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Abstract 
 
This Licentiate Thesis is devoted to the presentation and discussion of some new 
contributions in applied mathematics directed towards scientific computing in 
sports engineering. It considers inverse problems of biomechanical simulations 
with rigid body musculoskeletal systems especially in cross-country skiing. This 
is a contrast to the main research on cross-country skiing biomechanics, which is 
based mainly on experimental testing alone. 
      The thesis consists of an introduction and five papers. The introduction 
motivates the context of the papers and puts them into a more general framework. 
Two papers (D and E) consider studies of real questions in cross-country skiing, 
which are modelled and simulated. The results give some interesting indications, 
concerning these challenging questions, which can be used as a basis for further 
research. However, the measurements are not accurate enough to give the final 
answers. Paper C is a simulation study which is more extensive than paper D and 
E, and is compared to electromyography measurements in the literature. 
Validation in biomechanical simulations is difficult and reducing mathematical 
errors is one way of reaching closer to more realistic results. Paper A examines 
well-posedness for forward dynamics with full muscle dynamics. Moreover, 
paper B is a technical report which describes the problem formulation and 
mathematical models and simulation from paper A in more detail. 
      Our new modelling together with the simulations enable new possibilities. 
This is similar to simulations of applications in other engineering fields, and need 
in the same way be handled with care in order to achieve reliable results. The 
results in this thesis indicate that it can be very useful to use mathematical 
modelling and numerical simulations when describing cross-country skiing 
biomechanics. Hence, this thesis contributes to the possibility of beginning to use 
and develop such modelling and simulation techniques also in this context. 
 
 
 





Preface

This Licentiate Thesis consists of an introduction and the following five papers.

A M. Lund, F. Ståhl, and M. Gulliksson. Regularity aspects in inverse mus-
culoskeletal biomechanics. InNumerical Analysis and Applied Mathemat-
ics: International Conference on Numerical Analysis and Applied Mathe-
matics 2008, pages 368–371.

B M. Lund Ohlsson and M. Gulliksson. Least squares approach to inverse
problems in musculoskeletal biomechanics. Technical report, Mid Swe-
den University, 2009, ISSN 1650-5387 2009:52.

C L. J. Holmberg and A. M. Lund. A musculoskeletal full-body simulation
of cross-country skiing.Proceedings of the Institution of Mechanical En-
gineers, Part P: Journal of Sports Engineering and Technology, 1:11–22,
2008.

D A. M. Lund and L. J. Holmberg. Which are the antagonists to the pec-
toralis major muscle in 4th gear, free-style technique, cross-country ski-
ing?. InScience and Nordic Skiing, pages 110–118, 2007.

E L. J. Holmberg and A. M. Lund. Using double-poling simulations to study
the load distribution between teres major and latissimus dorsi. In Science
and Nordic Skiing, pages 81–89, 2007.

The introduction consists of a brief description of this fascinating area,
which put these papers into a more general framework.
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Chapter 1

Introduction

1.1 Movement Technique

Within competitive sports there are always attempts to improve details accord-
ing to the rule book. These improvements are a mixture of equipment, phys-
iological, mental and movement technique methods. This thesis deals with
the latter factor, movement technique. But what is good movement technique
within a particular sport? When judging sports such as figureskating, the rules
determine what is good technique both directly, as a tight rotation position, or
indirectly, as the height of the jump disregarding which movement technique
that was used. Normally, in non-judging sports good technique is only de-
termined indirectly, since no importance is placed on how the longest/highest
jump or the fastest time is achieved, as long as it is the best according to the
rules. For example, it does not matter what running technique a marathon
runner has as long as it is the fastest. It is also possible that two different
movement techniques are equally good. Using this knowledge, that movement
technique is complicated, we use the definition that better movement technique
somehow improves effectiveness, overall results and reduces injuries.

There is very little science about what the optimal movementtechnique
is. In most sports, the coach, the training group or the athlete has a vision
of what the optimal technique is. This changes over time, as new ideas are
implemented in training and are copied by others. Copying others is good,
but that makes it impossible to be first, in the forefront. Self confidence is
necessary to try new things. However, all new ideas need to betrained a lot
before results can be achieved. This is time consuming and time is extremely
valuable to elite athletes, implying that ideas about a new movement technique
must be well motivated in order to gain the trust of the athletes, coaches and

1



2 CHAPTER 1. INTRODUCTION

teams.
The advantage of a particular movement technique is often motivated by

discussion or simple computations of biomechanical aspects. One example
when mechanical laws increase understanding is why it is better for the inter-
vertebral discs lifting a box from the floor using bent knees instead of with
straight knees. Because the movement is slow it is possible to approximate
the motion as quasi-static, which makes the discussion quite simple. How-
ever, it has been shown in ergonomics, that quasi-static approximations are
not completely sufficient when lifting and carrying a box [18]. Many sports
have higher accelerations than this particular ergonomic task, so it is likely
that quasi-static approximations are not sufficient for sporting activities either.
Furthermore, dynamical discussions or manual computations are also hard to
perform briefly, for example when there are many interactingjoints and mus-
cles. However there are people with lots of experience who find new ideas
within these fields by only discussing mechanical aspects (see e.g. [1]).

One alternative to only discussing biomechanical/mechanical aspects is to
actually compute the full dynamical mechanics, i.e. makinga simulation. Sim-
ulations are used in order to find out more when discussions become too com-
plicated to achieve reliable results. A simulation is performed on a model of
the real world. In analysis of movement technique the model is the human
body and how it interacts with the environment. The human body is a com-
plex mechanical system and, naturally, lots of approximations are necessary to
enable simulations. However, using simulations, it might be possible to reach
conclusions related to movement technique. This is much less expensive, both
regarding training time and costs of physical tests.

This thesis mainly focuses on biomechanical simulations ofmusculoskele-
tal systems in cross-country skiing. In Sections 1.2-1.3, modelling and simula-
tion techniques for musculoskeletal systems are describedin general, in order
to explain some definitions. In Section 1.4 the included papers are briefly
described and put in a general framework. Finally Section 1.5 includes the
concluding remarks and discussion about the future.

1.2 General Musculoskeletal Modelling

Simulations are operations performed on a model in a computer. For simula-
tion of movement techniques in sports the model is the human body together
with environmental interaction, [4]. For dynamical studies the most common
models are made by rigid-body linked system actuated by mass-less muscles.
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There are of course many different ways of modelling the mechanical system
of the human body. Below is a brief description of definitionsand methods
used in the papers included in this thesis.

The rigid bodies consist of inertial properties including the bone, muscles,
skin and fat that are situated between the joints. The jointsconnecting the rigid
bodies are modelled frictionless where adjacent bodies share a common point
or a common line. The muscles span from one rigid body to another passing
one or more joints. The muscles can be simple force actuatorsthat can produce
any force between zero and maximum force at any time or they can be more
advanced. Ligaments, mechanical stabilizers, are also possible to model as
mechanical objects; they are however not used in this thesis.

The human model has connections to the environment by boundary con-
ditions. The boundary conditions can be joints and externalforces or just the
model set freely in a gravitational system.

The mechanical model of the system comprises to a set of differential equa-
tions. The equations of motion for the connected rigid bodies, its actuators and
the boundary conditions are differential equations. The equations of motion
when the muscles are simple force actuators are formulated as

Mq̈(t) − gext +

(

∂Φ (q(t))

∂q(t)

)T

fr(t) + Cm(q(t))Fm
o ft(t) = 0, (1.1)

Φ(q(t)) = 0, (1.2)

0 ≤ ft(t) ≤ 1, (1.3)

whereq(t) are the rigid body positions depending on time,t. In the equations
M is the inertia matrix,gext the external loads,Φ(q(t)) are the joint equations,
fr the joint reaction forces,Cm a matrix of the muscular moment arms,Fm

o

the maximum available muscle forces, andft the normalized forces exerted
from the muscles on the rigid bodies.

A more advanced muscle model can include models of muscle dynamics.
This dynamics can be interpreted as the dynamics starting with the muscles
having received a nervous signal until the force is transferred to the rigid bod-
ies. In this thesis the muscle dynamics includes two parts, activation and con-
traction dynamics.

Activation dynamics, which is the first part, is often modelled as a first-
order linear differential equation. The nervous signal received by the muscle is
called excitation,u(t). From this excitation there is a time delay,τact, before
the muscle is in its active state where the activationa(t) is larger than zero
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Figure 1.1: Example of how excitation,u(t), is transformed to activation,a(t),
by differential equation 1.4 withτact = 0.12 andτdeact = 0.12.

and contraction is enabled. The same applies to deactivation, τdeact. This
process is called activation dynamics and can be modelled asa first-order linear
differential equation as (see [15])

ȧ (t) − (u (t) − a (t)) ·

(

u (t)

τact

+
1 − u (t)

τdeact

)

= 0. (1.4)

An example of how this differential equation transforms theexcitation,
u(t), to the activation,a(t) is shown in figure 1.1.

Contraction dynamics is a dynamical process from the activestate of the
muscle to force generation to the rigid bodies. A commonly utilized muscle
model is the Hill-model [19]. This model separates the muscle in a muscle unit
and a tendon unit. The mechanical model of a 3-element Hill-model is shown
in figure 1.2. This is a dynamic mechanical system which can bedescribed by
the first order differential equation

ft (lt (q (t) , lm (t)))−
(

fpe (lm (t)) + a (t) · fl (lm (t)) fv

(

l̇m (t)
))

cos θ = 0. (1.5)

The three elements in the model are the tendon (T), the contractile element
(CE) and the parallel elastic element (PE). In the Hill-model are the force ex-
erted from the muscle on the rigid bodies,ft, the muscle force-length depen-
dence,fl, the muscle force-velocity dependence,fv, the tensile force exerted
by the parallel elastic element,fpe, the length of the muscle units,lm, the
length of the tendon unit,lt, and the pennation angle of the muscle fibres,θ.
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Figure 1.2: Hill muscle model with 3 elements: tendon (T), contractile element
(CE) and parallel elastic element (PE).

The differential equations for the mechanical system of themodel using the
3-element Hill model are similar to equations (1.1)-(1.2) except that the forces
exerted on the rigid bodies,ft, now depend on both the positions of the rigid
bodiesq(t) and the normalized muscle unit lengthlm(t) as ft(q(t), lm(t)).
The full system is now equations (1.1)-(1.2) withft = ft(q(t), lm(t)) and
equations (1.4)-(1.5) together with the bounds of normalized activation and
excitation,0 ≤ a(t) ≤ 1 and0 ≤ u(t) ≤ 1. The differential variables are now
q(t), lm(t) anda(t).

The human mechanical system is statically indeterminate bythe muscles.
This means that there are more muscles than mechanically needed to perform
many motions. Mathematically this means that there are moreunknowns than
there are number of equations in the system of equations. Hence, we can not
expect to obtain a unique solution of the problem and this gives rise to special
simulation issues, which are explained in detail later on.

1.3 General Biomechanical Simulation

Depending on the research question and the situation different simulation meth-
ods can be used. A common simulation method is to use some typeof inverse
problem formulation. An inverse problem consists of findingthe action from
a known wanted reaction. This method is popular in biomechanics partly be-
cause the reactions of the system, motion and external forces, are more easily



6 CHAPTER 1. INTRODUCTION

measured than the actions, muscle excitation or forces. Theactions, especially
muscle forces, are therefore hard to find in any other way thansimulations.
The inverse problems can be solved either by inverse or forward dynamics, see
e.g. [14].

In inverse dynamics the measured reactions, motionq(t), q̇(t), q̈(t) and
external forces,fext, are first smoothed to be compatible to each other and to
satisfy the joints equations. The reactions are then inserted into the system
of equations, leaving the muscle variables (ft(t) for the simple muscle model
andu(t), a(t), lm(t) for muscle dynamics model described in Section 1.2) and
reaction forces in the joints as the only unknowns. To find these unknowns,
which are normally more than the number of equations, optimization is used.
The objective function define how the system should distribute the force on
the muscles and make the system well defined. For the simple force muscle
model the simulation problem overt ∈ [ti, tf ] is written as the optimal control
problem

min
ft(t),fr(t)

G(ft(t))

s.t.



















Mq̈(t) − gext +

(

∂Φ (q(t))

∂q(t)

)T

fr(t) + Cm(q(t))Fm
o ft(t) = 0

Φ(q(t)) = 0

0 ≤ ft(t) ≤ 1

.

(1.6)

The problem in equation (1.6) is solved by first discretizingand then solving
a large optimization problem in finite dimensions. When using simple force
muscle model, as in equation (1.6), in inverse dynamics the problem does not
include differential equations. Therefore it is possible to discretize all variables
as piece-wise linear and solve the optimization separatelyin each time-step.

One commercial software using inverse dynamics similar to the approach
described above is the AnyBody Modelling system (AnyBody Technology
A/S, Denmark), see [3]. This system uses either a simple muscle model or
a simplified Hill muscle model not including activation dynamics and a spe-
cial version of contraction dynamics, see [13]. Moreover, this system uses a
linear objective function subject to the constraints whichare linear with respect
to the unknown variablesft andfr. The linear optimization problem is solved
by a simplex solver in each time-step.

Another method using inverse dynamics is the Physiologicalinverse ap-
proach [15]. This method uses muscle dynamics with both activation and con-
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traction dynamics similar to the equations (1.4)-(1.5). The optimal control
problem included with muscle dynamics are now dependent of the differential
variables of the muscle lengths,lm(t), and activations,a(t). This coupling of
the time-steps implies that the optimal control problem cannot be discretized
into an optimization problem which is separated into independent time steps.
The whole system needs to be optimized at the same time. This optimization
problem is non-linear and to reach a local optimum, which is hopefully close
to the global optimum, a good start-guess is needed. The start-guess is found
by solving an approximated version of the full system which is convex, see
[15].

Forward dynamics do not smooth the measured quantities (reaction data)
in advance as inverse dynamics do, see [16]. Forward dynamics formulates an
optimal control problem to minimize the difference betweenthe measured re-
action data,qexp(t), fext(t) (fext(t) is not included in equation 1.7 but can be)
and the computed data used in the equations of motion. Assuming normally
distributed errors in reaction data, the objective function minimizes the differ-
ence inL2-norm. A problem with no external forces and simple force muscle
model can be described as

min
q(t),ft(t),fr(t)

1

2
‖q(t) − qexp(t)‖

2
L2(ti,tf )

s.t.



















Mq̈(t) − gext +

(

∂Φ (q(t))

∂q(t)

)T

fr(t) + Cm(q(t))Fm
o ft(t) = 0

Φ(q(t)) = 0

0 ≤ ft(t) ≤ 1.

.

(1.7)

With forward dynamics it is possible to include muscle dynamics as differ-
ential equations. The disadvantage is that the optimization problem becomes
large and non-linear. This is because it still has the rigid body positionsq(t)
and its derivatives as unknowns, making it both larger and more non-linear
than the inverse dynamics approach. Furthermore, a start-guess is needed for
the forward dynamics method, because of the non-convexity of the optimiza-
tion problem.

The formulation in equation (1.7), like the inverse dynamics formulation,
have to take care of the mechanical indeterminacy. In paper A(see also [11])
it is shown that the above problem is ill-posed and gives riseto computational
problems. This can be handled by including a force distributing term in the
objective function as
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min
q(t),ft(t),fr(t)

1

2
‖q(t) − qexp(t)‖2

L2(ti,tf ) +
µ

2
‖ft(t)‖

2
L2(ti,tf )

s.t.



















Mq̈(t) − gext +

(

∂Φ (q(t))

∂q(t)

)T

fr(t) + Cm(q(t))Fm
o ft(t) = 0

Φ(q(t)) = 0

0 ≤ ft(t) ≤ 1

.

(1.8)

The regularization parameterµ can be chosen differently depending on the
assumption of the size of the normalized errors in the motiondata. In paper A
the weight factor is chosen asµ = 0.2.

The optimal control problem can either be solved by an indirect (infinite
dimensional) or a direct method (finite dimensional). A direct method (1.8)
is more suitable for general programming because there is noneed to derive
the necessary conditions for the optimal control problem, see [2]. In the di-
rect method discretization is done before formulating the necessary conditions
of the optimization problem and therefore transforms the problem to a static
optimization problem (a finite dimensional optimization problem).

1.4 Modelling and Simulations in Cross-Country
Skiing

Cross-country skiing is an endurance sport with two different main techniques,
classic and skating. These two include several sub-techniques which have been
developed in order to increase effectiveness in meeting thedifferent demands
of a race. This sport activates the whole body and uses large ranges of motion
in the joints, see [5].

Cross-country skiing has not been extensively studied especially not in the
field of biomechanics, see Lindinger [9]. According to this review published in
2007 only 11% (39 out of 345) studies included biomechanics in any form and
then mainly measurements of kinematics. There were also studies including
kinetics measurements and a few including EMG (electromyography) mea-
surements. The author does not know about any other publication up to this
date regarding simulations in cross-country skiing.

Measurement techniques are important to characterize movement tech-
nique. They are also important for simulations. Measurements are needed
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both in the modelling and the simulation process, in the creation of the model
and by measuring input, and perhaps also output, for the simulation. For in-
verse problems the measured input are the motion and the external forces, and
the possible output is measurements of the EMG. Without goodkinematic and
kinetic measurements a simulation probably can not give practical results to
athletes or coaches. Of course in the first phase of modellingand simulation,
when the first simulations are made, measurements are of lessimportance be-
cause the focus then is to make the simulation functional andstable.

Paper D (see [10]) shows an application of using simulation directly in
training development. It presents a new way of finding antagonists for a par-
ticular muscle. This is hard to find in any other way for a specific motion
of a rotational joint as the shoulder joint. The idea for applying this paper
originated from the cross-country skiing community. Muscular balance was
examined in the shoulder for a skating sub-technique, called 4th gear, where
the range of motion in the shoulder is thought to be very important.

The simulation model was made in three-dimensions and consisted of the
upper body. The motion of the 4th gear skating technique was recorded by
VICON (Vicon Motion Systems, Ltd., Oxford, England) and themotion was
extracted from a visualization in the program. Inverse dynamics simulations
were performed in the AnyBody Modelling system for different lengths of the
pectoralis major tendon. This created different passive resistances in the mus-
cle. In order to perform the same motion when passive resistance increased
in pectoralis major other muscles needed to stabilize the shoulder. The mus-
cles that increased their work were interpreted as antagonists to the pectoralis
major. These were rhomboideus, infraspinatus, trapezius (scapular part) and
the parts of latissimus dorsi (the parts of the muscle extending the shoulder)
originating from ilium. This result can be interpreted practically as a recom-
mendation of strength training of these muscles to achieve better muscular
balance and range of motion in the shoulder.

The whole human body is one mechanical system. To make simulations of
parts of the body one needs to be careful of how to formulate the boundaries of
the model. Performing motions that have a large range, whichis common in
cross-country skiing, means that the whole body is active inthat motion. For
example, double-poling, which has traditionally only beenseen as upper body
work, has been proven to be full-body work, see [5]. Althoughthe motion in
the legs in double-poling is small, they are working a lot. Therefore the legs
are probably important to include in simulations of double-poling.

Simulations of large body models are computational and modelling de-
manding both because of the size of the mathematical model and the com-
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plexity of the motion, i.e. the number of degrees of freedom.Because cross-
country skiing incorporate many muscles and large ranges ofmotion in many
joints, we think that a full-body simulation is needed to really give useful re-
sults in practice. The double-poling technique, presentedin paper C and E,
became the first full-body simulations of cross-country skiing because it is
mechanically the simplest one within the sub-techniques. The simulation was
made by measuring the motion to the sagital plane and projecting the motion
up to a 3-dimensional model. This simplifies the simulation by symmetry and
gives the model better mechanical stability which enhancesnumerical stability.

In sports, simulations have the advantage that a specific detail can be changed
and tested directly. This can not be performed by measurements, because if
this change have not been trained it will take time before thechange feels nat-
ural for the athlete. We call this posing “what if” questionsand this is done
in paper E (see [6]). The specific ”what if”-study in double-poling were: If
the abduction angle of the shoulder increases, what happensto the distribution
of load between teres major and latissimus dorsi? The resultwas not crystal
clear but indicated similarities to experimental studies.The results indicated
that increased shoulder abduction gave relatively more activation in teres ma-
jor than latissimus dorsi. The results give a mechanical interpretation of how
these different muscles are acting in slightly perturbed motions. More studies
has to be performed in order to give secure results.

Simulations are performed on a model of reality and will therefore always
include errors both in measured input data and simulation method. The size of
the errors are tried to be reduced by validation studies. In musculoskeletal bio-
mechanics this is really difficult, see e.g. [12] or [17]. No perfect method exists
today. One reason is that experiments of human subjects are not sufficiently re-
producible and a second one is that measuring actions (such as muscle forces)
is difficult, see e.g. [8].

Paper C (see [7]) presents the complete results from a full-body, measure-
ment driven, and relatively stable simulation of double-poling. This paper
shows extensive results of the experimental input (kinematics and external ki-
netics), the inverse dynamics simulation method and the simulation results (in-
ternal kinetics). These results are compared to other experimental studies of
kinematics, kinetics and electromyography (muscle activity). Similarities and
dissimilarities are shown and discussed. However, this is no complete valida-
tion study which is needed to secure reliability. The modelling and obtained
results are the first of its kind and therefore particularly interesting for future
research in this area. One observation is that with this kindof stable model it
is possible to better understand the mechanics of movement technique, which
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are hard to achieve with traditional experimental techniques.

The studies in the previously described papers, papers C, D and E, do not
use full muscle dynamics. It might be that cross-country skiing, which includes
relatively high accelerations, needs simulations that includes more advanced
muscle dynamics. Advanced muscle dynamics makes the computations more
advanced, and with the knowledge that a full-body model in three-dimensions
is demanding as it is, how can then validation be achieved? One way to ensure
better computations is to reduce the numerical errors in themethod. One step
toward this is shown in paper A (see [11]).

To be able to control the whole modelling process as well as the actual
computations, both the modelling and the forward dynamics solver where im-
plemented in Matlab (The MathWorks, Inc, USA). The model wasa small test
problem consisting of an arm performing an arm curl. The muscles included
activation and contraction dynamics. The contraction dynamics was modelled
according to a 3-element Hill-model. The forward dynamics problem, an op-
timal control problem, was discretizated directly by B-splines using global
collocation. The discretized optimization problem was solved by the Matlab
functionfmincon. The start-guess to the non-convex optimization problem
where generated by an implemented inverse dynamics method including mus-
cular dynamics, similar to the method used in the AnyBody Modeling System.
Regularity aspects, such as the uniqueness of the local solution were examined
for the approximated quadratic sub problem. This was done ineach iteration in
the solving process. More details about the modelling and simulation process
can be found in paper B [13].

The result of this study shows that the problem is not well-posed unless
a force sharing term is included in the objective function, as discussed in the
end of Section 1.3. This is not enough though because rank-deficiency also ap-
pears in the constraints. The constraints show linear dependencies when both
bounds of excitation and activation are included. Hence, byusing a force-
sharing term in the objective function and reducing the number of bounds in
the constraints the problem becomes well-posed. The well-posedness of the
optimization problem gives the problem a unique local optimum and the opti-
mization method is then both efficient and robust. This is oneimportant step
toward more reliable results of forward dynamics musculoskeletal simulations
from a modelling and numerical point of view.



12 CHAPTER 1. INTRODUCTION

1.5 Concluding Remarks and Future Possibilities

We would say that there is a gap today between results from biomechanical
simulations of musculoskeletal systems, the interpretation of the results and
the practical use of the results for athletes and coaches. More cooperation
between the fields is needed to reach the objective of more optimized move-
ment technique. Performing measurements are important forcharacterizing
and analyzing the function and development of movement technique. Though
measurements are always one step behind movement techniquedevelopment.
With modelling and simulations it is possible to be one step ahead of devel-
opment and test ideas mechanically before they are implemented in training
programs. Although this is still a vision today. The models and simulations
need to be validated further to be accepted within the sportscommunity. When
neither the models nor the simulation methods are validatedit is hard to know
to which extent the results are applicable and hence the practical use is limited.
Unfortunately, it is often “easier” to generate result thanto make practical use
of them, see [17].

In the future more validation studies are needed, and especially new ideas
of how to perform them. Because it is hard to measure the actions of the
human system and even harder to estimate if the errors of the measurements
are acceptable in relation to the modelling and simulation errors. Therefore
it is important that the validation should include all stepsin the modelling
and simulation process. We believe the mathematical part iseasily forgotten
because there are so many other more “visible” parts that canbe improved.
However, without a well-posed mathematical problem a lot can be lost, e.g.
the solution is very dependent of the start-guess. Moreover, it is also easy to
always aim for the best possible, as the most advanced musclemodel, a full-
body model etc., and forget what the research question really was. Therefore, it
is important to remember to adapt the model and simulation method carefully
for each case, and be careful with generalizations of the results.

Simulations enable new ideas for improvements of movement technique
which are difficult to find in any other way. This work is a contribution to the
first steps of using simulations as a tool for movement technique development.
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Abstract. Inverse simulations of musculoskeletal models computes the internal forces such as muscle and joint reaction
forces, which are hard to measure, using the more easily measured motion and external forces as input data. Because of the
difficulties of measuring muscle forces and joint reactions, simulations are hard to validate. One way of reducing errors for
the simulations is to ensure that the mathematical problem is well-posed. This paper presents a study of regularity aspects
for an inverse simulation method, often called forward dynamics or dynamical optimization, that takes into account both
measurement errors and muscle dynamics. The simulation method is explained in detail. Regularity is examined for a test
problem around the optimum using the approximated quadratic problem. The results shows improved rank by including a
regularization term in the objective that handles the mechanical over-determinancy. Using the 3-element Hill muscle model
the chosen regularization term is the norm of the activation. To make the problem full-rank only the excitation bounds should
be included in the constraints. However, this results in small negative values of the activation which indicates that muscles
are pushing and not pulling. Despite this unrealistic behavior the error maybe small enough to be accepted for specific
applications. These results is a starting point start for achieving better results of inverse musculoskeletal simulations from
a numerical point of view.

INTRODUCTION

Modelling and simulation of musculoskeletal systems are increasing our knowledge within both humans and animals.
For dynamical studies, the most common model is made by a rigid-body linked system actuated by massless muscles.
Because internal forces such as muscle forces and joint reaction forces are hard and expensive to measure, the inverse
problem is a common simulation type. The inverse problem consists of finding the internal forces, the muscle forces
and joint reaction forces, that produces measured quantities such as motion and external forces. The inverse problem
can be solved by inverse dynamics or forward dynamics [5].

In inverse dynamics, the measured quantities are preprocessed and thereafter inserted into the equations of motion.
The system is solved for the unknown internal forces. In musculoskeletal models of the human body, muscular
redundancy is common and result in a system which is mechanically over-determined. The problem is therefore solved
by optimization using a muscular load distribution criteria as objective function.

Solving the inverse problem with forward dynamics consists of minimizing the difference in norm between the
measured and the computed quantities, i.e. motion and external forces, such that the mechanical equations of the
system are fulfilled. The forward dynamics method is time-consuming because of its full-dynamical properties, but
can include advanced muscle dynamics (the dynamics from electrical signal in the muscle to the force generation),
which is thought important for fast motions [7].

Forward dynamics assumes errors in the measured quantities and therefore do not need the same amount of
preprocessing as the inverse dynamics method do. Though, the forward dynamics problem non-convex and a good
starting guess is needed which is not trivial to find. In contrast, in the inverse dynamics method it is possible to make
the problem convex [6, 8], and thereby no start guess is needed as for the forward dynamics method.

Because internal forces are difficult to measure, validations of inverse musculoskeletal simulations are cumbersome.
The purpose of this paper is to start investigating properties, such as well-posedness and regularization, of the inverse
problem with forward dynamics that can reduce numerical errors.
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PROBLEM FORMULATION

The full formulation of the mechanical differential equations for a rigid body system driven by muscles are presented
in this section. Using the muscle model, the 3-element Hill model, including both activation and contraction dynamics
the differential equations of motion is formulated as follows:

Mq̈(t)−gext +

(

∂Φ(q(t))
∂q(t)

)T

fr(t)+Cm(q(t))Fm
o ft (lt (q(t) , lm (t))) = 0, (1)

Φ(q(t)) = 0, (2)

ft (lt (q(t) , lm (t)))−
(

fpe (lm (t))+ a(t) · fl (lm (t)) fv
(

l̇m (t)
))

cosθ = 0, (3)

ȧ(t)− (u(t)−a(t)) ·

(

u(t)
τact

+
1−u(t)

τdeact

)

= 0, (4)

0 ≤ a(t) ≤ 1, 0 ≤ u(t) ≤ 1. (5)

Equation (1) is the equations of motion for the free rigid bodies, equation (2) models the connections of the rigid
bodies in the joints, equation (3) and (4) are the contraction and activation dynamics of the muscles, respectively. The
functions depending on time t are, the rigid body positions q(t), which are the degrees of freedom for the system
without joints, the reaction forces fr (t), the normalized muscle lengths lm (t) (6), the activations for the muscles a(t),
and the excitations for the muscles u(t). The dotted subscript as for q̇(t) and q̈(t) denotes time derivatives. Functions
depending on the previous are Cm,Φ, lt , fl , fv, ft , and fpe. The muscular lever arms are collected in the matrix Cm,
which depends on the positions of the rigid bodies. In equation (2), Φ is a function that holds the rigid bodies together
in joints and is of course then depending on q(t). For each restricted degree of freedom one equation is added to Φ.
This way of formulating the equations of motion for the rigid bodies are well suited for general programming, carefully
explained in [4].

The normalized tendon length is lt . Normalization is scaling of the problem to achieve more stable computations.
Hereafter are all lengths, velocities and forces in capital letters non normalized and those in lower-case letters are
normalized. Normalization of lengths are made according to

lt =
Lt −Ls

t

Ls
t

, lm =
Lm

l0
m

, (6)

where Ls
t is the slack length of the tendon and l0

m is the optimal fiber length, i.e. the length of which the contractile
element is able to generate its maximal force. Force normalization is made by division by the maximal possible
muscular force Fm

o .
The remaining functions of the system (1)-(4) involve the normalized forces: ft is the normalized force in the tendon,

fpe is the normalized force in the muscular parallel elastic element, and fl , fv are the dependence of length and velocity
for the normalized force in the contractile element of the muscle. These functions are all included in the contraction
dynamics. The contraction dynamics describes the mechanical dynamics of the muscle and is modelled as a 3-element
Hill-model shown in Figure 1.

There is a direct relation between the positions of the rigid bodies and the length of the muscle-tendon unit,
Lmt(q(t)). The muscle-tendon unit includes muscle and tendon (see Figure 1), and the length is

Lmt = Lt + Lm · cosθ . (7)

It is approximated that θ is kept constant during motion.
Because the rigid body positions are system variables then there is no need to both use tendon length and muscle

length as system variables. The muscle lengths are chosen as system variables and the length of the tendons are
described in terms of muscle lengths and rigid body positions, lt(q(t), lm(t)) for normalized units.

The three elements of the contraction dynamics, shown in Figure 1 are the contractile element (CE), the parallel
elastic element (PE) and the tendon (T). In the contractile element the force is generated, the available force in the
muscle depends on both the length of the muscle unit and the velocity of the shortening/elongation of the muscle unit.
These two function are fl(lm) and fv(l̇m) and depends of the muscle length and velocity respectively.
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FIGURE 1. Hill muscle model with 3 elements: tendon (T), contractile element (CE) and parallel elastic element (PE).
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FIGURE 2. Force-length, fl(lm), relation of the muscle unit for normalized variables.

The force-length relationship is constructed from data in [1] and then approximated with an interpolating spline
curve. The relation, fl(lm), is shown in Figure 2.

The force-velocity relation origins from [10] and is given by

fv(l̇m) =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

1− l̇m

1− l̇m
b3

, l̇m ≤ 0

1−1.33 · l̇m
b4

1− l̇m
b4

, l̇m > 0,

(8)

and is shown in Figure (3). The muscle specific constants b3 and b4 are chosen in this study as the constant values,

b3 = 0.25, b4 = −0.33 ·b3/(1−b3). (9)

The constant b3 is the same as in [10] and b4 is chosen to give a constant derivative in l̇m = 0.
The parallel elastic element lies in parallel with the contractile element and do therefore depend on the muscle unit

length lm as (see [1])

fpe(lm) =
e10·(lm−1)

e5 . (10)

Rapportserie FSCN - ISSN 1650-5387 2009:52; FSCN-rapport R-09-80
Sundsvall 2009

Page 3



−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Normalized velocity (dl
m

/dt)

N
or

m
al

iz
ed

 fo
rc

e 
(f

v)

FIGURE 3. Force-velocity, fv(l̇m), relation for normalized variables (dlm/dt = l̇m).
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FIGURE 4. Force-length, ft(lt), relation of the tendon for normalized variables.

The tendon force function of the tendon length is described according to [1] as

ft(lt ) =

⎧

⎪

⎨

⎪

⎩

0, lt ≤ 0,

1480.3 · l2
t , 0 < lt < 0.0127,

37.5 · lt −0.2375, lt ≥ 0.0127,

(11)

and shown in Figure (4).
The constants of the system are set equal for all muscles, the maximum possible muscular force Fm

o = 300N, the
pennation angles of the muscle fibres θ = 0, the time for activation and deactivation respectively τact = 0.12 and
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τdeact = 0.12. The external loads gext can be constants or depend on the positions, q(t). The external forces for the test
case, the arm-curl, are only the field of gravity.

THE OPTIMAL CONTROL PROBLEM

Presume problems with no measured external forces, with the objective function as the norm of the difference
between the measured continuous motion qexp(t) (approximated from discrete data) and the computed motion q(t),
see (12). The L2-norm is used because we assume normally distributed error in qexp(t). The equations of motion for
the rigid-body linked system and muscle equations yields differential algebraic equations (DAE). The initial value
problem of the DAE are used as equalities. The inequalities are the variable bounds that tells muscle activation
and excitation to be non-negative. The control variables, v = [u(t),ϕ ], of the system are the muscle excitations,
u(t), and the initial values, ϕ , for the differential equations respectively. The state variables of the system, y =
[q(t), q̇(t), q̈(t), lm(t), l̇m(t),a(t), ȧ(t), fr(t)], are the rigid body positions q(t), the muscle lengths lm(t), the muscle
activations a(t), joint reaction forces fr(t), and their time derivatives. The optimal control problem is formulated in
functional space q, lm,a, fr,u as

min
y,v

g(y,v) =
1
2

∥

∥q−qexp
∥

∥

2
L2(0,T )

(12)

s.t.

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Mq̈−gext +

(

∂Φ(q)

∂q

)T

fr +Cm(q)Fm
o ft (lt (q, lm)) = 0

Φ(q) = 0

ft (lt (q, lm))−
(

fpe (lm)+ a · fl (lm) fv
(

l̇m
))

cosθ = 0

ȧ− (u−a) ·

(

u
τact

+
1−u
τdeact

)

= 0

q(ti)−ϕq = 0

q̇(ti)−ϕq̇ = 0

lm (ti)−ϕlm = 0

a(ti)−ϕa = 0

0 ≤ a ≤ 1,0 ≤ u ≤ 1,

(13)

or

min
y,v

g(y,v) =
1
2

∥

∥q−qexp
∥

∥

2
L2(0,T)

(14)

s.t.

{

ci (y,v) = 0, i = 1 . . .neq

ci (y,v) � 0, i = neq + 1 . . .n.
(15)

Direct transcription of the optimization problem is made by discretizing the problem at p time points th = [t1, ...,tp]
with hi = ti+1 − ti and using a global collocation method [3]. The continuous variables, both states and controls,
are approximated by B-splines of the same degree as its highest derivative. The vectors yh = [y(t1), ...,y(tp)]

T ,vh =
[v(t1), ...,v(tp)]

T are the continuous variables evaluated at each time point and they are related to the spline coefficients
xh = [xy,h xv,h] linearly as yh = Jyxy,h, vh = Jvxv,h. The matrices Jy and Jv are defined according to the definitions of B-
splines. The matrices include one block for each state and control variable including the basis vectors for the B-splines
of the corresponding order (order = degree-1).

The collocation transforms each continuous constraints to p discrete constraints. The objective function is evaluated
at the measured discrete data points, qexp,h̃, where th̃ = [t̃1, ..., t̃ p̃], h̃i = t̃i+1 − t̃i and p̃ > p which is needed for a least
squares problem. The computed motion qh̃ is linear to the state variables and is therefore written qh̃ = Jqxy,h (observe
that it only depends on the state variables related to q). The discrete optimization problem with ci(xy,h,xv,h) = ci(yh,vh)
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is then written

min
xy,h,xv,h

g(xh) =
1
2

∥

∥

∥
Jqxy,h −qexp,h̃

∥

∥

∥

2

2
(16)

s.t.

{

ci
(

xy,h,xv,h
)

|t=t j = 0, i = 1 . . .neq, j = 1 . . . p

ci
(

xy,h,xv,h
)

|t=t j � 0, i = neq + 1 . . .n, j = 1 . . . p.
(17)

GENERATION OF THE START-GUESS

Because the optimal control problem is non convex a start guess is needed. The start guess is generated by an
inverse dynamics method, similar to the method used in The AnyBody Modeling System1 (see [2], [9]), but with
the muscle load distribution criteria ‖a‖2

2 that specifies how the muscles are cooperating to perform motions. In this
method contraction dynamics is included in the inverse dynamics and the problem is solved with finite dimensional
optimization. The activation dynamics is not included in the model and therefore the start guess for the excitation is
generated by solving the differential equations for the activation dynamics, (4), inversely.

From position data of q(t) velocities and accelerations are obtained by differentiation of the joint equations, equation
(2). In (1) the remaining unknowns are the reaction forces in the joints and the force in the tendon. The reaction forces
are dependent of the force in the tendon and can therefore be reduced. The system of equations in (1) can therefore be
reduced to

C ft = d, (18)

where the matrix C and the vector d are known because they depend on q(t), q̇(t) and q̈(t). Approximating the tendon
forces to be linear gives

ft = ft0 + Ha (19)

where

H =
ft1 − ft0
a1 −a0

(20)

with a1 full activation (a = 1) and a0 zero activation. The unknowns are ft1 = ft (a1) and ft0 = ft(a0). To find ft0,
a = 0 is inserted into (3), using definitions of ft , (11), and fpe, (10), the following equation is solved for lt0,

ft0 − fpe(lm(q, lt0))cos(θ ) = 0, (21)

and then ft0 is computed by equation (11). The other unknown in equation (19) is ft1 and it is found by inserting a = 1
into (3),

ft1 −
(

fpe(lm)+ 1 · fce(lm, l̇m)
)

· cos(θ ) = 0, (22)

and solving for lm. Because this equation also depends on l̇m it is not possible to solve for lm directly. To make this
possible it is assumed that l̇t = 0. Because lm and lt are related, the non normalized relation is shown in (7), also their
velocities are, and when l̇t = 0 it is also possible to compute l̇m. With known value of l̇m equation (22) is solved for lm.

When both ft0 and ft1 are found, a can be computed from the optimization

1 AnyBody Technology A/S, Denmark
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min
a

‖a‖2
2

s.t.

{

C( ft0 + H ·a) = d

0 ≤ a ≤ 1
(23)

performed in each discretized time-step. Discretization is made piece-wise constant for all variables.

The activations a are now given for all muscles in all time-steps assuming that l̇t = 0. To find more realistic activation
levels where it is possible for l̇t �= 0 a few more computations are performed.

From the computed a the tendon force ft are computed through equation (19). Thereafter, to find the tendon lengths
lt equation (11) are solved with the known ft . Using the relation (7) normalized and differentiated, and inserting that
into the equation (3) with the computed activities we get

ft −
(

fpe(lm)+ a · fce(lm, l̇m(l̇t ,q)),
)

· cos(θ ) = 0. (24)

Equation (24) is solved for l̇t . The new l̇t is used to compute a new value for ft1, in equation (22), which is used to
update H, in equation (20). New updated activity levels are found by solving the equation (19) for a.

The procedure for correcting the activity values for the new l̇t can be performed several times, however only very
small changes are shown after the first iteration for the test problem presented later.

REGULARITY

One criteria for a well-posed optimization problem is that the solution is locally unique. A unique solution for the
approximated quadratic optimization problem implies unique solution in the full non-linear problem. Below a method
for detecting non unique solutions in the approximated quadratic problem is described.

The discretized problem have quadratic objective function and non-linear constraints. By linearizing the constraints
at (x∗),

ci(xy,h∗ + δxy,h) = ci(x
∗
y,h,x

∗
v,h)+

∂ci(x∗y,h,x
∗
v,h)

∂xy,h
δxy,h +

∂ci(x∗y,h,x
∗
v,h)

∂xv,h
δxv,h,

the problem becomes a quadratic optimization problem with the vector δxh = [δxy,h
T δxv,h

T ]T as optimization
variables. The first order optimality conditions for this quadratic optimization problem can be written,

⎡

⎣

0 0 A
0 I J

AT JT 0

⎤

⎦

⎡

⎣

λ
r

δxh

⎤

⎦ =

⎡

⎣

−C
−Jqx∗y,h + qexp,h̃

0

⎤

⎦ . (25)

where A contains all partial derivatives of the equalities and the active inequalities according to Ai, j =
∂ci(x∗y,h,x∗v,h)

∂x j
, C

is a vector with entries ci(x∗y,h,x
∗
v,h) for equalities and active inequalities, r is the residual of the linearized objective

function, g(x∗h + δxh) = ‖r‖2
2, I is the unitary matrix, and J is the jacobian of the residual J =

[

∂ r
∂xy,h

∂ r
∂xv,h

]

. From this

setting it is realized that if the matrix in (25) has full rank, the quadratic optimization problem has a unique solution;
and the matrix in (25) has full rank if the rows of A and the rows of

[

AT JT
]

have full rank.
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FIGURE 5. The test model (left) and the test motion (right) plotted each 0.1 second.

TEST CASE

Model

A test model in 2 dimensions of an upper arm that performs a simple arm curl. In Figure 5 the model and the motion
are shown. The model consists of two rigid segments connected by hinge joints and five muscles. The measured motion
takes one second, initial and final positions have zero velocity. All muscles are tensed during the motion.

Results

The test case is discretized with equidistant discretization. The nonlinear least squares problem (16)-(17) is solved by
the Matlab2 function fmincon. This function uses the sequential quadratic programming method with approximated
Hessian, i.e a quasi-Newton method.

The problem (16)-(17) is tested for h = 0.2, h̃ = 0.1. It is solvable but the rank of is not full. It is very sensitive to the
start guess and results in co-contraction of the muscles (muscles in opposite side of the joint, antagonists, are working
at the same time), actually all muscles are active during the whole motion. The mechanical over-determinancy gives
rise to rank deficiency both because muscles that perform the same task (the two muscles flexing the elbow in this
model) and antagonists can combine in infinitely many ways to perform the motion.

To fix the mechanical over-determinancy and the co-contraction regularization is carried out by adding an extra term
with the regularization parameter μ to the objective as

g(xh) =
1
2

∥

∥

∥
Jqxy,h −qexp,h̃

∥

∥

∥

2

2
+

μ2

2
‖a(t)‖2

2 . (26)

The results shows that this regularization term takes care of the load distribution between redundant muscles and
enforces antagonistic muscles not to work simultaneously. However, this regularization still shows rank deficiency
in both A and

[

AT JT
]

. Therefore, different bounds are tested for a chosen regularization parameter, μ = 0.2, which
somehow balances the terms in the objective. Results of the rank in the optimum for different bounds are shown in
Table 1 with a(t) evaluated in a(th̃) and a(th).

By using only the bounds of the activation, a(t) � 0, results in full rank of A but not for
[

AT ,JT
]

. Instead using only
the excitation bounds, u(t) � 0, and regularization on a(th̃) gives the problem full rank in both A and

[

AT ,JT
]

. But
when not using the bounds on a(t) results in small negative activations (a(t) < 0) of order 10−3 for two muscles in a
few time steps. Convergence for the full rank problem is shown in Figure 6.

2 The MathWorks, Inc, USA
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TABLE 1. Units of rank deficiency for different bounds for discretization h = 0.1, h̃ = 0.2.

Regularization term a(th̃)

a(t) � 0 u(t) � 0 u(t),a(t) � 0

of A 0 0 -10
of [AT JT ] -1 0 -2

Regularization term a(th)

a(t) � 0 u(t) � 0 u(t),a(t) � 0

of A 0 0 -6
of [AT JT ] -6 -2 -1

0 20 40 60 80 100
10

−4

10
−2

10
0

10
2

k

lo
g|

|x
hk −

x h||

FIGURE 6. Convergence for the full rank problem with the iteration number k, h = 0.2 and h̃ = 0.1.

CONCLUSIONS

To make the musculoskeletal problem better posed it is important to take care of the mechanical over-determinancy.
That is done by including a load-distributing term in the objective function. Several different load distribution criteria
exists i litterature [11], in this work the 2-norm is chosen to make the problem a least squares problem (26). This is
not enough to give the test problem full rank. By using only u(t) � 0 as bounds the test problem have full rank when
using regularization on a(th̃). Why only regularization on a(th̃) results in full rank and not a(th) might be explained
that the objective for a least squares problem should have less unknowns than rows which is not the case when using
a(th). Not using the bounds a(t) � 0, results in small negative activation in some time steps. Negative activation is not
physiologically possible because muscles can not push. Although, this might be regarded within error tolerance and
could be accepted depending on the specific application.
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