ∂

∂z2
. We shall sometimes

consider the absolute part and the linear part in the vector fields separately,
that means we shall consider overshears where the absolute part is missing
in the field.

Remark 3.1. The absolute part of an affine expression az + b is b and the
linear part is az.
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Since p has simple zeros zeros, the surface Dp is smooth, and there-
fore an affine algebraic hypersurface in C3. Furthermore, Dp is an affine
modification of C2

x,z along the divisor D ∼= C = {x = 0} with center
Cx = {x = 0, p(z) = 0}. By symmetry in x and y it is also an affine
modification of C2

y,z along the divisor D ∼= C = {y = 0} with center
Cy = {y = 0, p(z) = 0}. Thus Dp contains two copies of C2 \ D ∼= C∗ ×C

as Zariski open subsets. Our definition of shears and overshears on Dp will
be such that we consider shears and overshears on these subsets (defined
as usual shears and overshears on C∗ × C) and impose conditions on the
functions involved, so that our shears and overshears extend holomorphi-
cally (not only meromorphically) to Dp:

Consider V = z f (x) ∂
∂z , which is an overshear field on C∗

x ×Cz. Define
a biholomorphic mapping π : C∗ ×C → D∗

p := Dp \ {x = 0} by

π(x, z) =
(

x,
p(z)

x
, z

)
.

Pushing forward V to D∗
p via π gives us a complete vector field on D∗

p, since
V is complete and π is biholomorphic. Determine the flow ϕt of π∗(V), and
consider the time-1-map ϕ1. This is now a mapping D∗

p → D∗
p. It extends

to a mapping ϕ1 on Dp if and only if f (0) = 0. Thus we have to consider
overshear fields of the form V = zx f (x) ∂

∂z and these give us the definition
of an overshear on Dp:

O f (x, y, z) =

(
x, y +

p(zex f (x))− p(z)
x

, zex f (x)

)
.

The same procedure with the shear field x f (x) ∂
∂z (also here the corre-

sponding coefficient is divisible by x to make the field extend holomorphi-
cally to Dp) produces a shear on Dp defined by

S f (x, y, z) =
(

x, y +
p(z + x f (x))− p(z)

x
, z + x f (x)

)
. (3.2)

Combining absolute and linear part yields the definition we shall use:

O f ,g(x, y, z) =

(
x, y +

p(zex f (x) + xg(x))− p(z)
x

, zex f (x) + xg(x)

)
(3.3)

where f , g ∈ O(C).
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Remark 3.2. We shall sometimes in an equivalent way say that overshears
on Dp are maps of the form

O f ,g(x, y, z) =
(

x, y +
p(z f (x) + xg(x))− p(z)

x
, z f (x) + xg(x)

)
,

where f , g ∈ O(C), f (0) = 1 and f is nowhere zero. This corresponds to
the definition in [AL] of an overshear on Cn.

Remark 3.3. Shears on Dp have been considered before by Makar-Limanov
[ML1], where he determines the generators of the polynomial automor-
phism group of Dp. In fact, the shears S f from expression (3.2) are the
triangular mappings from Theorem 2.1. Other automorphisms that gener-
ate Autpol(Dp) are the involution I(x, y, z) = (y, x, z) and the hyperbolic
mappings Hλ(x, y, z) = (λx, λ−1y, z) where λ ∈ C∗. In the holomorphic
case, we have additional hyperbolic mappings. In fact if f ∈ O(C) is an
arbitrary holomorphic function of one variable, then we have hyperbolic
mappings of the form H f (x, y, z) = (xe f (z), ye− f (z), z). These H f are holo-
morphic automorphisms of Dp.

As mentioned before, there is a second way to view Dp as an affine
modification of C2, namely by interchanging x and y. This interchange
leads to maps of the form IO f ,g I, where I is the involution operator from
the remark 3.3.

Definition 3.4. The overshear group OS(Dp) on the Danielewski surface Dp is
the group generated by the maps O f ,g and IO f ,g I, where f , g ∈ O(C) are arbitrary
holomorphic functions of one variable and I is the involution I(x, y, z) = (y, x, z).
Furthermore the shear group S(Dp) on Dp is defined to be the group generated by
S f and IS f I, where f ∈ O(C).

Remark 3.5. If p is a polynomial of degree 1, e.g. p(z) = z, the Danielewski
surface Dp is isomorphic to C2. The shears and overshears on Dp defined
in expression (3.2) and expression (3.3) respectively are in this case exactly
the usual shears and overshears on C2.
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4 Algebraic and volume density properties for
Danielewski surfaces

One of the most important ingredients in the proof of the denseness result
of to Andersen and Lempert in [AL] was that any algebraic vector field can
be written as a finite sum of complete algebraic vector fields. This fact may
be hard to mimic for an affine algebraic or complex manifold. A general-
ization of Andersén’s and Lempert’s result is the algebraic density property
for affine algebraic manifolds (see Definition 4.1 below). In fact the inspi-
ration for Definition 4.1 was Andersén’s and Lempert’s result. In [Va4],
Varolin showed that Cn possesses the algebraic density property. In this
section we shall show that Danielewski surfaces have the algebraic density
property and the algebraic volume density property. Later in section 6, we
shall use a method due to Forstnerič and Rosay, [FR], combined with the
fact that Danielewski surfaces have the algebraic density property, to prove
that the overshear group is dense in the component of the identity of the
holomorphic automorphism group Aut(Dp).

Recall that a holomorphic vector field V ∈ VFhol(Cn), on Cn, is com-
plete (or globally integrable) if for any initial value z ∈ Cn there is a global
holomorphic solution to the ordinary differential equation:

γ̇(t) = V(γ(t)), γ(0) = z. (4.1)

In this case, the phase flow (i.e. the map C× Cn → Cn given by (t, z) 7→
γz(t)) is a holomorphic action of the additive group C+ on Cn, where the
subscript z in γz denotes the dependence of the initial value. It is worth
mentioning that this action is not necessarily algebraic in the case of an
algebraic vector field V ∈ VFalg(Cn) on Cn. The definition of completeness
for vector fields on complex manifolds is analogous.

Recall the following definition due to Varolin, see also [Va2] and [Va3]:

Definition 4.1. A complex manifold X has the density property if the Lie al-
gebra Liehol(X) generated by globally integrable holomorphic vector fields on X is
dense (in the compact open topology) in the Lie algebra VFhol(X) of all holomor-
phic vector fields on X. An affine algebraic manifold X has the algebraic density
property if the Lie algebra Liealg(X) generated by globally integrable algebraic vec-
tor fields on X coincides with the Lie algebra VFalg(X) of all algebraic vector fields
on X.

Clearly, the algebraic density property implies the density property for
any affine algebraic manifold X. Indeed, since the tangent sheaf of an affine
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algebraic manifold X can be generated by a finite number of global alge-
braic sections, the algebraic density property for such X implies the density
property for X, in particular this holds for Danielewski surfaces.

Recall that a holomorphic (resp. algebraic) volume form on a complex
(resp. affine algebraic) manifold X of dimension n is a non-vanishing holo-
morphic (resp. algebraic) n-form ω. We shall denote by Lieω

hol(X) the Lie
algebra of all complete holomorphic vector fields which annihilate ω. Fur-
thermore, we define VFω

hol(X) to be the Lie algebra of all holomorphic vec-
tor fields which annihilate ω. Clearly, vector fields that annihilate ω are
equivalent to vector fields having zero ω-divergence.

Recall that ω-divergence is defined by the equation

divω(V)ω = LV(ω),

where LV is the Lie derivative and V is a vector field. For any two vector
fields V, W we have the following relations

divω([V, W]) = LV(divω(W))− LW(divω(V))

and
divω( f V)ω = f divω(V) + V( f ),

where f is a function.

Definition 4.2. Assume that (X, ω) is a complex manifold with a holomorphic
volume form. We say that X has the volume density property with respect to ω
if, in the compact-open topology, Lieω

hol(X) is dense in VFω
hol(X).

We also have an algebraic analogue of the volume density property:

Definition 4.3. An affine algebraic manifold X with an algebraic volume form ω,
has the algebraic volume density property with respect to ω if the Lie algebra
of all complete algebraic vector fields with zero ω-divergence, Lieω

alg(X), coincides
with the Lie algebra of all algebraic vector fields with zero ω-divergence, VFω

alg(X).

The fact that any affine algebraic manifold X with the affine volume
density property with respect to an algebraic volume form ω has the vol-
ume density property in the holomorphic sense is non-trivial. A proof of
this implication can be found in [KK2] (Proposition 4.1) by Kutzschebauch
and Kaliman.

In section 4.1 and 4.2, we shall show that Danielewski surfaces pos-
sesses the algebraic density property and the algebraic volume density
property. Both of these facts are due to Kutzschebauch and Kaliman in
[KK1] and [KK2], but we shall present a slightly different proof which is
more straightforward.
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4.1 The algebraic density property

This section is devoted to proving the algebraic density property for Daniel-
ewski surfaces. As Definition 4.1 states, we need to show that any algebraic
vector field on Dp can be written as a finite Lie combination of complete al-
gebraic vector fields defined on Dp. We shall use the following vector fields
in the proof:

(V1) OFx
i := zp′(z)xi ∂

∂y + zxi+1 ∂
∂z (Overshear field)

(V2) OFy
i := zp′(z)yi ∂

∂x + zyi+1 ∂
∂z (Overshear field)

(V3) SFx
i := p′(z)xi ∂

∂y + xi+1 ∂
∂z (Shear field)

(V4) SFy
i := p′(z)yi ∂

∂x + yi+1 ∂
∂z (Shear field)

(V5) HFf := f (z)
(

x ∂
∂x − y ∂

∂y

)
(Hyperbolic field)

where i ≥ 0 is an integer and f ∈ C[z]. The vector fields (V1)− (V5) are
all globally integrable. Moreover, the flow of (V1) and (V2) are overshears
and the flow of (V3) and (V4) are shears. The flow of the vector field (V5)
is the hyperbolic mapping from Remark 3.3 of section 3.

First, let us remark that any regular function q ∈ C[Dp], can be pre-
sented uniquely as the restriction of a regular function on C3 of the form

q =
N

∑
i=1

ai(z)xi + bi(z)yi + c(z) , (4.2)

for some ai, bi, c ∈ C[z].
The following lemma is a straightforward calculation.

Lemma 4.4. For the vector fields (V1)− (V5) we have the following Lie brackets:

(a) [HFf , SFx
i ] = −xi+2 f ′(z) ∂

∂x +
(
((i + 1) p′(z) f (z) + p(z) f ′(z)) xi) ∂

∂y +
+ (i + 1) f (z)xi+1 ∂

∂z

(b) [HFf , OFx
i ] = z[HFf , SFx

i ]

(c) [SFy
i , HFf ] =

(
((i + 1) p′(z) f (z) + p(z) f ′(z)) yi) ∂

∂x − yi+2 f ′(z) ∂
∂y +

+ (i + 1) f (z)yi+1 ∂
∂z

(d) [OFy
i , HFf ] = z[SFy

i , HFf ]
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(e) [[HFf , SFx
0 ], OFy

0 ] = HFF + f (z)p′(z)x ∂
∂x + f (z)p(z) ∂

∂z , where

F(z) = 2zp′(z) f ′(z) + z f (z)p′′(z) + zp(z) f ′′(z).

It was shown in [KK1] that there exists a unique, up to a non-zero con-
stant, volume form ω on Dp with the property that d(xy − p(z)) ∧ ω =
dx ∧ dy ∧ dz and that the divergence of a vector field on Dp can be calcu-
lated exactly as the usual divergence in C3 (if the field is extended to C3

so that it is tangent to the fibres of the defining equation xy− p(z)). In the
open subset D∗

p := Dp \ {x = 0} ∼= C∗ ×C(x,z); ω is simply given by dx∧dz
x .

The above Lie combinations have the following divergences.

Lemma 4.5.

(a) Div([HFf , SFx
i ]) = 0

(b) Div([HFf , OFx
i ]) = (i + 1) f (z)xi+1

(c) Div([SFy
i , HFf ]) = 0

(d) Div([OFy
i , HFf ]) = (i + 1) f (z)yi+1,

Theorem 4.6. Dp has the algebraic density property. More precisely: Any alge-
braic vector field on Dp is a Lie combination of (finitely many) vector fields of the
form (V1)− (V5) above, i.e. of overshear fields and hyperbolic fields.

Proof. Let V be an algebraic vector field on Dp. It can be written uniquely,
by expression (4.2), in the form

V = f
∂

∂x
+ g

∂

∂y
+

(
N

∑
i=1

(
ai(z)xi + bi(z)yi

)
+ c(z)

)
∂

∂z
,

where f , g ∈ C[Dp] are regular functions on Dp and ai, bi, c ∈ C[z]. By
Lemma 2.4 in [KK1] we can assume that V has been extended to C3 in
such a way that V(xy − p(z)) = 0, i.e. it is not only tangent to the zero
fibre of the defining function xy− p(z) (which is Dp) but to all fibres of that
function. A simple calculation shows that c(z) is divisible by p(z), meaning
that c(z) = k(z)p(z) for some k ∈ C[z]. From Lemma 4.4(e) it follows that

W := V − [[HFk, SFx
0 ], OFy

0 ]

has no c(z)-part. Adding Lie combinations from (b) and (d) of Lemma 4.4
to W (call the new vector field again W) we may assume, by the calculations
from Lemma 4.5, that the divergence of W is zero.
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Use Lemma 4.4(a) and (c) to get a vector field W (again) with no ∂
∂z -

part. Remark that these operations leave the divergence of W invariant
(that is zero) by Lemma 4.5 (a) and (c).

We can now assume that W = f ∂
∂x + g ∂

∂y , and since W is tangent to
the fibres of xy − p(z) if and only if y f + xg = 0, we see that f has to be
divisible by x and g divisible by y. Hence there is a regular function h on
Dp with W = h(x ∂

∂x − y ∂
∂y ) = hHF1. The divergence of this vector field is

zero if and only if h is independent of x and y. Thus W = HFh for some
h ∈ C[z]. Backtracking, we see that V is a Lie combination of the vector
fields (V1)− (V5), which concludes the proof.

Corollary 4.7. If we can write any hyperbolic vector field as a Lie combination
of shear and overshear vector fields, then the above proof of the density property
yields that any algebraic vector field can be written as a Lie combination of shear
and overshear vector fields.

4.2 The volume density property

In this section we shall prove that Danielewski surfaces have the volume
density property. By Definition 4.2 we need to prove that any algebraic
vector field of zero divergence can be written as a finite Lie combination of
complete algebraic vector fields of zero divergence. In section 4.1 we list
five types of vector fields: (V1) − (V5). The only vector fields from that
list with zero divergence is (V3)− (V5), that is shear fields and hyperbolic
fields. Therefore SFx

i , SFy
i and HFf are of interest if the algebraic volume

density property for Danielewski surfaces is to be proven.

Theorem 4.8. Danielewski surfaces Dp have the algebraic volume density prop-
erty.

Proof. Assume that V is an algebraic vector field of zero divergence, that is

V = V1(x, y, z)
∂

∂x
+ V2(x, y, z)

∂

∂y
+ V3(x, y, z)

∂

∂z
,

where Vj(x, y, z) = ∑N
i=1 aj

i(z)xi + ∑N
i=1 bj

i(z)yi + cj(z) are regular functions
on Dp for j = 1, 2, 3. Using that V(xy− p(z)) = 0 and that Div(V) = 0 we
get the following equations comparing coefficients.
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a1
1(z) + b2

1(z) = 0

a1
k(z) = 0 k = 2, . . . , N

b2
k(z) = 0 k = 2, . . . , N

−p′(z)c3(z) = 0

c2(z)− p′(z)a3
1(z) = 0

a2
k−1 − p′(z)a3

k(z) = 0 k = 2, . . . , N

a2
N(z) = 0

c1(z)− p′(z)b3
1(z) = 0

b1
k−1(z)− p′(z)b3

k(z) = 0 k = 2, . . . , N

and
b1

N(z) = 0.

Therefore c3(z) = 0, a3
k(z) = dk and b3

k(z) = ek for some constants dk and
ek. Combining the above equations we then get that

c2(z) = d1 p′(z)

a2
k−1(z) = dk p′(z) k = 2, . . . , N

c1(z) = e1 p′(z)

and
b1

k−1(z) = ek p′(z) k = 2, . . . , N.

Using these equations yields that

V =

(
N−1

∑
k=0

ek+1 p′(z)yk + a1
1(z)x

)
∂

∂x
+

(
N−1

∑
k=0

dk+1 p′(z)xk − a1
1(z)x

)
∂

∂y

+

(
N

∑
k=0

dkxk +
N

∑
k=0

ekyk

)
∂

∂z
=

N

∑
k=1

dkSFx
k−1 +

N

∑
k=1

ekSFy
k−1 + HFa1

1

Hence, we have proved that any algebraic vector field on Dp of zero diver-
gence can be written as a sum of complete algebraic vector fields with zero
divergence.

Corollary 4.9. If we can write any hyperbolic vector field as a Lie combination of
shear vector fields, then the above proof of the volume density property yields that
any algebraic vector field can be written as a Lie combination of shear vector fields.
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5 Hyperbolic fields are Lie combinations of shears

In section 4.1 we proved that Dp has the algebraic density property. In
that proof we used all the vector fields (V1)− (V5), in particular we used
hyperbolic vector fields HFf . Since we are interested in using the density
property when proving that the overshear group is dense in the automor-
phisms group, we would like to get rid of the hyperbolic vector fields in
the proof of the density property. The objective of this section is to prove
that any hyperbolic vector field HFf can be written a finite Lie combination
of overshear fields and shear fields. We have to prove (with notation from
section 4.1) that for any polynomial f ∈ C[z]

HFf ∈ Lie(SFx
i , SFy

i , OFx
i , OFy

i , i ≥ 0).

A calculation shows that

[SFy
i , OFy

k ] = SFy
i+k+1 and [SFx

i , OFx
k ] = SFx

i+k+1,

Hence it remains to prove for all f ∈ C[z] that

HFf ∈ Lie(SFx
0 , SFy

0 , OFx
i , OFy

i , i ≥ 0).

The following elementary properties are straightforward, but tedious, cal-
culations:

Lemma 5.1. For every i ≥ 0 and every f , g ∈ C[z], the following holds for the
vector fields (V1)− (V5).

(a) [SFx
i , SFy

i ] = HF(pi+1)′′/(i+1)

(b) [SFx
i , OFy

i ]− [SFy
i , OFx

i ] = HF2z(pi+1)′′/(i+1)+p′pi

(c) [OFx
i , OFy

i ] = HF(z2(pi+1)′′+z(pi+1)′)/(i+1)

(d) [[HFf , SFx
i ], SFy

i ] = [[HFf , SFy
i ], SFx

i ] = HF(pi+1· f )′′

(e) [[HFf , SFx
i ], OFy

i ] + [[HFf , SFy
i ], OFx

i ] = HF2z(pi+1· f )′′+(i+1)p′pi · f

( f ) [[HFf , OFy
i ], SFx

i ] + [[HFf , SFy
i ], OFx

i ] = [[HFf , SFx
i ], OFy

i ]
+ [[HFf , SFx

i ], OFy
i ] = HF2z(pi+1· f )′′+(pi+1· f )′

(g) [[HFf , OFx
i ], OFy

i ] = [[HFf , OFy
i ], OFx

i ] = HFz2(pi+1· f )′′+z(pi+1· f )′

(h) [[HFf , SFx
i ], [SFy

i , HFg]] = HF(pi+1· f ·g)′′
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(i) [[HFf , SFx
i ], [OFy

i , HFg]]− [[HFf , SFy
i ], [OFx

i , HFg]] =
HF2z(pi+1· f ·g)′′+2pi+1 f g′+(i+1)pi p′ f g

(j) [[HFf , SFx
i ], [OFy

i , HFg]] + [[HFf , OFx
i ], [SFy

i , HFg]] =
HF2z(pi+1· f ·g)′′+(pi+1 f g)′

(k) [[HFf , OFx
i ], [OFy

i , Hg]] = HFz2(pi+1· f ·g)′′+z(pi+1 f g)′

These brackets give us concrete ways to produce hyperbolic fields as
Lie brackets of overshear fields. Using Lemma 5.1 we can reformulate our
problem using operators. For each i ≥ 0, define operators C[z] → C[z] by

Ai( f ) = (pi+1 · f )′′,

Bi( f ) = 2zAi( f ) + (i + 1)p′pi · f ,

Ci( f ) = 2zAi( f ) + (pi+1 · f )′,

and
Di( f ) = z2 Ai( f ) + z(pi+1 · f )′.

For each i ≥ 0, we also define operators C[z]×C[z] → C[z] by

Ei( f , g) = (pi+1 · f · g)′′,

Fi( f , g) = 2zEi( f , g) + 2pi+1 f g′ + (i + 1)pi p′ f g,

Gi( f , g) = 2zEi( f , g) + (pi+1 f g)′,

and
Hi( f , g) = z2Ei( f , g) + z(pi+1 f g)′.

Then we can make the following observations.

Observation 5.2.

(O1) Di( f )− Ci( f ) = pi+1 f ′

(O2) Ei( f , 1) = Ai( f ), Fi( f , 1) = Bi( f ), Gi( f , 1) = Ci( f ) and Hi( f , 1) =
Di( f )

(O3) Ai( f g) = Ei( f , g), Ci( f g) = Gi( f , g) and Di( f g) = Hi( f , g). Note
that Bi( f g) 6= Fi( f , g)

Using this notation our problem can be rewritten as follows.
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Let W ⊂ C[z] be a vector subspace such that

(C1) (i) (pi+1)′′ ∈ W
(ii) 2z(pi+1)′′ + (pi+1)′ ∈ W
(iii) z2(pi+1)′′ + z(pi+1)′ ∈ W
for each i ≥ 0.

(C2) If f ∈ W, then Ei( f , 1), Fi( f , 1), Gi( f , 1), Hi( f , 1) ∈ W.

(C3) If f , g ∈ W, then Ei( f , g), Gi( f , g), Hi( f , g) ∈ W.

Show that W = C[z].

The strategy of our proof is to show initially that the algebra AW gen-
erated by the elements of a vector subspace W satisfying properties (C1),
(C2) and (C3) is equal to C[z].

Lemma 5.3. There is no point a ∈ C such that all elements of AW have a common
zero at a.

Proof. On the contrary, suppose that such a point a exists. Then p′′(a) =
0, from (C1)(i). Furthermore, using (C1)(ii), we get 2ap′′(a) + p′(a) =
0. Thus p′(a) = 0. Putting f = p′′ in (O1) in Observation 5.2 we get
p(a)p′′′(a) = 0. Since p and p′ have no common zeros, p(a) 6= 0, thus
p′′′(a) = 0. Again by (O1) in Observation 5.2, we know that p(pp′′′)′ ∈ W,
which implies as before that p(4) = 0. Continuing by induction, using
formula (O1) in Observation 5.2 several times, we get that

p(p(· · · (pp′′′)′)′ · · · )′

is on the form
n−1

∑
j=1

aj(z)p(j)(z) + p(z)n−3 p(n)(z).

Since all the p(j)(z)(a) = 0, for j = 1, . . . , n− 1, we get that all derivatives
of p are zero at a which is a contradiction (the n-th derivative is a nonzero
constant).

Lemma 5.4. There is no point b ∈ C such that the derivatives of all elements in
AW have a common zero at b.
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Proof. Assume that such b exists. First we consider the case when p(b) 6= 0.
Since p′′ ∈ W by (C1)(i), we get that p′′′(b) = 0. Using f = p′′ in (O1)
in Observation 5.2 implies that (pp′′′)′(b) = 0, which in turn implies that
p(4)(b) = 0. A similar induction as in the proof of Lemma 5.3 yields that all
derivatives p(j)(b) = 0, hence a contradiction.

In the case when p(b) = 0, then p′(b) 6= 0, since p only has simple zeros.
As above p′′′(b) = 0, and then using this fact with (C1)(ii) the equation
(2zp′′(z) + p′(z))′(b) = 0 implies that p′′(b) = 0. Furthermore, (C1)(iii)
gives that (z2 p′′(z) + zp′(z))′(b) = 0, which implies in turn that p′(b) = 0,
and a contradiction is reached.

Lemma 5.5. There is no pair of points c1 6= c2 ∈ C such that all elements of AW
take the same values at c1 and c2.

Proof. On the contrary, suppose that such a pair of points exist. By (C1)(i)
we have p′′(c1) = p′′(c2) =: A. Using this definition of A, we get from
(C1)(ii)− (iii) that

2(c1 − c2)A = p′(c2)− p′(c1) (5.1)

(c2
1 − c2

2)A = c2 p′(c2)− c1 p′(c1) (5.2)

Multiplying equation (5.1) by (c1 + c2) and equation (5.2) by 2, we obtain
the following system of equations.

2(c2
1 − c2

2)A = (c1 + c2)(p′(c2)− p′(c1)) (5.3)

2(c2
1 − c2

2)A = 2c2 p′(c2)− 2c1 p′(c1) (5.4)

Subtracting equation (5.4) from equation (5.3) yields that (c1 − c2)(p′(c1) +
p′(c2)) = 0. Hence −p′(c1) = p′(c2), and using this fact in equation (5.1)
yields p′(c2) = A(c1 − c2). If A = 0 then p′(c1) = p′(c2) = 0 and p′′(c1) =
p′′(c2) = 0, and we can proceed as in the last step of the proof (see end of
proof below).

Otherwise, if A 6= 0, let B := (p2)′′(c1) = (p2)′′(c2), from (C1)(i). Us-
ing (C1)(ii) with −p′(c1) = p′(c2), we get that B(c1 − c2) = p′(c2)(p(c1) +
p(c2)). By using (C1)(iii), B(c2

1 − c2
2) = 2p′(c1)(c2 p(c2) + c1 p(c1)). A simi-

lar subtraction and multiplication by (c1 + c2) as in the first case yields the
identity p′(c2)(c1 − c2)(p(c2) − p(c1)) = 0. Thus p′(c2) = 0 or p(c2) =
p(c1). If −p′(c1) = p′(c2) = 0, then A = 0, so p′′(c1) = p′′(c2) = 0, and we
proceed as in the last step of the proof (see end of proof below).

So assume that p(c1) = p(c2) and that −p′(c1) = p′(c2) 6= 0. Since
−p′(c1) = p′(c2) = A(c1 − c2) and B(c1 − c2) = p′(c2)(p(c1) + p(c2)) =
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2p′(c2)p(c1), we get that

B(c1 − c2) = 2A(c1 − c2)p(c1).

Hence B = 2Ap(c1) = 2p′′(c1)p(c1), by the definition of A. Furthermore,
we get from the definition of B that

B = (p2)′′(c1) = (2pp′)′(c1) = 2(p′)2(c1) + 2p(c1)p′′(c1).

Thus, comparing the two equations for B, we get that 2(p′)2(c1) = 0, so
that p′(c1) = 0, which gives a contradiction.

Last step: We now finish the proof for the case when p′(c1) = p′(c2) = 0
and p′′(c1) = p′′(c2) = 0. Use the definition of Ai on the identity

Ai( f )(c1) = Ai( f )(c2)

for each i ≥ 0 and each f ∈ W to get

pi+1(c1) f ′′(c1) = pi+1(c2) f ′′(c2).

Using the definition of Bi on Bi( f )(c1) = Bi( f )(c2) we obtain that

2c1 pi+1(c1) f ′′(c1) = 2c2 pi+1(c2) f ′′(c2).

The last two equations imply that pi+1(c1) f ′′(c1) = 0 = pi+1(c2) f ′′(c2).
That is f ′′(c1) = f ′′(c2) = 0 for all f ∈ W. Now use that pi+1 f ′ ∈ W when
f ∈ W and that (pi+1)′′ ∈ W together with f ′′(c1) = f ′′(c2) = 0 for all
f ∈ W. Then 0 = (pi+1 p′′′)′′(c1) = pi+1(c1)p(5)(c1), and hence p(5)(c1) = 0.
Continuing with the equations, we get

0 = (pi+1(pi+1 · · · (pi+1 p′′′)′)′ · · · )′)′′(c1) = pki+k(c1)p(k+4)(c1) ,

which implies that p(k+4)(c1) = 0 for each k ≥ 1. (Expanding the above
equation yields a polynomial in p′ and p′′ plus pki+k p(k+4).) This contradicts
the fact that the n-th derivative is a nonzero constant.

Proposition 5.6. The subalgebra AW of C[z] generated by W coincides with C[z].

Proof. We may assume that there is a finite number of polynomials
q1, q2, . . . , qK ∈ AW such that the map C → CK given by

z 7→ ((q1(z), q2(z), . . . , qK(z))

is an injective immersive embedding. Indeed, by successive application of
Lemma 5.5, we can make the preimage of a general point consist of one
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point and then remove the remaining double points. The cusp singularities
can be removed by using Lemma 5.4.

Now the subalgebra generated by q1, q2, . . . , qK and constants is isomor-
phic to C[z]. Thus the subalgebra A0 generated by q1, q2, . . . , qK (without
constants) is an (in view of Lemma 5.4 maximal) ideal in C[z]. Lemma 5.3
implies that A0 = C[z]. Since by construction A0 contains AW , the proof is
complete.

Proposition 5.7. Using the notation as in the problem above we have that W =
C[z].

Proof. Since by Proposition 5.6 the subalgebra generated by elements of
W is the whole polynomial ring, we get by (O2) in Observation 5.2 that
A0(C[z]) ∪ C0(C[z]) ∪ D0(C[z]) ⊂ W. Looking at polynomials of the same
degree k + n− 2 we have from those operators (for different k) in W:

(zk p)′′ , 2z(z(k−1)p)′′ + (z(k−1)p)′ , z2(z(k−2)p)′′ + z(z(k−2)p)′

These three elements are all linear combinations of the three polynomi-
als z(k−2)p, z(k−1)p′ and zk p′′. Since the matrix of coefficients




k(k− 1) 2k 1
(k− 1)(2k− 3) 4k− 3 2

(k− 2)2 2k− 3 1




has determinant 3, the polynomials zk−2 p, zk−1 p′ and zk p′′ are in W. This
means (if we do it for all k) that the principal ideal (p) generated by p and
the principal ideals (p′) and (p′′) are contained in W. Since p and p′ have
no common zeros the Euclidean algorithm implies that W = C[z].

Thus we have as an immediate consequence of Corollary 4.7 and Propo-
sition 5.7 which is the core part Proposition 6.2 and later on in Theorem 6.5.
We formulate this in a theorem.

Theorem 5.8. Let Dp be the Danielewski surface with respect to a polynomial
p ∈ C[z] with simple zeros. Then the Lie algebra generated by overshears equals
the Lie algebra of all algebraic vector fields on Dp
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6 The density of the overshear group in the auto-
morphism group

To keep this presentation self-contained we outline the proof of the Ander-
sén-Lempert theorem (see Forstnerič-Rosay’s Theorem 1.1, [FR]). Let V be a
holomorphic vector field on a complex manifold M. Assume that Kt : M →
M is a family of holomorphic mappings which are C1 in t ∈ [0, 1]. Assume
furthermore that Φ0 = Id and that

dKt

dt

∣∣∣∣
t=0

= V.

Assume that ϕt is the flow of V starting at z. Euler’s method gives

lim
N→∞

KN
t
N
(z) = ϕt(z) ,

locally uniform on subsets of R× M, where either side is defined (see The-
orem 2.1.26 in [AM]).

Lemma 6.1. Let V and W be two holomorphic vector fields on M with flows {ϕt}
and {ψt} respectively. Then

1.
d
dt

∣∣∣∣
t=0

ϕt ◦ ψt = V + W

2.
d
dt

∣∣∣∣
t=0+

ψ−√t ◦ ϕ−√t ◦ ψ√t ◦ ϕ√t = [V, W]

Proof. See [Va2].

The following theorem is a variant of Forstnerič-Rosay’s Theorem 1.1, [FR].

Proposition 6.2. Assume that Ω ⊂ Dp is a Runge domain. Let Φ : [0, 1]×Ω →
Dp be a C1-family such that Φt : Ω → Dp is injective and holomorphic for each
fixed t ∈ [0, 1]. Furthermore, assume that Φt(Ω) is Runge for every t ∈ [0, 1]. If
Φ0 can be approximated by elements in OS(Dp) then Φ1 can also be approximated
by elements in OS(Dp).

Remark 6.3. By approximation, we mean uniform approximation on com-
pact subsets.
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Proof of Propositon 6.2. For each time t0 ∈ [0, 1] and z ∈ Φt0(Ω), define a
time dependent vector field Xt0 by

Xt0(z) :=
d
dt

∣∣∣∣
t=t0

Φt(Φ−1
t0

(z)).

A first observation is that Φ1 ◦Φ−1
0 equals the result of integrating Xt from

0 to 1.
Let ϕt

s be the flow of Xt. Construct a partition of [0, 1] by intervals of
length 1/n. By Euler’s method, the flow of Xt is approximated by flow-
ing the time independent field Xk/n from time k/n to (k + 1)/n for k =
0, . . . , n− 1. Now Euler’s method can be used again to approximate each
flow ϕk/n

s , for k = 0, . . . , n as follows: Since each vector field Xk/n is holo-
morphic and since Φt(Ω) is a Runge domain, we can approximate Xk/n
uniformly by polynomial vector fields.

Using Theorem 5.8 we can write every polynomial vector field as a
Lie combination of complete polynomial vector fields whose flows are in
OS(Dp). Their flows are overshear automorphisms, so we can approximate
Φ1 ◦Φ−1

0 , using Lemma 6.1 by finite compositions of overshears. Hence we
can approximate Φ1 = (Φ1 ◦Φ−1

0 ) ◦Φ0 by elements in OS(Dp).

Remark 6.4. Examining the proof of Proposition 6.2 we observe the follow-
ing: The condition that Φt(Ω) is a Runge subset of Dp for every t ∈ [0, 1]
can be replaced by the condition that all vector fields Xt0 for t0 ∈ [0, 1] can
be approximated (on compacts in their domain of definition) by (globally
defined) polynomial vector fields on Dp.

Now we are able to prove the denseness of overshears in the component
of the identity in Aut(Dp).

Theorem 6.5. The overshear group, OS(Dp), is dense in the component of the
identity AId ⊂ Aut(Dp) in the compact-open topology.

Remark 6.6. Since Aut(Dp) is metrizable, an argument using local convex-
ity gives that Aut(Dp) is locally path connected. Therefore we know that
the component of the identity AId is also path connected. We only con-
sider the component of the identity of the automorphism group since the
automorphism group has at least 2 components (see section 7).

Proof of Theorem 6.5. Let K ⊂ Dp be a compact set, and let Ψ ∈ AId be an
arbitrary automorphism. We need to show that we can approximate this
automorphism on K. By Remark 6.6 there is a continuous path

Φ : [0, 1] → Aut(Dp)
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of automorphisms such that Φ0 = Id and Φ1 = Ψ. This family of map-
pings induces a mapping, continuous in t, defined on [0, 1] × Dp → Dp
given by (t, (x, y, z)) 7→ Φt(x, y, z). With some abuse of notation, we shall
call this mapping Φt as well. Using sublevel sets of exhaustion functions
we can choose a Runge domain Ω ⊂⊂ Dp containing the compact set⋃

t∈[0,1] Φt(K). Furthermore let Ω̃ ⊂⊂ Dp be an open set such that

⋃

t∈[0,1]

Φt(Ω) ⊂ Ω̃.

By a convolution of Φt, we get a smooth mapping Φ̃t : [0, 1] × Dp → C3.
By differentiating under the integral sign we get that Φ̃t is holomorphic
for fixed t. The tubular neighborhood theorem [DG] can be used to project
Φ̃t(z) back into the manifold Dp. That is, if N(Dp) is the normal bundle of
Dp in C3 and N is a neighborhood of the zero section in N(Dp) which is
biholomorphic, via α : N → U to an open neighborhood U of Dp in C3, and
then we define Φ̂ : [0, 1]× Dp → Dp by

Φ̂t(z) = π ◦ α−1 ◦ Φ̃t(z) ,

where π is the projection. Since injectivity is an open condition in C1-
topology and approximation in values for holomorphic mappings auto-
matically implies approximation of the derivatives (in a smaller compact-
um, by Cauchy’s Integral Formula), we may as well assume that Φ̂t : Ω̃ →
Dp is injective. Thus the vector fields Xt, from the proof of Propostion 6.2,
are well defined on Ω. Since Ω is Runge we can approximate Xt by polyno-
mial vector fields, and now Propostion 6.2 and Remark 6.4 imply that we
can approximate Φ̂1 arbitrarily close by elements in OS(Dp). Also Φ̂1 is by
construction arbitrarily close to Φ1 = Ψ, concluding the proof.

Remark 6.7. If we could prove that hyperbolic vector fields can be written as
a Lie combination of shear fields, then we could prove that the shear group
S(Dp) is dense in the volume preserving automorphism group of Dp using
the same methods as above.
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7 On the number of components of the automor-
phism group

As Theorem 6.5 and the subsequent remark stated, the automorphism gro-
up of a Danielewski surface has several components. In this section we
shall construct an explicit homotopy of the Danielewski surface to a bou-
quet of 2-spheres, and subsequently use homology theory to exclude the
automorphism I(x, y, z) = (y, x, z) from the identity component. The auto-
morphisms which have proven themselves useful earlier are

1. I(x, y, z) = (y, x, z),

2. H f (z)(x, y, z) = (e f (z)x, e− f (z)y, z),

3. Ox
f ,g(x, y, z) =

(
x, y + p(zex f (x)+xg(x))−p(z)

x , zex f (x) + xg(x)
)

,

4. Oy
f ,g(x, y, z) =

(
x + p(zey f (y)+yg(y))−p(z)

y , y, zey f (y) + yg(y)
)

.

The functions f and g above are both entire functions on C. Obviously,
H f , Ox

f ,g and Oy
f ,g are automorphisms lying in the component of the identity

of Aut(Dp). On the other hand, the mapping I is not in the component of
the identity, and we shall prove this fact using homology theory. Let p be
the polynomial defining Dp, and assume that its zeros are {a1, . . . , an}. Let
γ be a smooth curve which starts in a1 and goes through every aj ending up
in an. Let ϕ : [0, 1]×C → C be a homotopy of C which fixes γ and shrinks
C onto γ. Define F : [0, 1]× Dp → Dp by

Ft(x, y, z) =

(
p(ϕt(z))

|p(ϕt(z))|1/2 y
|y| t + (1− t)y

, |p(ϕt(z))|1/2 y
|y| t + (1− t)y, ϕt(z)

)
,

if p(ϕt(z)) 6= 0 or p(ϕt(z)) = 0 and y 6= 0.

Ft(x, y, z) =


 p(ϕt(z))

|p(ϕt(z))|1/2 p(ϕt(z))|x|
x|p(ϕt(z))| t + (1− t) p(ϕt(z))

x

,

, |p(ϕt(z))|1/2 p(ϕt(z))|x|
x|p(ϕt(z))| t + (1− t)

p(ϕt(z))
x

, ϕt(z)
)

,

if p(ϕt(z)) = 0 and x 6= 0.

Ft(x, y, z) = (0, 0, ϕt(z)) ,
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if p(ϕt(z)) = 0 and x = y = 0. Then Ft is a continuous homotopy of the
Danielewski surface to a bouquet of (n− 1) number of 2-spheres connected
via the zeros of p. In fact, the fibres over points in γ which are not zeros of p
are C∗ which become contracted to S1 of different radii. The radius of such
an S1 goes to zero as we approach a zero of p. The fibres over the zeros of
p are xy = 0, that is a cross of axis. These fibres is contracted to a point. All
fibres over points outside γ become contracted into fibres over γ.

Remark 7.1. Using Theorem 1.2 in [Br] by Broughton it is possible to directly
see that Dp can be homotopied to a bouquet of 2-spheres.

We want to see how the automorphism I acts on the second homology
group of Dp. Since homology groups are invariant under homotopy and
I maps the bouquet of spheres to itself, it is sufficient, by the homotopy
above, to understand how the induced mapping I∗ : H2(S, Z) → H2(S, Z)
acts on the bouquet of spheres. Since I acts as a reflection around the equa-
tor of each of the spheres, we get that if [ω] ∈ H2(S, Z) is a homology class,
then I∗[ω] = [−ω]. Since any mapping homotopic to the identity acts as
the identity on homology, we have shown that I is not homotopic to the
identity. Hence, Aut(Dp) has at least two components.

Remark 7.2. At the time of writing the author does not know how to calcu-
late the exact number of components of Aut(Dp).
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8 Nevanlinna theory on Danielewski surfaces

In this section we will state and prove necessary results concerning Nevan-
linna theory on Danielewski surfaces. Later on, in section 9, we shall use
the properties of the Nevanlinna characteristic in this section to prove a
structure theorem for the overshear group.

When we want to measure the growth of a holomorphic function (or a
meromorphic function), it is sometimes not enough to use the maximum
modulus to get the required information. In these cases Nevanlinna the-
ory can come in handy. This section will be devoted to explaining how
Nevanlinna theory is developed on Danielewski surfaces. The ideas for the
definition of the Nevanlinna characteristic comes from Griffiths-King [GK],
where they develop Nevanlinna theory on manifolds.

As usual Dp = {xy = p(z)} ⊂ C3
(x,y,z) and p ∈ C[z] with simple zeros

only. Assume throughout this section that n = deg(p) > 2. Recall the
following definition from Ahern and Rudin [AR].

Definition 8.1. Let S ⊂ Cn be the unit sphere centered at the origin, and let σ be
the positive rotation invariant Borel measure on S, normalized such that σ(S) = 1.
We define the Nevanlinna characteristic of a (not necessarily holomorphic) func-
tion f : Cn → C to be

m( f , r) :=
∫

S
log+ | f (rζ)|dσ(ζ) ,

where r > 0 and log+ t = max{0, log(t)}.

Let π : Dp → C2 be a mapping defined by

π(x, y, z) = (x + y, z).

Then π is an algebraic two-fold branched covering. Indeed, over a point
(a, b) ∈ C2 there are points (x, y, z) ∈ Dp with z = b and x, y are the so-
lutions of the quadratic equation θ2 − aθ + p(b) = 0. In general there are
two solutions. Branching occurs over the points where the discriminant
a2− 4p(b) is zero, then the corresponding preimage in Dp is given by x = y.

From C2 cut the branch locus real lines in a-direction towards−∞. Then
we get a real 3-dimensional set C, such that the complement C2 \ C is sim-
ply connected and thus the restriction of π to π−1(C2 \ C) is a 2-fold cov-
ering with 2 leaves each biholomorphic to the base. The set C has measure
zero in C2 and it intersects any sphere centered at the origin in C2 in a 2-
dimensional set, thus this intersection has measure zero in the sphere. Let
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si : C2 \ C → Dp, i = 1, 2, be the corresponding sections for the different
branches, so π ◦ si is the identity mapping. Given a function f : Dp → C

we define the Nevanlinna characteristic on Dp by

mDp( f , r) :=
∫

x̄∈π−1(rS)
log+ | f (x̄)|d(π∗σ)(x̄)

=
∫

S\Cr

2

∑
i=1

log+ | f (si(rξ))|dσ(ξ)

where Cr = {ξ ∈ S : rξ ∈ C} and where S = {|x|2 + |y|2 = 1}. The last
equality follows from the fact that we can remove a set of measure zero
when integrating.
In [AR], Ahern and Rudin showed

Theorem 8.2. Assume that f ∈ O(Cn), then

m
(

∂ f
∂zj

, r
)
≤ 3m( f , r) + n log r ,

for all j ∈ [1, n] and for all r outside a set of finite linear measure.

One of the first objectives in this section is to prove a generalized ver-
sion of Theorem 8.2 using the Nevanlinna characteristic mDp on Dp. First
let us note some elementary properties of mDp .

Lemma 8.3. If f , g : Dp → C are holomorphic functions defined on the Daniel-
ewski surface Dp, then

(a)

mDp( f , r)−mDp(g, r)− D ≤ mDp( f + g, r)

≤ mDp( f , r) + mDp(g, r) + C

(b) mDp( f g, r) ≤ mDp( f , r) + mDp(g, r)

(c) mDp(1/ f , r) ≤ mDp( f , r) + C

for some constants C and D.
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Proof. The two first properties follow from the inequalities

log+ |a + b| ≤ log+(2 max{|a|, |b|}) ≤ log+ |a|+ log+ |b|+ log 2

and
log+ |ab| ≤ log+ |a|+ log+ |b|.

Property (c) follows from

log+(1/a) = log+ a− log a.

Using the elementary properties of Lemma 8.3 we will prove

Proposition 8.4. Let f : Dp → C be a meromorphic function, and let

Rd(z, f (z)) = a0(z) + a1(z) f (z) + · · ·+ ad(z)( f (z))d,

where ai : Dp → C are meromorphic and assume that ad 6≡ 0. Then

mDp(Rd(z, f (z)), r) = dmDp( f , r) +
d

∑
i=0

O(mDp(ai, r)) + O(1).

Remark 8.5. In the case of meromorphic functions defined on C, this propo-
sition was first proved by Mohon’ko, see [Mo]. Mohon’ko’s paper is in
Russian, but an English proof can be found in [La]. We will see that we can
actually adapt the same proof as Mohon’ko.

First we need a generalized "completing the square" lemma.

Lemma 8.6. Let

A(z, f ) := (ϕ1(z) f + · · ·+ ϕd−1(z) f d−1 + f d) f d−2 ,

be a polynomial in f with meromorphic coefficients. Then there exist
u0, . . . , ud−1, q0, . . . , qd−2 which are polynomials in ϕ1, . . . , ϕd−1 with constant
coefficients, such that

B(z, f ) := u0(z) + · · ·+ ud−1(z) f d−1

satisfies

(B(z, f ))2 = A(z, f ) +
d−2

∑
i=0

qi(z) f i.
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The proof of Lemma 8.6 can be found in either [Mo] or [La], but it is not so
hard to see that ud−1 ≡ 1, ud−2(z) = 1

2 ϕd−1(z),

ud−k(z) =
1
2
(ϕd−k+1(z)− u2

d−k+1(z)) , k = 3, . . . , d

and
qi(z) = u0(z)ui(z) + u1(z)ui−1(z) + · · ·+ ui(z)u0(z)

solve the problem.

Proof of Proposition 8.4. In this proof we will use the properties from
Lemma 8.3 frequently. Observe that

mDp

(
d

∑
i=0

ai f i, r

)
≤ mDp

(
f ·

d

∑
i=1

ai f i−1, r

)
+ mDp(a0, r) + O(1) ≤

≤ mDp( f , r) + mDp

(
d

∑
i=1

ai f i−1, r

)
+ mDp(a0, r) + O(1).

By induction

mDp

(
d

∑
i=0

ai f i, r

)
≤ dmDp( f , r) +

d

∑
i=0

O(mDp(ai, r)) + O(1).

Conversely, assume first that d = 1. Then

mDp( f , r) = mDp

(
R1 − a0

a1
, r

)

≤ mDp(R1, r) + mDp(a0, r) + mDp(a1, r) + O(1).

Rearranging this inequality proves the proposition for d = 1.
Now, assume that the proposition has been proved for all polynomials

P(z, f ), as in the statement, of degree s ≤ d− 1 in f . That is

mDp(P(z, f ), r) = smDp( f , r) +
d−1

∑
i=0

O(mDp(ai, r)) + O(1).

Observe that

Rd − a0

ad
f d−2 = (ϕ1 f + · · ·+ ϕd−1 f d−1 + ϕd f d) f d−2 ,

36



where ϕi = ai/ad for i = 0, . . . , d− 1. Using Lemma 8.6 we see that

(B(z, f ))2 =
Rd − a0

ad
f d−2 +

d−2

∑
i=0

qi(z) f i; ,

where the degree of B(z, f ) is d− 1 in f . By the induction hypothesis we
get

mDp((B(z, f ))2, r) = 2mDp(B(z, f ), r)

= 2(d− 1)mDp( f , r) +
d−1

∑
i=0

O(mDp(ai, r)) + O(1).

On the other hand,

mDp((B(z, f ))2, r)

≤ (d− 2)mDp( f , r) + mDp

(
Rd − a0

ad
, r

)
+

d−2

∑
i=0

mDp(qi, r) + O(1).

Looking at the proof of Lemma 8.6 and performing an obvious subtraction
gives

mDp(Rd, r) ≥ dmDp( f , r) +
d

∑
i=0

O(mDp(ai, r)) + O(1).

This concludes the proof.

The proof of the following corollary can be found in [An1]. The same proof
work here as well.

Corollary 8.7. If p ∈ C[z] is a polynomial, and f : Dp → C is a function, then

mDp(p ◦ f , r) = deg(p)mDp( f , r) + O(1).

We need one more property of the Nevanlinna characteristic, this time for
holomorphic functions. In case of one variable Lemma 8.8 below is an ex-
ercise in the book of Hayman, [Ha]. For Cn Ahern and Rudin deduce it
from the one-dimensional case by integrating over one-dimensional slices
(cf. [AR]). Following the hints in the exercise in the book of Hayman gives
a proof of the lemma.

Lemma 8.8. If g : C → C is a transcendental and holomorphic function, and
f : Dp → C is a holomorphic function, then

lim
r→∞

mDp(g ◦ f , r)
mDp( f , r)

= ∞.
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We will also need the following facts.

Lemma 8.9. We have that

(a) limr→∞
mDp (x,r)

log r = n

(b) limr→∞
mDp (y,r)

log r = n

(c) limr→∞
mDp (z,r)

log r = 2

Proof. It is proved by integration over one-dimensional slices (using Lebes-
gue’s theorem on dominated convergence) that for the coordinate func-
tions a and b on C2 holds limr→∞

m(a,r)
log r = limr→∞

m(b,r)
log r = 1. Since π(z)

is a coordinate function on C2 and our integral in the definition of mDp is
calculating everything twice because of the 2-branches with the measure
from the sphere in C2 pulled back we have (c). To prove (a) remember
that x is the solution of the quadratic equation θ2 − aθ + p(b) = 0. To
calculate on one sheet we look on the modulus of x, i.e. the expression
|a/2 +

√
(a2/4− p(b))| where the root is a branch of the square root on

our sheet. Looking at this at a one-dimensional slice we see that the lead-
ing exponent is n/2 (namely p(b) under the root, remember n > 2). Thus
we get by applying the corresponding result for each one-dimensional slice
and using Lebesgue theorem on dominated convergence

lim
r→∞

m(s−1
i (x), r)
log r

= n/2.

Finally remark that

mDp(x, r) = m(s−1
1 (x), r) + m(s−1

2 (x), r)

to conclude (a). Assertion (b) follows by symmetry.

Let (a, b) ∈ C2 be coordinates on C2. Using the the branched covering
π : Dp → C2 to lift the vector fields ∂

∂a and ∂
∂b we get the following mero-

morphic vector fields on Dp:

θ1 =
x

x− y
∂

∂x
− y

x− y
∂

∂y
(8.1)

and

θ2 =
p′(z)
y− x

(
∂

∂x
− ∂

∂y

)
+

∂

∂z
. (8.2)
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Since θi correspond to partial derivatives, we want to estimate, in the
spirit of Theorem 8.2, mDp(θi( f ), r) to generalize Ahern and Rudins theo-
rem to Danielewski surfaces.

Theorem 8.10. Given a holomorphic function f : Dp → C, and a vector field θ
which is a lift of a partial derivative on C2, then the estimate

mDp(θ( f ), r) ≤ 14mDp( f , r) + K(n) log r + L

for big r outside a set of finite linear measure, where K(n) is an affine polynomial
and L is a constant.

The proof of Theorem 8.10 contain several steps. First an observation.

Observation 8.11. Recall the involution mapping I : Dp → Dp defined by
I(x, y, z) = (y, x, z). Given a function f : Dp → C we can decompose this
function in an I-invariant and an I-anti-invariant part by

f =
f + f ◦ I

2
+

f − f ◦ I
2

= finv + fanti ,

where finv := f + f ◦I
2 is I-invariant while fanti := f− f ◦I

2 is anti-invariant un-
der I. Clearly, the invariance respectively anti-invariance means that

finv ◦ I = finv

respectively
fanti ◦ I = − fanti.

Lemma 8.12. The Nevanlinna characteristic of f and f ◦ I is equal, i.e.

mDp( f , r) = mDp( f ◦ I, r)

for all f ∈ O(Dp).

Proof. This is a simple consequence of the definition of mDp .

The following lemma is trivial:

Lemma 8.13. Every vector field θ on Dp which is a lift from a vector field on C2

is invariant under the involution I, i.e. I∗θ = θ.
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Given a function f : Dp → C, decompose it as in Observation 8.11,
so f = finv + fanti. As every lifted vector field θ on Dp is invariant by
Lemma 8.13, we get that θ( finv) is invariant and that θ( fanti) is anti-invar-
iant. Therefore, by linearity and property (a) in Lemma 8.3 we get

mDp(θ( f ), r) = mDp(θ( finv) + θ( fanti), r)

≤ mDp(θ( finv), r) + mDp(θ( fanti), r) + C. (8.3)

By expression (8.3) we need to estimate the invariant and anti-invariant
part separately to prove Theorem 8.10. We prove these different cases in
two lemmas.

Lemma 8.14. Let θ be a lift of a partial derivative on C2 and let f : Dp → C be
an invariant holomorphic function. Then

mDp(θ( f ), r) ≤ 3mDp( f , r) + 4 log r

for all r outside a set of finite linear measure.

Proof. The function f : Dp → C defines a holomorphic function f̃ : C2 → C

by
f̃ (a, b) := f (π−1(a, b)).

Then
mDp( f , r) = 2m( f̃ , r). (8.4)

Indeed, we have

m( f̃ , r) =
∫

S
log+ | f (π−1(rζ))|dσ

=
∫

x̄∈π−1(rS)
log+ | f (x̄)|d(π∗σ)(x̄) =

1
2

mDp( f , r).

By Theorem 8.2 we get that

m
(

∂ f̃
∂zi

, r
)
≤ 3m( f̃ , r) + 2 log r

for r outside a set of finite linear measure. Assume that θ is a lift of a partial
derivative, then θ( f ) is invariant by the discussion after Lemma 8.13 and

θ( f ) = π∗
(

∂ f̃
∂zi

)
. By expression (8.4) we get that

mDp(θ( f ), r) = 2m
(

∂ f̃
∂zi

, r
)
≤ 6m( f̃ , r) + 4 log r (8.5)
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by Theorem 8.2, and r outside a set of finite linear measure. Going back to
the characteristic function on Dp we get that the right hand side of inequal-
ity (8.5) equals

3mDp( f , r) + 4 log r.

Hence the lemma is proved.

Lemma 8.15. Let θ be a lift of a partial derivative on C2 and let f : Dp → C be
an anti-invariant holomorphic function. Then

mDp(θ( f ), r) ≤ 4mDp( f , r) + E(n) log r + F

for big r outside a set of finite linear measure, where E(n) is an affine polynomial
and F is a constant.

Proof. Let f : Dp → C an anti-invariant holomorphic function. Then

(x− y) f

is invariant. Let θ be a lift of a partial derivative, and therefore

θ((x− y) f )

is invariant by the discussion after Lemma 8.13. By Lemma 8.14 we get that

mDp(θ((x− y) f ), r) ≤ 3mDp((x− y) f , r) + 4 log r (8.6)

for all r outside a set of finite linear measure. Since θ is a vector field it
fulfills Leibniz rule.

θ((x− y) f ) = f · θ(x− y) + (x− y) · θ( f ) (8.7)

We get, using property (b) in Lemma 8.3, that

mDp(θ( f ), r) = mDp

(
(x− y)θ( f )

x− y
, r

)

≤ mDp

(
1

x− y
, r

)
+ mDp((x− y)θ( f ), r) (8.8)

Now use property (c) in Lemma 8.3. Then we get that the right hand side
of (8.8) is less or equal to

mDp(x− y, r) + mDp((x− y)θ( f ), r) + C

= mDp(x− y, r) + mDp(θ((x− y) f )− f · θ(x− y), r) + C (8.9)
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where we in the last equality used expression (8.7). Using property (a) and
(b) in Lemma 8.3 we get that the right hand side of (8.9) is less or equal to

mDp(x− y, r) + mDp(θ((x− y) f ), r) + mDp( f , r)

+ mDp(θ(x− y), r) + C̃. (8.10)

By equation (8.6) we get that the right hand side of (8.10) is less or equal to

mDp(x− y, r) + 3mDp((x− y) f , r) + 4 log r + mDp( f , r)

+ mDp(θ(x− y), r) + C̃. (8.11)

for all r outside a set of finite linear measure. Using property (b) from
Lemma 8.3 we get that the right hand side of (8.11) is less or equal to

4mDp(x− y, r) + 4 log r + 4mDp( f , r) + mDp(θ(x− y), r) + C̃. (8.12)

By property (a) in Lemma 8.3 and by property (a) and (b) in Lemma 8.9
we get that the right hand side of (8.12) is less or equal to

4(2n log r + D) + 4 log r + 4mDp( f , r) + mDp(θ(x− y), r) + C̃

= (8n + 4) log r + 4mDp( f , r) + mDp(θ(x− y), r) + D̃ (8.13)

We need to estimate mDp(θ(x− y), r), so we consider two cases, namely
θ = θ1 or θ = θ2 from equation (8.1) and equation (8.2). When θ = θ1 we
get that

mDp

((
x

x− y
∂

∂x
− y

x− y
∂

∂y

)
(x− y), r

)
= mDp

(
x + y
x− y

, r
)

(8.14)

By property (a) and (c) we get that the right hand side of (8.14) is less or
equal to

2mDp(x, r) + 2mDp(y, r) + E = 4n log r + E (8.15)

where we in the last equality used property (a) and (b) in Lemma 8.9 for
big r outside a set of finite linear measure. Combining equation (8.15) with
equation (8.13) we get, by following the chain of inequalities from expres-
sion (8.8), that

mDp(θ( f ), r) ≤ 4mDp( f , r) + (12n + 4) log r + Ẽ (8.16)

for big r outside a set of finite linear measure.
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Continuing with the next case, we assume that θ = θ2. Then we get that
mDp(θ(x− y), r) equals

mDp

((
p′(z)
y− x

(
∂

∂x
− ∂

∂y

)
+

∂

∂z

)
(x− y), r

)
= mDp

(
2p′(z)
y− x

, r
)

(8.17)

Using property (a) and (c) in Lemma 8.3, yields that the right hand side of
(8.17) is less or equal to

mDp(2p′(z), r) + mDp(x, r) + mDp(y, r) + E = (3n− 1) log r + E (8.18)

where we in the last equality used property (a) and (b) in Lemma 8.9 and
by Corollary 8.7 for big r outside a set of finite linear measure. Expres-
sion (8.18) together with expression (8.13) yields, following the chain of
inequalities from expression (8.8), that

mDp(θ( f ), r) ≤ 4mDp( f , r) + (11n + 3) log r + F (8.19)

for big r outside a set of finite linear measure. Hence, using the correct
constants from expression (8.16) and expression (8.19) the results is proved.

We are now ready to prove Theorem 8.10.

Proof of Theorem 8.10. By expression (8.3) we have that

mDp(θ( f ), r) ≤ mDp(θ( finv), r) + mDp(θ( fanti), r) + C. (8.20)

By Lemma 8.14 and Lemma 8.15 we have that the right hand side of (8.20)
is less or equal to

3mDp( finv, r) + 4 log r + 4mDp( fanti, r) + E(n) log r + F (8.21)

for big r outside a set of finite linear measure. As finv = f + f ◦I
2 we get

mDp( finv, r) = mDp

(
f + f ◦ I

2
, r

)

≤ mDp

(
f
2

, r
)

+ mDp

(
f ◦ I

2
, r

)
+ C (8.22)

by property (a) in Lemma 8.3. Using Lemma 8.12 yields that the right hand
side of inequality (8.22) equals

2mDp( f , r) + G (8.23)
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for some constant G, so expression (8.20) together with expression (8.21)
and expression (8.22) yields

mDp(θ( f ), r)

≤ 3(2mDp( f , r) + G) + 4 log r + 4mDp( fanti, r) + E(n) log r + F (8.24)

Using that fanti = f ◦I− f
2 yields, by similar estimates as for finv, that

mDp( fanti, r) ≤ 2mDp( f , r) + H (8.25)

Combining equation (8.24) and equation (8.25) gives

mDp(θ( f ), r)

≤ 3(2mDp( f , r) + G) + 4 log r + 4(2mDp( f , r) + H) + E(n) log r + F

= 14mDp( f , r) + K(n) + L

for big r outside a set of finite linear measure, where K(n) is an affine poly-
nomial and L is a constant.

The above theorem will be used for estimating the volume change of an
overshear. Recall from the work of Kaliman and Kutzschebauch in [KK1]
that the Danielewski surfaces admit a unique up to a nonzero constant al-
gebraic volume form ω. In the open dense chart corresponding to local
coordinates on C∗

x × Cz → Dp defined by (x, z) 7→ (x, p(z)
x , z), yields that

the volume form is given by ω = dx∧dz
x (thus fixing the constant, which by

the way is unimportant for the calculation of the change of volume). The
volume change of a self map F : Dp → Dp of the Danielewski surface,

F(x, y, z) = (u(x, y, z), v(x, y, z), w(x, y, z))

is due to the local expression of ω given by

|Jac(F)| = x
u(x, z)

(
∂u
∂x

∂w
∂z
− ∂u

∂z
∂w
∂x

)
. (8.26)

in coordinates (x, z) in the above chart. Thus we need to estimate the
growth of the derivative ∂ f

∂x and ∂ f
∂z by the growth of f itself. To do so we

push forward the vector fields ∂
∂x and ∂

∂z from C∗
x × Cz to the Danielewski

surface, express them as a linear combination (with meromorphic coeffi-
cients) of the fields θ1 and θ2 from equation (8.1) and equation (8.2) and use
the corresponding estimates for them.
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The pushed forward fields are the meromorphic vector fields

θ =
∂

∂x
− y

x
∂

∂y
(8.27)

and

θ̃ =
p′(z)

x
∂

∂y
+

∂

∂z
. (8.28)

The corresponding linear combinations are

θ =
x− y

x
θ1

and

θ̃ = θ2 +
p′(z)

x
θ1

where θ1 and θ2 are the vector fields from expression (8.1) and expres-
sion (8.2). Given a holomorphic function f : Dp → C we have

mDp(θ( f ), r) = mDp

(
x− y

x
θ1( f ), r

)
≤ mDp

(
1− y

x
, r

)
+ mDp(θ1( f ), r)

(8.29)
by property (b) in Lemma 8.3. Using Theorem 8.10, property (b) and (c) in
Lemma 8.3, and using Lemma 8.9, yields that the right hand side of (8.29)
is less or equal to

mDp(y, r) + mDp(x, r) + C + 14mDp( f , r) + K(n) log r + L

= 2n log r + C + mDp( f , r) + K(n) log r + L ,

where C is the constant from property (c) in Lemma 8.3, for big r outside a
set of finite linear measure. Putting L̃ = L + C and K̃(n) = K(n) + 2n we
get that

mDp(θ( f ), r) ≤ 14mDp( f , r) + K̃(n) log r + L̃. (8.30)

Similar calculations with θ̃ instead of θ yields that

mDp(θ̃( f ), r) ≤ 28mDp( f , r) + K̃(n) log +L̃. (8.31)

Thus we have proved
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Proposition 8.16. Given a holomorphic function f : Dp → C, and a vector field θ
which is the push forward of a partial derivative from the chart α : C∗

x ×Cz → Dp

given by (x, z) 7→
(

x, p(z)
x , z

)
, then the estimate

mDp(θ( f ), r) ≤ AmDp( f , r) + K(n) log r

for big r outside a set of finite linear measure, where K(n), A and L are constants.
In other words: If we denote the function f ◦ α on the chart again by f , then

mDp(
∂ f
∂x

, r) ≤ AmDp( f , r) + K(n) log r + L

and
mDp(

∂ f
∂z

, r) ≤ AmDp( f , r) + K(n) log r + L

as for big r outside a set of finite linear measure.

We will also use another coordinate chart on the Danielewski surface.
Namely, around a point (0, 0, z0) with p(z0) = 0 we can use x and y as
coordinates, since p′(z0) 6= 0. We cannot write an explicit formula, since
the chart exists by the inverse function theorem. In such coordinates the
volume form ω is given by 1

p′(z) dx ∧ dy and to estimate the volume change
in this chart we use the following proposition below which follows exactly
as Proposition 8.16.

Proposition 8.17. Given a holomorphic function f : Dp → C, and identify f
and its derivatives with the corresponding functions on the (x, y)-chart then the
estimates

mDp

(
∂ f
∂x

, r
)
≤ CmDp( f , r) + D(n) log r + E

and
mDp

(
∂ f
∂y

, r
)
≤ CmDp( f , r) + D(n) log r + E

for big r outside a set of finite linear measure and for some constants C, D(n) and
E.
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9 A structure theorem for the overshear group

In [AR], Ahern and Rudin showed that the overshear group in C2 is a free
amalgamated product of the affine automorphisms and the elementary (or
Jonquiere) automorphisms over their intersection. The analogous result
for the polynomial automorphism group was shown by van der Kulk and
Jung in [VdK] and [Ju]. In [ML1] the polynomial automorphism was deter-
mined in the sense that all its generators were given explicitly. Furthermore
Makar-Limanov showed, analogously to van der Kulk’s and Jung’s work,
that Autpol(Dp) has a structure of an amalgamated product. More precisely,
he showed that

Assume that T1 is generated by shears S f and that T2 is generated
by shears IS f I, where f ∈ C[x] is a polynomial. Also consider H,
the group generated by Hλ(x, y, z) = (λx, λ−1y, z), and I2 the group
generated by the involution I(x, y, z) = (y, x, z). Then

Autpol(Dp) = T1 ∗ T2o (Ho I2) ∼= T1 ∗ T2o (C∗ oZ2).

In the paper [ML2], Makar-Limanov studied Dn
p and then he showed that

Autpol(Dn
p) = C[x]oC∗.

Both of these results were proved in a more general setting in [ML1] and
[ML2]. Here we have restricted ourselves to the special case then p has
simple zeros only.

Ahern and Rudin used the Nevanlinna characteristic to show a similar
structure theorem for the overshear group of C2. Following the outline of
their proof we will prove the following theorem.

Theorem 9.1. Let Dp be a Danielewski surface and assume that deg(p) > 2,
then the overshear group, OS(Dp), is a free amalgamated product of O1 and O2,
where O1 is generated by O f ,g and O2 generated by IO f ,g I.

Remark 9.2. Assume throughout this section that n = deg(p) > 2.

The starting point of the proof of Theorem 9.1 uses the following lemma:

Lemma 9.3. Every composition of overshear mappings is conjugate to the form

I ◦O f1,g1 ◦ I ◦O f2,g2 ◦ I ◦ · · · ◦O fn,gn (9.1)

or to I.
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Proof. We can assume that we have one of the following composition of
overshear mappings:

O f1,g1 ◦ I ◦O f2,g2 ◦ I ◦ · · · ◦ I ◦O fn−1,gn−1 ◦ I ◦O fn,gn , (9.2)

O f1,g1 ◦ I ◦O f2,g2 ◦ · · · ◦ I ◦O fn,gn ◦ I , (9.3)

I ◦O f1,g1 ◦ I ◦O f2,g2 ◦ · · · ◦ I ◦O fn−1,gn−1 ◦ I ◦O fn,gn , (9.4)

I ◦O f1,g1 ◦ I ◦O f2,g2 ◦ · · · ◦ I ◦O fn,gn ◦ I. (9.5)

We handle each of these compositions separately. We start with expres-
sion (9.2). If we first conjugate with O f1,g1 and then with I we obtain

O f2,g2 ◦ I ◦ · · · ◦ I ◦O fn−1,gn−1 ◦ I ◦O fn· f1,g1· fn+gn ◦ I.

This is the desired form, but if fn · f1 ≡ 1 and g1 · fn + gn ≡ 0, then
O fn· f1,g1· fn+gn = Id, and we are back where we started, i.e.

O f2,g2 ◦ I ◦ · · · ◦ I ◦O fn−1,gn−1 .

The worst case scenario is that after a finite number of conjugations with
O fk ,gk and I we end up with

O f j,gj ◦ I ◦O f j+1,gj+1 ,

for some j. If we conjugate one last time we get

O f j+1· f j,gj· f j+1+gj+1 ◦ I.

This gives the conclusion of the lemma even if f j+1 · f j ≡ 1 and gj · f j+1 +
gj+1 ≡ 0.

Expression (9.3) is already of the desired form, so let us consider expres-
sion (9.4) instead. In this equation it is suffices to conjugate with I. Finally,
consider expression (9.5). If we start to conjugate with I, then we get a
sequence as in expression (9.2), and this case was handled above.

Look at a overshear mapping composed with an involution mapping
on the Danielewski surface Dp

(u1, v1, w1) =
(

p(z f1(x) + xg1(x))
x

, x, z f1(x) + xg1(x)
)

(9.6)
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and at a finite composition of such mappings

(uk+1, vk+1, wk+1)

=
(

p(wk fk+1(uk) + ukgk+1(uk))
uk

, uk, wk fk+1(uk) + ukgk+1(uk)
)

, (9.7)

where k ≥ 1, f j : C → C∗ is holomorphic and f (0) = 1 (thus either con-
stantly 1 or transcendental), and gj : C → C is holomorphic.

Consider the mapping in expression (9.6). Since u1 · v1 = p(w1) on
Dp, we have that u1 = p(w1)

v1
= p(w1)

x . By expression (8.26) we get that the
determinant of the Jacobian of (u1, v1, w1) equals

x2

p(w1)

(
∂u1

∂x
∂w1

∂z
− ∂u1

∂z
∂w1

∂x

)
. (9.8)

Since u1 = p(w1)
x , then

∂u1

∂x
=

p′(w1) ∂w1
∂x x− p(w1)

x2 (9.9)

and
∂u1

∂z
=

p′(w1) ∂w1
∂z

x
. (9.10)

Inserting expression (9.9) and expression (9.10) in expression (9.8) yields
that

x2

p(w1)

(
p′(w1) ∂w1

∂x
∂w1
∂z x− p(w1) ∂w1

∂z
x2 − p′(w1) ∂w1

∂z
∂w1
∂x

x

)
= −∂w1

∂z
. (9.11)

Thus the chain rule implies:

Lemma 9.4. The following relation holds:

|Jac(uk+1, vk+1, wk+1)|
|Jac(uk, vk, wk)| = − fk+1(uk)

An important step in the proof of Theorem 9.1 is the following lemmas.
The proofs of our two key lemmas uses estimates of the determinant of the
Jacobian.
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Lemma 9.5. The functions from expression (9.6) and expression (9.7) fulfill

mDp(|Jac(uk, vk, wk)|, r) ≤ AmDp(uk, r) + BmDp(vk, r) + C log r + D ,

for k ≥ 1, for certain constants A, B, C, D, for big r outside a set of finite linear
measure.

Proof. As

|Jac(uk, vk, wk)| = p′(z)
p′(wk)

(
∂uk

∂x
∂vk

∂y
− ∂uk

∂y
∂vk

∂x

)

we get the following estimate by property (a) and (b) in Lemma 8.3

mDp(|Jac(uk, vk, wk)|, r) ≤ mDp

(
p′(z)

p′(wk)
, r

)
+ mDp

(
∂uk

∂x
, r

)

+ mDp

(
∂vk

∂y
, r

)
+ mDp

(
∂uk

∂y
, r

)
+ mDp

(
∂vk

∂x
, r

)
+ log 2 (9.12)

By property (c) in Lemma 8.3 and by Proposition 8.17 we get that the right
hand side of (9.12) is less or equal to

mDp(p′(z), r) + mDp(p′(wk), r)

+ 2CmDp(uk, r) + 2CmDp(vk, r) + 4D log r + Ẽ , (9.13)

where Ẽ is the constant 4E + log 2, for big r outside a set of finite linear
measure. Using Corollary 8.7 yields that the right hand side of (9.13) equals

(n− 1)mDp(z, r) + (n− 1)mDp(wk, r)

+ 2CmDp(uk, r) + 2CmDp(vk, r) + 4D log r + Ẽ2 , (9.14)

where Ẽ2 is a constant. By Lemma 8.9 we get that expression (9.14) tends to

(n− 1)2 log r + (n− 1)mDp(wk, r)

+ 2CmDp(uk, r) + 2CmDp(vk, r) + 4D log r + Ẽ2 , (9.15)

for big r outside a set of finite linear measure. Using that ukvk = p(wk) and
using property (b) in Lemma 8.3 and Corollary 8.7 we get that

mDp(ukvk, r) = mDp(p(wk), r) = nmDp(wk, r) + F (9.16)
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which implies

mDp(wk, r) ≤ mDp(uk, r) + mDp(vk, r)− F
n

. (9.17)

Combining the chain of inequalities from expression (9.12) to expression
(9.15) with expression (9.17) yields

mDp(|Jac(uk, vk, wk)|, r) ≤ AmDp(uk, r) + BmDp(vk, r) + C log r + D ,

if choosing the constants A, B, C and D properly, for big r outside a set of
finite linear measure.

Lemma 9.6. The functions u1 and v1 in equation 9.6 fulfill the estimate

mDp(u1, r)
mDp(v1, r)

> 1

for big r outside a set of finite linear measure.

Proof. We will consider two cases.

case 1: f1 is identically 1.

We have u1(x, z) = p(z+xg1(x))
x and v1(x, z) = x. Therefore

mDp

(
p(z+xg1(x))

x

)

mDp(x, r)
≥ mDp(p(z + xg1(x)), r)−mDp(x, r)

mDp(x, r)
(9.18)

by property (b) in Lemma 8.3. If g is transcendental then Corollary 8.7,
property (a) in Lemma 8.3 together with Lemma 8.8 yields that

lim
r→∞

mDp(u1, r)
mDp(v1, r)

≥ lim
r→∞

nmDp(xg1(x), r)− nmDp(z, r)−mDp(x, r)− nD
mDp(x, r)

= ∞− 2n
n
− 1− 0 = ∞.

Assume now that g1 is a polynomial. Then u1 is a polynomial in x, y, z with
highest order term xn−1(g1(x))n. Then

lim
r→∞

mDp(u1, r)
log r

= n deg(g1) + n(n− 1) > n (9.19)
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by Lemma 8.9. Using Lemma 8.9 again yields

lim
r→∞

mDp(u1, r)
mDp(v1, r)

=
n deg(g1) + n(n− 1)

n
>

n
n

= 1

by expression (9.19), and the first case is finished.

case 2: f1 is transcendental.

Combining expression (9.6) and expression (9.11) we see that

|Jac(u1, v1, w1)| = − f (x).

Therefore Lemma 9.5 yields

mDp(− f (x), r) ≤ AmDp(u1, r) + BmDp(v1, r) + C log r + D, (9.20)

for constants A, B, C and D. Dividing with mDp(v1, r) and A in expres-
sion (9.20) yields

mDp(u1, r)
mDp(v1, r)

≥ 1
A

mDp(− f (x), r)
mDp(x, r)

− B
A
− C log r + D

AmDp(x, r)

= ∞− B
A
− 0 = ∞

for big r outside a set of finite linear measure, by Lemma 8.8, which con-
cludes the proof.

Lemma 9.7. Let u, v, w : Dp → C be functions defined on the Danielewski surface
satisfying uv = p(w). Let f : C → C∗, f (0) = 1 and holomorphic, and let
g : C → C be holomorphic. Assume that

mDp(u, r)
mDp(v, r)

> 1

for big r outside a set of finite linear measure. Then the functions U, V defined by

(U, V, W) =
(

p(w f (u) + ug(u))
u

, u, w f (u) + ug(u)
)

(9.21)

fulfill
mDp(U, r)
mDp(V, r)

> 1

for big r outside a set of finite linear measure too.
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Proof. We start with an observation. Since

mDp(w, r) ≤ mDp(u, r) + mDp(v, r)− C
n

,

we get

mDp(w, r)
mDp(u, r)

≤
(

1
n

mDp(v, r)
mDp(u, r)

+
1
n
− C

nmDp(u, r)

)

<
1
n

+
1
n

=
2
n

, (9.22)

for big r outside a set of finite linear measure by the hypothesis in the
lemma. We will now consider two different cases as we did in Lemma 9.6.

case 1: f is identically 1.

Starting with property (a) and (b) in Lemma 8.3 and using Corollary 8.7
yields

mDp

(
p(w+ug(u))

u

)

mDp(u, r)
≥ mDp(p(w + ug(u)), r)−mDp(u, r)

mDp(u, r)

≥ nmDp(ug(u), r)− nmDp(w, r)−mDp(u, r) + C
mDp(u, r)

(9.23)

The hypothesis and expression (9.23) yields

mDp(U, r)
mDp(V, r)

≥ nmDp(ug(u), r)
mDp(u, r)

− 2
n
− 1 + 0, (9.24)

for big r outside a set of finite linear measure. If g is transcendental, then
Lemma 8.8 and expression (9.24) implies the result. If g is a polynomial,
then expression (9.24) and Corollary 8.7 yields

mDp(U, r)
mDp(V, r)

≥ n(deg(g) + 1)− 2
n
− 1 =

n2(deg(g) + 1)− 2− n
n

> 1,

for big r outside a set of finite linear measure, so case 1 is proved.
case 2: f is transcendental
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Lemma 9.4, Lemma 9.5 and property (b) and (c) in Lemma 8.3 yields

mDp(− f (u), r) = mDp

( |Jac(U, V, W)|
|Jac(u, v, w)| , r

)

≤ AmDp(U, r) + BmDp(V, r) + CmDp(u, r)

+ DmDp(v, r) + E log r + F. (9.25)

Divide expression (9.25) with A ·mDp(V, r). Then we get

mDp(U, r)
mDp(V, r)

≥ 1
A

mDp(− f (u), r)
mDp(V, r)

− B
A

− CmDp(u, r)
AmDp(V, r)

− E log r + F
AmDp(V, r)

(9.26)

for big r outside a set of finite linear measure. As mDp(V, r) = mDp(u, r),
we get, by the hypothesis and Lemma 8.8, that the right hand side of (9.26)
is greater than

∞− B
A
− C

A
− 0 = ∞.

Hence, the proof is finished.

Proof of Theorem 9.1. We will show that Id is not a reduced product. This
will show that we cannot get non-trivial kernel of the mapping

ϕ : O1 ∗O2 → OS(Dp)

defined by in the obvious way. The mapping ϕ is surjective by construc-
tion. To get a contradiction, we assume that Id is a reduced product. By
Lemma 9.3 we may assume that

Id = I ◦O f1,g1 ◦ I ◦O f2,g2 ◦ I ◦ · · · ◦ I ◦O fn,gn =: G1 ◦ · · · ◦ Gn, (9.27)

where Gi = I ◦O fi ,gi , for each i ≥ 1. For k ≤ n, define functions uk, vk and
wk on Dp by

(uk(x, y, z), vk(x, y, z), wk(x, y, z)) = G1 ◦ · · · ◦ Gk(x, y, z).

The definition of uk, vk and wk are easily verified to be the following
functions:

(u1, v1, w1) =
(

p(z f1(x) + xg1(x))
x

, x, z f1(x) + xg1(x)
)
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and

(uk+1, vk+1, wk+1)

=
(

p(wk fk+1(uk) + ukgk+1(uk))
uk

, uk, wk fk+1(uk) + ukgk+1(uk)
)

.

These functions are the same as in expression (9.6) and expression (9.7).

Now Lemma 9.6 implies
mDp (u1,r)
mDp (v1,r) > 1 for big r outside a set of finite linear

measure. By induction using Lemma 9.7 it follows that
mDp (uk,r)
mDp (vk ,r) > 1 for all

k, for big r outside a set of finite linear measure. As limr→∞
mDp (x,r)
mDp (y,r) = 1,

by Lemma 8.9, we get a contradiction. Therefore ϕ is injective, and by
construction also surjective. Hence OS(Dp) = O1 ∗O2.

Remark 9.8. Let S1 be the subgroup of the shear group generated by S f and
let S2 be generated by I ◦ S f ◦ I. Then it follows from Theorem 9.1, that
S(Dp) is a free product of S1 and S2 for deg(p) > 2. For deg(p) = 1 the
Danielewski surface is just C2. In this case Theorem 9.1 is not true. In-
deed, the identity, viewed as a 2× 2 matrix, can be written as the following
product

[
1 −1
0 1

] [
1 0
1 1

] [
1 −1
0 1

] [
1 0
−1 1

] [
1 1
0 1

] [
1 0
−1 1

]

of shears. If deg(p) = 2 the proof of Theorem 9.1 does not work, but the
author does not know whether the theorem holds or not.
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10 Lie subgroups of amalgamated products

To use our structure result Theorem 9.1 for the classification of Lie sub-
groups in OS(Dp) we need to establish some general facts about Lie sub-
groups of free amalgamated products. In [KKr], Kutzschebauch and Kraft
demonstrated that any compact subgroup of an amalgamated product is
conjugate to one of the factors. In this thesis we now extend this result.

Theorem 10.1. Let G be a topological group which is a free amalgamated product
O ∗O∩L L of two closed subgroups O, L. Furthermore let G be a Lie group with
finitely many connected components and ϕ : G → G be a continuous group ho-
momorphisms of a Lie group G . Then ϕ(G) is conjugate to a subgroup of O or
L.

To prove this result we need the following facts:

Proposition 10.2. Every element of a free amalgamated product O ∗O∩L L is con-
jugate either to an element of O or L or to a cyclicly reduced element. Every cyclicly
reduced element is of infinite order.

Proof. See Proposition 2 in section 1.3 in [Sr].

Lemma 10.3. A subgroup H of a free amalgamated product O ∗O∩L L is conjugate
to a subgroup of O or L if and only if H is of bounded length.

Proof. This is a direct consequence of Proposition 10.2.

Lemma 10.4. Let g1 and g2 be two commuting elements of O ∗O∩L L with lengths
≥ 1, then l(g1) and l(g2) are both even or both odd.

Proof. Assume that g1 = a1 · · · am and g2 = b1 · · · bn. Assume, for a contra-
diction, that l(g1) is even and that l(g2) is odd. If a1 ∈ O and am ∈ L, and if
b1, bn ∈ O, then l(g1g2) = m + n, but l(g2g1) < m + n, contradicting that l
is well-defined. If b1, bn ∈ L, a similar contradiction is obtained.

Lemma 10.5. If an element g of a free amalgamated product O ∗O∩L L has roots
of arbitrary order, then it is conjugate to an element in O or to an element in L.

Proof. Assume that g is not conjugate to an element in O or to an element in
L. Then, by Proposition 10.2, g is conjugate to a cyclicly reduced element,
say h−1gh, which has even length ≥ 2 by definition. For each n > 0 we
have that h−1gh = h−1(g1/n)nh, hence h−1g1/nh is not an element of O or L.

57



Since h−1gh and h−1g1/nh commute, Lemma 10.4 implies that h−1g1/nh has
even length, and is thus cyclicly reduced. Hence

l(h−1gh) = l(h−1(g1/n)nh) = |n|l(h−1g1/nh) ≥ |n| ,

for all n > 0, contradicting the fact that all elements of O ∗O∩L L have finite
length.

First let us establish Theorem 10.1 in the case of a one-parameter sub-
group:

Proposition 10.6. Let G be a topological group which is a free amalgamated prod-
uct O ∗O∩L L of two closed subgroups O and L. Let ϕ : R → G be a continuous
one-parameter subgroup. Then ϕ(R) is conjugate to a subgroup of O or L.

Proof. Since ϕ(1) and ϕ(
√

2) have roots of all orders we can use Lemma
10.5 to conjugate both elements to O or L. Consider the dense subgroup
H = {m + n

√
2 : m, n ∈ Z} of R. Since ϕ(H) have bounded length,

Lemma 10.3 implies that ϕ(H) is conjugate to O or L. Let c ∈ O ∗ L be
an element such that cϕ(H)c−1 is contained in O or L. Finally, as O and L
are closed we get that cϕ(H)c−1 = cϕ(R)c−1 ⊆ cϕ(H)c−1 is contained in
O or L.

The key ingredient in the proof of Theorem 10.1 will rely on the follow-
ing result:

Proposition 10.7. For any connected real Lie group G there are finitely many
elements Vi ∈ Lie(G), i = 1, 2, . . . , N for which the product map of the one-
parameter subgroups

ΦV1,V2,...,VN : RN → G

defined by

(t1, t2, . . . , tN) 7→ exp(t1V1) exp(t2V2) · · · exp(tNVN)

is surjective.

Proof. By Levi-Malcev decomposition and Iwasawa decomposition we can
write

G = S · R = K · A · N · R ,

where S is semisimple, R is solvable, A is abelian, N is nilpotent and K is
compact.
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If we can prove the claim of the proposition for each of the factors in the
above decomposition we will be done.
For abelian groups the fact holds trivially.
Case 1: K a compact connected Lie group: Take any basis (k1, . . . , kn) of the
Lie algebra Lie(K). Then the product map Φk1,k2,...,kn : Rn → K is a submer-
sion at the unit element. Thus its image contains an open neighborhood
U of the unit element. Since the powers of a neighborhood U of the unit
element in any connected Lie group cover the whole group, for a compact
Lie group K there is a finite number m such that Um = K. This means that
for our purpose Φm

k1,k2,...,kn
: Rnm → K is surjective

Case 2: Consider N, a nilpotent connected Lie group. Then, a more precise
fact (due to Malcev [Ma]) is true: If N is simply connected then for any
basis (V1, . . . , Vn) of Lie(N) the map ΦV1,V2,...,Vn is a diffeomorphism. This
implies the result for simply connected N.
Case 3: R is solvable: Let R′ denote denote the commutator subgroup of R.
Then R′ is nilpotent and A := R/R′ is abelian. If x ∈ R is any element, we
can per definition write its image x̄ in A as x̄ = exp(t1 A1) · · · exp(tn An) for
some Ai:s in Lie(A) which form a basis. Let π : Lie(R) → Lie(A) denote
the quotient map and let Ãi ∈ Lie(R) be elements with π(Ãi) = Ai. Thus
we get x = exp(t1Ã1) · · · exp(tn Ãn)g for some g ∈ R′. Since R′ is nilpotent
this reduces our problem to case 2.

Now we are ready to prove the main result of this section.

Proof of Theorem 10.1. Let G0 denote a connected component of G contain-
ing the identity. By Proposition 10.7, there are finitely many one-parameter
subgroups Ri such that the product map R1 × R2 × · · · × RN → G0 is
surjective. By Proposition 10.6 and Lemma 10.3, the elements of each of
the ϕ(Ri) have bounded length, say a(i). Thus the length of the elements
in ϕ(G0) is bounded by ∑N

i=1 a(i). As G has only finitely many connected
components the lengths of elements of ϕ(G) are bounded. The assertion
now follows from Lemma 10.3.
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11 A consequence of the structure theorem

In [An1], Andersén gave an example of an automorphism which is not in
the shear group. More specifically, he showed that the mapping C2 → C2

defined by
(x, y) 7→ (xexy, ye−xy)

is not a finite compositions of shears. Hence the shear group is a proper
subgroup of the set of volume-preserving automorphisms. Andersén pro-
ved this fact using Nevanlinna theory. In [AL], this example due to Ander-
sén was extended to prove that the automorphism of C2 defined by

(x, y) 7→ (xeφ(xy), ye−φ(xy))

is not a composition of overshears for any non-constant holomorphic
φ : C → C. This proof also used Nevanlinna theory. Furthermore, Ander-
sén and Lempert also constructed an existence proof based upon Baire’s
category theorem, of a volume-preserving automorphism fixing the origin
and which is not a composition of overshears fixing the origin. This clearly
implies the existence of a volume-preserving automorphism which is not a
composition of shears and the existence of an automorphism which is not
a composition of overshears.

We will present yet another proof for finding an automorphism which is
not a composition of overshears. The approach we will use can be found in
the paper [KKr] and Corollary 43 of [An2]. Our generalization to Danielew-
ski surfaces is

Theorem 11.1. Given a non-constant holomorphic function f on C, the holomor-
phic automorphism

H f (x, y, z) = (xe f (z), ye− f (z), z)

of Dp, for deg(p) > 2, is not a composition of overshears. That is, the overshear
group OS(Dp) is a proper subset of the component of the identity of Authol(Dp).

Proof. Consider the automorphism H f (x, y, z) = (xe f (z), ye− f (z), z) of Dp,
where f ∈ O(C). This automorphism lies in the component of the identity
of Aut(Dp). Assume that the n:th roots

H1/n
f (x, y, z) = (xe f (z)/n, ye− f (z)/n, z)

are in OS(Dp). Then by Lemma 10.5, H1/n
f is conjugate to either O1 or

O2. We will show this is impossible by examining the fixpoint set of H f ,
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which will show that some of the H1/n
f s are not elements of OS(Dp), hence

H f /∈ OS(Dp).
We start with examining the fixpoint set of the mapping H f 6= Id.

Clearly the infinite discrete set {e f (z) − 1 = 0} ⊂ C is a first criterion for
the fixpoint set of H f . We also need to check the points on the Danielewski
surface. A point z ∈ {e f (z)− 1 = 0} is either a zero of p or not. We consider
two cases:
Case 1: (p(z) = 0)
Since p has only a finite number of zeros, we assume that they are

{e f = 1} ∩ {p = 0} = {a1, . . . , ak} ⊂ {e f (z) − 1 = 0}.

This means that xy = p(aj) = 0 on the Danielewski surface, for 1 ≤ j ≤ k.
Thus either x = 0 or y = 0, or both. When x = 0, we will get a C for each aj
where this happens, and the same for y = 0. The places where both x and
y is 0, we only get the point {0} × {0} × {aj}. Hence, the fixpoint set of F
contains a finite number of copies of C and points of the form {0} × {0} ×
{aj}.
Case 2: (p(z) 6= 0)
In this case we get non-vanishing complex numbers for each

z ∈ {e f (z) − 1 = 0}.

This means that we get an infinite number of copies of complex curves
biholomorphic to C∗ in the fixpoint set of H f . Hence, adding the two cases,
we conclude that the fixpoint set of H f is an infinite number of copies of C∗
and a finite number of copies of C plus points of the form {0}× {0}× {aj}.

Let us now try to determine the fixpoint set of an overshear in O1, that
is a mapping of the form

O f ,g(x, y, z) =
(

x, y +
p(z f (x) + xg(x))− p(z)

x
, z f (x) + xg(x)

)
,

where f : C → C∗ and g : C → C are holomorphic and f (0) = 1. We con-
sider two cases.

Case 1: ( f ≡ 1)

We start with the first case. We need only to consider the discrete zero
set {xg(x) = 0} ⊂ C. If x = 0, then we know that p(z) = 0, which means
that the fixpoint set contains a finite number of copies of C, and when x 6= 0
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with g(x) = 0, we also get a C for each of these x. Hence, the fixpoint set
only contains a finite number of copies of C only, and we are finished with
this case.
Case 2: ( f 6≡ 1)

Now to the second case. We will get a fixed point if z = xg(x)
1− f (x) . We need

to understand the graph of this one variable function. At the points where
1− f (x) and xg(x) vanishes together and g vanishes of a order at least as
high as 1− f , then we the fixpoint set contains a C or C∗ ,depending if x is
zero or not. Otherwise, we will have non-removable singularity. At these
singular points the fixpoint set contains copies of C. Hence, the fixpoint set
consists of a finite copies of C and a finite copies of C∗.

Since the fixpoint set of H f contains infinitely many copies of C∗ and
the fixpoint set of O f ,g only contains finitely many copies of C∗, it follows
that their fixpoint sets are not the same. Hence, some of the H1/n

f :s cannot
be in OS(Dp), showing that OS(Dp) is a proper subgroup of the component
of the identity of Aut(Dp).

Remark 11.2. In [An1] and [AL], Andersén and Lempert used the Nevan-
linna characteristic to show results similar to that of Theorem 11.1. The au-
thor does not know if it is possible to prove Theorem 11.1 by this method,
but the proof is similar to the proof of the structure Theorem 9.1 so it may
be possible.

Remark 11.3. The author does not know if the method in [AL], where An-
dersén and Lempert uses Baire’s theorem, is applicable to the case of a
Danielewski surface.

Remark 11.4. As the author mentioned in Remark 9.8, it holds that S(Dp) =
S1 ∗ S2 for deg(p) > 2. Examining the proof of Theorem 11.1 and doing
some small adjustments of the proof, yields that H f is not a composition
of shears either. Hence, S(Dp) is a proper subset of the component of the
identity of Aut1(Dp), the volume-preserving holomorphic automorphisms
of Dp.
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12 Lie algebras of shear and overshear fields

In this section we prove a couple of results concerning Lie algebras gen-
erated by shear and overshear fields. Consider the following shear and
overshear fields:

(V1) OFx
f ,g := p′(z)(z f (x) + g(x)) ∂

∂y + x(z f (x) + g(x)) ∂
∂z

(V2) OFy
f ,g := p′(z)(z f (y) + g(y)) ∂

∂x + y(z f (y) + g(y)) ∂
∂z

(V3) SFx
f := p′(z) f (x) ∂

∂y + x f (x) ∂
∂z

(V4) SFy
f := p′(z) f (y) ∂

∂x + y f (y) ∂
∂z ,

where f , g are entire functions on C. Clearly, if f ≡ 0 then OFx
f ,g is the shear

field SFx
g . Furthermore, overshear fields with linear parts only commute:

[OFx
f ,0, OFx

g,0] = 0 , (12.1)

for any f , g ∈ O(C). Overshear fields with absolute parts only, that is shear
fields, also commute:

[SFx
f , SFx

g ] = 0 , (12.2)

for any f , g ∈ O(C). This means that the Lie algebra generated by shear
fields (in one direction) is abelian. Furthermore, for any f , g, h and k, entire
functions on C, we have

[OFx
f ,g, OFx

h,k] = x · SFgh−k f , (12.3)

and in particular

[SFx
h , OFx

f ,g] = x · SFx
f h = x f (x) · SFx

h . (12.4)

Proposition 12.1. Let f , g and h be fixed holomorphic functions with f , h 6≡ 0.
Then the Lie algebra Lie(OFx

f ,g, SFx
h ) is of infinite dimension.

Proof. By expression (12.4), and the fact that shear fields commute by ex-
pression (12.2), we get that

Lie(OFx
f ,g, SFx

h ) = span{OFx
f ,g, SFxn f nh; n = 0, 1, 2 . . . }

Assume that the Lie algebra is of finite dimension. This means that there
are constants a0, . . . , an, b such that

bOFx
f ,g +

n

∑
j=0

ajxj f j(x)SFx
h = xn+1 f n+1(x)SFx

h .
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It follows that b = 0, whence we get a functional equation of the form

n

∑
j=0

ajyj(x) = yn+1(x) ,

where y is holomorphic and has a zero at 0. Making a Taylor expansion
of y, and comparing coefficients yields a contradiction if the Lie algebra is
assumed to be of finite dimension.

Proposition 12.2. Let g be a Lie algebra in Lie(OFx
f ,g; f , g ∈ O(C)) with f , g 6≡

0 and suppose that 1 < dim(g) < +∞. Then g is abelian.

Proof. Assume that g is not abelian. Let Θ1 ∈ g be a vector field. Then
Θ1 is an overshear field. Indeed, by definition, Θ1 is a Lie combination of
overshear fields, and then by using expression (12.3), (12.4) and (12.2), Θ
has to be an overshear field. As dim(g) > 1, there exists another vector
field Θ2 ∈ g not commuting with Θ1. By the same argument as above Θ2
also must be an overshear field. But the Lie bracket of overshear fields is
a shear field by expression (12.3), so dim(g) = +∞ by Proposition 12.1, a
contradiction.

Proposition 12.2 says that all finite-dimensional Lie algebras of the over-
shear group is abelian. Proposition 12.1 and Proposition 12.2 both hold in
the C2-case. In the next section we shall start to classify all specific Rn

actions on Danielewski surfaces, and as all finite-dimensional abelian Lie
algebras are isomorphic to some Rn, Proposition 12.2 will then tell us some-
thing about finite-dimensional subgroups of the overshear groups.
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13 One parameter subgroups of the shear group

As we mentioned in the introduction, a classification, up to conjugation, of
one-parameter subgroups of the overshear group in C2 has already been
done by Ahern, Forstnerič and Varolin in [AF] and [AFV]. This classifica-
tion relies on the fact that the overshear group has the structure of an amal-
gamated product. Analogous results for the polynomial case were pre-
sented by Suzuki in [Su1] and [Su2] and also by Bass and Meisters in [BM]
and by Fabritiis in [Fa3]. In this section we will classify all Rn actions, and
therefore all one-parameter subgroups on Dp induced by overshears.

Recall that an Rn-action on a manifold M is a smooth mapping ϕ : Rn ×
M → M such that for each fixed t ∈ Rn we have that ϕt := ϕ(t, ·) is an
automorphism and that ϕs+t = ϕs ◦ ϕt for every s, t ∈ Rn. When n =
1, the family of mappings ϕt is also called a real one-parameter group of
Aut(M). One-parameter subgroups are obtained by integrating complete
holomorphic vector fields on M and are thus called flows. Recall that a
holomorphic vector field V on a manifold M is complete if the there exists
a global solution ϕt : M → M to the ordinary differential equation

dϕt(z)
dt

= V(ϕt(z)) , ϕ0(z) = z.

There is a one-to-one correspondence between complete holomorphic vec-
tor fields on M and actions of (R, +) on M: If V is a complete vector field,
its flow ϕt is clearly an action of (R, +) on M. On the other hand, with
every action ϕ : R× M → M we associate a vector field

V(z) =
d
dt

∣∣∣∣
t=0

ϕ(t, z) ,

called the infinitesimal generator of ϕ. Clearly V is a complete vector field
with flow ϕt.

When classifying Rn-actions on O1, we get all Rn-actions on O2 as well,
because O1 and O2 are conjugate to each other through the involution I. Let
ϕ : Rn → O1 be an Rn-action. Then

ϕt(x, y, z) =
(

x, y +
p(z f (t, x) + xg(t, x))− p(z)

x
, z f (t, x) + xg(t, x)

)
,

where f , g : Rn × C → C are holomorphic for each fixed t = (t1, . . . , tn) ∈
Rn, and f (t, 0) = 1, and t 7→ f (t, x), g(t, x) are real analytic. We start with
two lemmas

67



Lemma 13.1. Assume that f : Rn ×C → C is holomorphic for each fixed t ∈ Rn

and differentiable in t. Furthermore, assume that

f (s + t, x) = f (s, x) + f (t, x) ,

for s = (s1, . . . , sn), t = (t1, . . . , tn) ∈ Rn and x ∈ C. Then f (t, x) = 〈t, h(x)〉,
for some h = (h1, . . . , hn) with hj ∈ O(C), and where 〈t, h(x)〉 = ∑n

j=1 tjhj(x).

Proof. We start with n = 1. Clearly,

∂ f
∂s

(s + t, x) =
∂ f
∂s

(s, x).

Since this equality holds for every s and t, it in particular and thus holds
for t = −s, so

∂ f
∂s

(0, x) =
∂ f
∂s

(s, x) = k(x) ,

for some k ∈ O(C). Put

f̃ (s, x) := f (s, x)− s · k(x).

Then
∂ f̃
∂s

(s, x) = 0.

Hence, f̃ is independent of s, which implies that f̃ (x, s) = h(x), for some
h ∈ O(C). Since f̃ (s + t, x) = f̃ (s, x) + f̃ (t, x), h(x) ≡ 0. Hence, f (s, x) =
sk(x) for some k ∈ O(C). The result for general n ≥ 1 is obtained through
an inductive argument.

Lemma 13.2. Let g : Rn → C be a differentiable function. Let 〈a, b〉 = ∑n
j=1 ajbj

be the usual scalar product in Rn. Consider the initial value problem
{

g(s + t) = g(t)e〈λ,s〉 + g(s)
g(0) = 0

, (13.1)

where λ = (λ1, . . . , λn) ∈ Cn and s = (s1, . . . , sn), t = (t1, . . . , tn) ∈ Rn. The
solution of equation (13.1) is

{
g(t) = c(e〈λ,t〉 − 1) λj 6= 0 for at least one j
g(t) = 〈d, t〉 λ ≡ 0

,

where c,∈ C and d = (d1, . . . , dn) ∈ Cn are constants.
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Proof. Differentiate the functional equation with respect to sj and tj yields

gj(s + t) = λjg(t)eλ·s + gj(s)

and
gj(s + t) = gj(t)e〈λ,s〉 ,

where we first differentiate with respect to sj and then with respect to tj.
Here gj stands for the j:th partial derivative. Hence,

λjg(t)e〈λ,s〉 + gj(s) = gj(t)eλ·s

for all j. Therefore, if we set s ≡ 0, we can consider the following differen-
tial equation in g.

gj(t) = λjg(t) + gj(0).

This differential equation has a solution

g(t) = cj(t̂j)eλjtj − gj(0)
λj

,

which implies that cj(0) = gj(0)
λj

, as long as λj 6= 0, for all j. This implies
that the solution to the functional equation in expression 13.1 is

g(t) = c(e〈λ,t〉 − 1) , λ 6≡ 0 ,

for some constant c ∈ C. If λ ≡ 0, then the solution follows from Lemma
13.1.

Since ϕs+t = ϕs ◦ ϕt, we get the following equations
{

f (s + t, x) = f (s, x) · f (t, x)
g(s + t, x) = g(t, x) · f (s, x) + g(s, x) .

Furthermore, since ϕ0 = Id we have
{

f (0, x) = 1
g(0, x) = 0

.

Using Lemma 13.1 with log f instead of f and using the condition f (0, x) =
f (t, 0) = 1 it follows that f (t, x) = ex〈t,h(x)〉, for some h = (h1, . . . , hn) with
hj ∈ O(C). Let us sum up what we have done so far. The Rn-action on O1
is

ϕt(x, y, z) =
(

x, . . . , zex〈t,h(x) + xc(x)(ex〈t,h〉 − 1)
)

,
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where h = (h1, . . . , hn) and hj, c ∈ O(C). If h ≡ 0, then the Rn-action takes
the form

ϕt(x, y, z) = (x, . . . , z + 〈t, d(x)〉) ,

where d = (d1, . . . , dn) and dj ∈ O(C). Hence we have proved

Theorem 13.3. Let ϕ a Rn-action on O1, then ϕ is of the form
{

ϕt(x, y, z) =
(

x, . . . , zex〈t,h(x)〉 + xc(x)(ex〈t,h(x)〉 − 1)
)

, h 6≡ 0
ϕt(x, y, z) = (x, . . . , z + 〈t, h(x)〉) , h ≡ 0

,

where h = (h1, . . . , hn) and d = (d1, . . . , dn) with hj, dj, c ∈ O(C).

Remark 13.4. The dots in the formula in Theorem 13.3 corresponds to the
function u such that x · u = p(zex〈t,h(x) + xc(x)(ex〈t,h〉 − 1)).
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14 Open problems

1. Consider the Danielewski surfaces Dp,n and Sσ,n for n > 1. Do these
surfaces have the density property? The problem when n > 1 is that
we do not have the same symmetry as for n = 1, so for instance the
shear fields only exist in one direction of the surface.

2. If n = 1 in Sσ,n, then we have more shear fields. Is it then possi-
ble to prove the density property? Maybe it is possible to show that
the corresponding overshear group is dense in the holomorphic au-
tomorphism group and prove a structure theorem similar to one for
Dp?

3. If Sσ,n or/and Dp,n have the density property, is it then possible to
consider the extended surfaces Sσ,n or/and Dp,n as hypersurfaces in
Ck+2 and then prove the density property for the extended surfaces
as well? This is what was done in [KK1] for Dp.

Some of the above questions are natural generalizations of the results
in this thesis. The author has not tried to prove these problems yet.
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15 List of symbols

Symbol Explanation

Cn The n-fold cartesian product of C

Dp Danielewski surface defined by the polynomial p ∈ C[z].
OS(Dp) Overshear group defined on the Danielewski surface.
S(Dp) Shear group defined on the Danielewski surface.
O f ,g Overshear defined by the holomorphic functions f and g.
S f Shear defined by the holomorphic function f .
T( f , r) Nevanlinna characteristic for the function f and the real number

r > 0.
[·, ·] Lie bracket
divω ω-divergence
A ∗ B The free amalgamated product of the groups A and B.
Liehol(X) Lie algebra generated by complete holomorphic vector fields

on X
VFhol(X) Lie algebra of all holomorphic vector fields on X
Liealg(X) Lie algebra generated by complete algebraic vector fields on X
VFalg(X) Lie algebra of all algebraic vector fields on X
Lieω

alg(X) Lie algebra generated by complete algebraic vector fields on X
that have zero ω-divergence

VFω
alg(X) Lie algebra generated by complete algebraic vector fields on X

that have zero ω-divergence
VFω

alg(X) Lie algebra generated by complete algebraic vector fields on X
that have zero ω-divergence

d The exterior derivative which is defined by ∂ + ∂̄.
dc We will use a normalized dc = i

4π (∂̄− ∂) as in [GK].
ddc With the above definitions we get that ddc = i

2π ∂∂̄.
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