
 

 

 
 
 

Finite Difference Methods for Saturated-unsaturated Flow in 
Porous Media 

 
Aijie Cheng, School of Mathematics and System Sciences, Shandong 

University, P.R. China  
Mårten Gulliksson, Department of Engineering, Physics and Mathematics, 

Mid Sweden University, Sweden 

Rapportserie FSCN – ISSN 1650-5387 2003:23 
FSCN rapport R-03-50 

December, 2003 

  
 

 Mid Sweden University 
 Fibre Science and Communication Network 
 SE-851 70 Sundsvall, Sweden 
 
 Internet: http://www.mh.se/fscn 

 
 



 



FSCN/System Analysis and Mathematical Modelling 
Internet: Http/www.mh.se/fscn 
 

 R-03-50 
Page 2 (29) 

 
 
 

 

 

Content  Page 
 Abstract  3 
 
1. Introduction  4 
 
2. Mathematical Model  5 
2.1  The two-phase flow model  6 
2.2  The model based on global pressure and water saturation  6 
2.3  The model based on Richard’s Equation  7 
2.4  About the constitutive relationship  7 
 
3. Finite Difference Scheme for Richard’s Equation  8 
 
4. Two-layer Problem  11 

4.1  Model for multi-layer problem  11 
4.2  Finite Difference Scheme for multi-layer problem  12 

 
5. Numerical Experiment  13 
5.1 One-dimensional mono-layer problem  13 
5.2 One-dimensional two-layer problem  15 
5.3  A plane problem  17 
5.4 Three-dimensional mono-layer problem  18 
5.5 Three-dimensional two-layer problem  20 
 
6. Main Codes Related with the Simulation for Richard’s Equation  21 
6.1  Codes related with coefficient functions  21 
6.2  Codes for 1-D Richard’s equation  23 
6.3  Codes for 3-D problems  25 
6.4  Codes for visualization  27 
 
7. Acknowledgement  29 
 
8. Reference  29 
 
 
 
 



FSCN/System Analysis and Mathematical Modelling 
Internet: Http/www.mh.se/fscn 
R-03-50 
Page 3 (29) 

 
 

 
 
 
 

FSCN-Rapport R-03-50 
För en komplett rapport kontakta Anna Haeggström, Mitthögskolan, FSCN, 851 70 Sundsvall  
fax +46 (0)60-148820, e-post Anna.Haeggstrom@mh.se 

Finite Difference Methods for Saturated-unsaturated Flow in 
Porous Media 
 
Aijie Cheng 
School of Mathematics and System Sciences, Shandong University, P.R. China 
 
Mårten Gulliksson 
Department of Engineering, Physics and Mathematics, Mid Sweden University, Sweden 
 
 
 
ABSTRACT 
In this report we review the models and some finite difference schemes for the problem 
about flow of water and air in an un-deformable porous media. Based on the assumption 
that the air phase keeps always at atmosphere pressure, Richard’s equation was 
employed to describe the movement process of water in porous media and it would 
result in an elliptic-parabolic equation when the saturated zone and the unsaturated zone 
coexisted. Fully implicit finite difference schemes and Newtonian iteration were 
introduced. Multi-layer problem in which each material layer has its particular 
properties was also discussed. Numerical experiments were provided and the 
specification of main codes in Matlab was presented. 
 
Keywords: Finite difference, saturated-unsaturated flow, Richard’s equation, porous media 
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1. INTRODUCTION 
The spreading of water in a porous material can be formulated mathematically by a two-
phase (air and water) flow model for incompressible fluids at the macroscopic level [1]. 
Because of the complexity of a two-phase problem, some simplification can be adopted 
within an admissible extent for applications.  For example, the Richard’s equation is 
always employed in soil science for describing movement of water in soil, which can be 
considered as a result of simplification of a two-phase model under the assumption that 
the air pressure is always a constant and it can flow without any resistance [1, 2]. In this 
case, the Richard’s equation should be solved independently to obtain distribution of 
water content without any consideration of   air phase, with appropriate initial and 
boundary conditions provided. As a nonlinear diffusion (parabolic) equation, Richard’s 
equation governs the flow of water in unsaturated state in the medium.   For some 
particular cases, a saturated zone exists in the domain of interest and it may enlarge or 
shrink along with moving of the interface between saturated and unsaturated zones 
during the transport process. Then it is not enough for the Richard’s equation alone to 
describe the transport phenomenon in both of saturated and unsaturated zones.   As a 
popular approach, Darcy’s law and mass conservation of water should be combined to 
model the flow of water in saturated state, viz. single phase flow, in porous medium 
[2,3]. If water is assumed to be incompressible, this combination results in an elliptic 
equation. With identification of state variables such as water content and pressure, the 
elliptic equation for the saturated zone can be taken as a degenerate case of Richard’s 
equation.  Thus, an elliptic-parabolic equation can be employed to govern the saturated-
unsaturated flow in a porous medium. 
 
The assumption that the air-phase remains at atmospheric pressure is based on the fact 
that the mobility of air is much larger than that of water, due to the viscosity difference 
between the two fluids. Not only water dynamics in soil, but also lots of other 
applications such as hygiene products, pressing of technical textiles and filter industry, 
fits this assumption.  Nevertheless, not all of the air-water system can be treated in that 
way. When the configuration along the boundary blocks the flow of water, the air 
pressure within the material body should not be considered as constant and the two-
phase model is more appropriate for this situation. If contaminant transport is the main 
concern and the contaminant can be transported in the air phase, the air-phase does also 
need to be included.  
 
Undoubtedly, the ideal problem is proposed on the domain of cuboids and the material 
properties are homogenous in the domain. However, for practical application, different 
parts of the body may be made of materials with properties of big difference. Diapers 
and multi-layered technical textile can be taken as typical cases of heterogeneity.  There 
have been some results which model and solve this problem, but indeed lots of work 
remains, such as the accurate approximation to air-water front and recognition of the 
interface between saturated zone and unsaturated zone, for which a technique of 
adaptivity has a potential advantage. 
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In this report, the basic elliptic-parabolic model based on Richard’s equation is 
introduced. An implicit finite difference scheme and associated Newton-type iterative 
method are derived for 3-dimensional case for homogeneous medium. The description 
of multi-layer model is also provided and solved numerically. 
 
 
2. MATHEMATICAL MODELS 
Consider the transport problem within a porous medium occupying a special domainΩ . 
Two fluids, air and water (generally called air phase and water phase) are assumed to 
occupy the pore space of the material. Suppose that the skeleton of the material is non-
deformable and isotropic. Let αS  and ),,(, wap =αα  represents the saturation 
(volumetric fraction over porous volume) and the pressure of α  phase, which are the 
main variables for describing the fluid flow. Mass transport is the unique process (no 
heat transport, no mass exchange between phases) in the system, which is controlled by 

),,(, wa=Φ αα the potentials of the two phases. Water enters into Ω  across a specified 
part of the boundary and fluids are expelled out of Ω  across another part of the 
boundary according by the ratio of the fluidities of the two phases. For the left part of 
the boundary, no flow occurs. 
 
   Equation of Motion (Darcy’s Law) for fluids 
 

                                  ),()( ghpSkKu aa
a

aa
a ρ

µ
+∇−=                                          (1) 

                               ),()( ghpSkKu ww
w

ww
w ρ

µ
+∇−=                                             

(2) 
where au  and wu  are Darcy velocity, aµ and wµ  viscosities, ak and wk  the relative 
permeability; K  is the absolute permeability; ap   and wp   the pressure of air phase and 
water phase; aρ  and wρ are the densities for air phase and water phase, respectively, 
and )(xhh =  is the relative height in vertical direction.  
    More details about derivation of these equations can be found in [1]. 

 
    Mass balance equation for fluids (Continuity Equation) 
 

                  ,
t

S
qu a

aa ∂
∂

=+⋅∇− φ                               (3) 

                           ,
t

S
qu w

ww ∂
∂

=+⋅∇− φ                                                         (4) 

where φ  is the porosity, and aq and wq  the external flow rate, each with respect to the 
air and water phase. 
 
Sum of saturations and capillary  satisfy that 
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                      .),(,1 wacwccwa pppSppSS −===+                                           (5) 
 
 
2.1 The Two-phase flow Model  
The two-phase model takes the pressure ap  and wp as main unknowns. Denote wSS = .  
Substituting Darcy’s Law into mass balance equations, leads to the flow equations 
 

                       ,))((
t
Sqghp

k
K aaa

a

a

∂
∂

−=++∇⋅∇ φρ
µ

                                   (6) 

                      .))((
t
Sqghp

k
K www

w

w

∂
∂

=++∇⋅∇ φρ
µ

                            

(7) 
By the constitutive property of the material, we can obtain a complete system about 

ap and wp . 
            

,)())((
t

ppCqghpkK wa
waaa

a

a

∂
−∂

−=++∇⋅∇ φρ
µ

         (8) 

,)())((
t

ppCqghpkK wa
wwww

w

w

∂
−∂

=++∇⋅∇ φρ
µ

          (9)  

where  
c

w pd
SdC =  is called water capacity. 

 
2.2 A model based on global pressure and water saturation  
The governing equations describing fluid flow are usually written in a fractional flow 
formulation, i.e., in terms of saturation and a global pressure. The main reason for this 
fractional flow approach is that efficient numerical methods can be devised to take the 
advantage of many physical properties inherent in the flow equations. But the boundary 
conditions will be very complicated. 
 

Define ξ
ξλ

λ
d

d
dp

pp cS w
a

w

∫−=
0

, called global pressure, and define total velocity 

)( 1γλ −∇−= pKu ,                                                     (10) 
where λρλρλγλλλαµλ ααα /)(;;,,/ 1 gwak wwaawa +=+=== . Consequently, 

 
wa uuu += .                                              (11) 

 
Suppose that the fluids are incompressible, the pressure equation can be derived 

qu =⋅∇ ,                                                                    (12) 
where wa qqq += . From the mass balance equation of water, we can get another 
governing equation 
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0))'(( 2 =+∇+∇−⋅∇−
∂
∂

γλλφ pSpffK
t

S
wwcaw

w ,                       (13) 

where gwaf wwρλγαλλαα === 2;,,/ . An introduction about concept of global 
pressure can be found in [9]. 
 
2.3 Richard’s Equation 
By assumption that the air-phase remains essentially at atmospheric pressure, the air-
phase equation can be eliminated. This is reasonable in most cases because the mobility 
of air is much larger that that of water, due to the viscosity difference between the two 
fluids, when the air-phase pressure is assumed to be constant, the air-phase mass 
balance equation can be eliminated and thus only the water-phase equation remains. 
Namely, the Richards equation is used to model the movement in porous material. For 
convenience, the variable water content wθ  (or θ  ) is used in the following statement. 
  
Assuming 0=ap , the flow equation for water-phase can be solved independent of that 
of air  

 uwww
w

w in
t

qghpKk
Ω

∂
∂

=++∇⋅∇ ,))()(( θρθ
µ

.                          (14) 

where θ  represents wθ  for simple and uΩ   is unsaturated region. At points where 
medium is unsaturated with water, 0, <−=−= wwwac ppppp , and the capillary cp  is 
related withθ  by the constitutive property   

)(θcc pp = , 
Then the above equation can be rewritten as  

 

uwwc
w

w in
t

qhgp
Kk

Ω
∂
∂

=+∇+∇−⋅∇ ,))(')((( θρθθθ
µ ,                          (15) 

which is known as Richard’s equation. In saturated region 0>=wp , flow equation 
degenerates   to   
 

swww inqghpK Ω=++∇⋅∇ ,0))(( ρ                                     (16) 

where )(φ
µw

wKk
K = , sΩ  is the saturated region. This is just the flow equation for 

single-phase flow and  wp  is still the water pressure but   not negative for saturated 
case.  
 
The degenerate elliptic-parabolic equation can be used to describe water transport in 
fibrous product [4].  
 
2.4 About the constitutive relationship   
No doubt, the constitutive relationship should be resulted from experiments, with the 
form of discrete data. Here for the reason of numerical tests, a theoretical setting will be 
employed to represent this relationship. 
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θθ ≥−= forpp pn

c                                                              (17)  
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)('

)2(
)(

)( 00
0

0
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0

0 θθθθθ
θ
θ

θθθ
θ

θ
θ <−+−

+
+−= for

pph
hp ccm

mc          (18) 

where ww Sφθθ ==  is water content and 0,,*, θmp hnp  are given parameters.   
Obviously, the function )(θcp  is continuous for itself and the first derivative. 0θ  is a 
critical point of this relationship, which lies between ( )φ,0 . 
   The relationship between permeability and water content will be assumed in the test 
cases as 
 

.,)(*)()( φθ
φ
θθ

µ
θλ ≤== ifk

Kk
kn

w

w                                              (19) 

An extension of this function is necessary for θ  beyond the physical maximumφ , 
.),()( φθφλθλ >= if  

 
 
3. FINITE DIFFERENCE SCHEME FOR RICHARD’S EQUATION 
Rewrite Richard’s equation in the following form 
 

            uww in
t

qgh Ω
∂
∂

=+∇⋅∇+Φ∇⋅∇ ,))()(()( θρθλθ                                      (20) 

 
where θ  is water content, φ  porosity, and  
 

             )()( θ
µ

θλ wKk
= ,                                                                                               (21) 

             ξξξλθ
θ

dpco
)(')()( ∫−=Φ .                                                                               (22) 

       
The relationship (5) which relates the capillary pressure (hence also water pressure) 

cp and the water content θ  when 0≤≤ wpandφθ can be extended beyond φθ ≤ , 
which means it is also available for φθ > .  It seems nonsense in physics, but in 
mathematics, it can be understood just as a transformation )(θcw pp −= , which can be 
introduced to the equation for saturated zone ( φθ ≥ ).  So we can call  θ  the pseudo 
water content. When φθ > , the practical water content isφ . At the same time, the 
extension for )(θλ  can be executed by )()( φλθλ = , if φθ > . 
This will leads the following equation for saturated zone 
 

,0))()(()( =+∇⋅∇+Φ∇⋅∇ ww qghρθλθ                         (23) 
First we discretise the space and time region.  Let [ ] [ ] [ ]332211 ,,, bababa ××=Ω  be a 
cuboid, hΩ  a partition with uniform space grid and τT  the time grid, 



FSCN/System Analysis and Mathematical Modelling 
Internet: Http/www.mh.se/fscn 
 

 R-03-50 
Page 9 (29) 

 
 
 

 

 

;,0, 111 1
bxNiihax Ni =≤≤+=  

;,0, 222 2
byNjjhay Nj =≤≤+=  

;,0, 333 3
bzNkkhaz Nk =≤≤+=  

}.0,0,0:),,({ 321 NkNjNizyxX kjiijkh ≤≤≤≤≤≤==Ω  

TtKnnttT Knn ==== },,,2,1,:{ Lττ . 

),(),(),( n
ijk

n
ijkijkijk

nn tXffXfftff === . 
 
The following notations for discrete derivative will be used 
 

./)(,/)( 11 hfffhfff iixiix −+ −=∂−=∂  
 

Similar notations fit for y  and z variables. In case of no confusion, some subscript 
maybe omitted for simplicity. The z coordinate directs downward along with the 
direction of gravity force.  
 
We introduce the following finite difference scheme   

,)()( 11
1

wijkijk
n

zwijk
n

XX

n

ijk
n

ijk
ijk qg +∂+Φ∂∂=

− ++
+

θλρθ
τ

θθ
δ         (24) 

where  
 

ijk
n

zzijk
n

yyijk
n

xxijk
n

XX
)()()()( 1111 ++++ Φ∂∂+Φ∂∂+Φ∂∂=Φ∂∂ θθθθ , 

 
              2

0000
/})(')()()(')(){()( ,1,1 hdpdp jkiijkijkjki

ccijkxx
ξξξλξξξλθ

θθθθ

∫∫∫∫
−+ −−−=Φ∂∂ , 

   
and .,0;,1 φθδφθδ ≥=<= n

ijkijk
n
ijkijk ifandif   The upwind technique has been used 

to the convective term, that means 
 
          ijk

n
zijk

n
z )()( 11 ++ ∂=∂ θλθλ ,    if water spreads from bottom to top, 

          ijk
n

zijk
n

z )()( 11 ++ ∂=∂ θλθλ ,    if water spreads from top to bottom. 
 
This is a non-linear system of algebra equations. Newton’s iteration method can be 
applied to solve it. More advanced schemes for solving degenerate parabolic equations 
can be found in [5, 6, 7, and 8].  
 
A part of the boundary can be assigned with prescribed water content or water pressure, 
and the other part of the boundary is equipped with homogeneous Neumann condition 
which means no water flow occurs across this part of boundary. Even though the 
original equation is nonlinear diffusion about water content, the water pressure can also 
be chosen to express the distribution of water and the flow field in the sense that there 
exists a transformation between water content and the pressure variable which has been 
identified for both of saturated zone and unsaturated zone. The so-called pseudo-water 
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content, in the case of beyond physical practices is actually a deputy of the pressure 
variable.  
 
A positive pressure means saturated state, and negative pressure means unsaturated 
state. For expressing the boundary conditions with an identified form, the pressures 
should be transferred from pressures to water content or pseudo-water content 
according to the relationship (5). Thus the part of Circlet boundary conditions about θ  
can be formulated as 

[ ].,0,),,(),( TtXtXtX D ∈Ω∂∈= Γθθ                                                 (25) 
 
For the other part of the boundary, no-flow condition is reasonable if the amount of 
invading water is not too much and not too quickly, that means 
  

[ ].,0,,0)()( TtXnghp Nww ∈Ω∂∈=⋅+∇
rρθλ                               (26) 

This will be suitable for describing no-flow boundary for unsaturated zone, as well as 
saturated zone, because of the continuity of the dependence of  wp  onθ . 
 
The initial condition can be expressed as  

 
 ;),(|),( 00 Ω∈== XXtX t θθ                                                (27) 

or implicitly 
.),(|)),(( 00 Ω∈== XXptXp tθ .                                          (28) 

 
The Newton iteration method is introduced as a correction scheme. Suppose that 

}{ 11 ++ = n
mijk

n
m θθ is the   approximation to 1+nθ  after the m-the iteration. The residual from 

the equation is defined as 
 

 ),( 1+= n
mijkijk FR θ                                                               (29) 

where     ,)()()( wijkijkzwijkXX

n
ijkijk

ijkijk qgF −∂−Φ∂∂−
−

= ηλρη
τ
θη

δη  for any grid 

functionη . The Newton iteration depends on the correction quantity which is the 
solution of the linear system with a coefficient matrix produced through the derivative 
of the non-linear functions ijkF  with respect to the unknowns at the point from the last 
iteration. 

;11
1 σθθ += ++
+

n
m

n
m                                                                    (30) 

where σ  is the solution of the residual-type operator equation. 
;RA =σ                                                                               (31) 

   };{ ijkRR =                                                                            (32) 
;)( 111111111111 ijkkkjjiiijk GEEDDCCA σσσσσσσσ ++++++= ++−−++−−++−−  

;/)(')()( 21
1,

1
1,

1

,1
1 hp

F
C n

imc
n
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n
m

jki

ijk +
−

+
−

+

−
− =

∂

∂
≡ θθλθ

η
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where 21 ,ωω  are determined according to the direction of spreading of water.  

,0,1 21 == ωω if water spreads from bottom to top and ,1,0 21 == ωω  if water 
spread from top to bottom. 
 
The iteration will stop until the error control condition is satisfied. 
 
Before entering a new time step, the mark of recognition for saturated and unsaturated 
zones must be set according to the present state of the water content in the domain of 
interest. This should be the kernel problem for elliptic-parabolic problem.  
 
 
4. TWO-LAYER PROBLEM 
4.1 Model for multi-layer problem  
The process of water infiltration in a layered porous medium is governed by the 
following system for non-stationary flow [2, 3] 
 

];,0(,)())()(( Tin
t

qghp l
l

llwwwlll ×Ω
∂
∂

=++∇⋅∇
θ

θδρθλ                      (33)   

;),(|),( 00 lltl inxtx Ω== θθ                                                                            (34) 
[ ];,0),()( 1 Tontqghp Dww ×Ω∂=+ ρ                                                          (35) 
Ω∂=⋅+∇ onnghp wwlll ,0)()( rρθλ \ [ ];,0 TD ×Ω∂                                         (36) 
 

where llllllll
ll

lwll
ll

L

l
l ifif

kK
φθθδφθθδ

θµ
θ

θλ ≥=<==Ω=Ω
=

,0)(;,1)(;
)(

)(
)(;

1
U .  lφ  

is porosity of thl −  layer and DΩ  is a regular subset of Ω∂ . 
 
We also require the pressure and flux to be continuous across the interior boundaries, 
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;)()( 11, ghpghp wllwwlwl ρθρθ +=+ ++                                                   (37) 
.;))(()())(()( 111,11 +++++ Ω∂∩Ω∂⋅+∇=⋅+∇ llwllwllwlwlll onnghpnghp rr ρθθλρθθλ (38) 

 
Rewrite the equation as following 
 

            ,))()(()(
t

qgh l
lwwllll ∂
∂

=+∇⋅∇+Φ∇⋅∇
θ

δρθλθ                          (39) 

where ξξξλθ
θ

dp lco lll
l )(')()( ,∫−=Φ . Observing that ,0)( =ll θδ  when ll φθ ≥ , this is 

also an elliptic-parabolic equation with degeneration for saturated zone.  
 
4.2 Finite Difference Scheme for multi-layer problem  
Assume that we solve a problem with L layers that are put together one below another.  

[ ] [ ] [ ] [ ] UU
Ll

l
lxyllllxyl

Ll

l
l IbabababaII

=

=

=

=

=×=Ω=×Ω=ΩΩ=Ω
1

33221133
1

;,;,,;,;;  

 
Let Lhhhh ΩΩΩ=Ω ULUU 21 , be a uniform space grid, where lhΩ  is a uniform grid in 

lΩ  with space step lhh = , 
 

},;,2,1,0,:{; 333 3 lNlllkklhlhxyhlh bzNkkhazzII
l
==+==×Ω=Ω L  

where xyhΩ  is a uniform partition of xyΩ . The interior boundary points are included 

into hΩ  twice, since 1,33 −= ll ba  for Ll L,3,2= . The total number of vertical grid 

points is LN
Ll

l
l +∑

=

=1
3 . 

 
Consider the approximation of the equation. The upwind technique is applied for the 
convective term, assuming the water spreads from bottom ( Lbz 3= ) to top ( 31az = ), 
then 

;1;11

;)()(

3

11
1

LlNkfor

g

l

ijk
n

llzwijk
n

llXX

n
lijk

n
ljk

lijk

≤≤−≤≤

∂+Φ∂∂=
− ++

+

θλρθ
τ
θθ

δ
                       (40)

 

 
The continuous condition at the interior boundary points are approximated by 
 

)),,(()),,(( 1,311,3 +++= ljillwljilwl ayxpbyxp θθ ;                                        (41) 

)),,(()),,(()),,((

)),,(),,((
2
1

331,311

1,31113

ljillzlljillzljillz
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byxhbyxayx
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θλθθ
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∂+Φ∂−Φ∂=

∂+∂

+++

++++

        (42)
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The study of details of this approximation is worth studying further. The boundary 
conditions, for 31az =  and Lbz 3= , are approximated similarly as the mono-layer 
problem.  
 
 
5. NUMERICAL EXPERIMENTS 
5.1 One-dimensional single layer problem   
For testing the availability of the proposed model and numerical scheme, one-
dimensional problem should be an appropriate candidate with a comparatively simple 
data structure and computational load. These results from 1-D simulation will give 
information by which the physical reasonableness of the approach can be demonstrated 
in an intuitive way and through judgment by experience. The 1-d model can be accepted 
as an appropriate approach in some particular applications, in which exists a high level 
of uniformity for the quantity of interest over the transverse section.  
 
The configuration of the test case is as following. A domain, denoted as interval [0, 1], 
is occupied by certain kind of porous medium with uniform porosity and other 
homogeneous properties. One can imagine this 1-D interval has a transverse section of 
unit area so as to contain the practical medium. Top of this column is connected with 
free water, which leads to the Dirichlet boundary condition, namely, prescribed water 
content.  The bottom of this column is sealed, which means water flux across this end is 
set to be zero.  
 
By relevant   literature, the finite difference is monotone and satisfies the maximum 
principle [2]. If we set the water content at top end of the column with the porosity 
value (the possible maximum of practical water content), it’s just a critical state 
between saturated state and unsaturated state. In this example, attention would be pay to 
the monotone of the solution in both of   time and space variable. 
 
The main parameters of this example are listed as following: domain of interest [0,1], 
porosity of the medium 8.0=φ ; temporary period T=(0,200]; Spatial mesh increment 

;04.0=h  temporal step ;05.0=∆t  initial water content 1,0(,0)0,( ∈= XXθ ]; 
φθ === 8.0|)0,( 0XX ; gravity acceleration 8.9=g ; boundary conditions 

;,8.0),0( Ttt ∈=θ  and ,0|)()( 1=+
∂
∂

=Xgw ghp
n

ρθλ  where water density is equal to 

0.1=gρ ; height function Xh −= 0.1 .(X coordinate  directs downward). Other 
parameters are needed for describing the constitutive relations such as capillary curve 
and permeability. We set  

0.2,0005.0*,13.0,4.0,8.16,05.0* 0 ====== kmp nkhnp θ . 
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The result for this example is displayed by the figure below. 
 

 
 
The figure shows a clear tendency of increasing of water content in both spatial and 
temporary sense within the whole spreading process. Because of the no-flow boundary 
condition, the domain should be saturated with water as an asymptotic behaviour.  No 
points switch from unsaturated state to saturated state. 
 
In this test example, an analytical expression described in previous section was 
employed as the constitutive relationship between water content and capillary pressure. 
When the Newton iteration was performed for solving nonlinear diffusion equation, the 
derivative of first order for this function was needed, which means this smoothness 
must be ensured as a prerequisite. For real applications where only discrete data is 
provided from experiments, some kind of analytical formulation matching the discrete 
data and satisfying the request about smoothness should be extracted from this discrete 
data, with approximation error as small as possible in some sense. The similar situation 
also occurs for conductivity function, which is often chosen as an exponential 
expression or spline polynomial.  
 
We consider another case where the water content at the top end point is set to be larger 
than porosity. This means the end point is in a saturated state. The other conditions are 
the same as the case above.   Initial water content and boundary conditions are as 
following 
     1,0(,0)0,( ∈= XXθ ]; φθ >== 9.0|)0,( 0XX ; ;,9.0),0( Ttt ∈=θ  
 
Along with the spreading process, the topology of saturated zone (closure of the points 
set, at which water pressure is non-negative) should change. In this example, attention 
would be given to the monotone of the solution in both of time and space variable, as 
well as the enlargement of saturated zone. There is still an imperious need for research 
about the mathematical properties of the elliptic-parabolic equation, especially the 
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mechanism for a point to alternate between two different states, namely, saturated state 
and unsaturated state. It is not yet clear whether the occurrence of new saturated points 
in this example come from the intrinsic properties of the mathematical model or from 
only the error of numerical treatment. More tests are necessary concerning this point. 
  
The result for this example is displayed by the figure below. 
 

 
 
The saturated zone undergoes a gradual enlargement. Due to the no-flow boundary 
condition, the domain should be saturated with water within a finite time period. 
Suppose that a water content larger than porosity is set on the top end as boundary 
condition, an enlargement of saturated zone is expected along with the water content of 
one point switches from “under porosity” to “above porosity”. Then the flow process in 
saturated zone and unsaturated zone will lead to an elliptic- parabolic equation 
description. The next time step will follow this new defined topology of saturated zone. 
 
We need to keep the availability of so-called water content when its value exceeds the 
value of porosity. Without any physical meaning, this pseudo-water content is just a 
variable with correspondence to no-negative water pressure by a transformation. If the 
water source is located on the bottom end, the spreading process should slow by the 
gravity as a resistive force so that the saturated can not be enlarged further more.  
 
5.2 One-dimensional two-layer problem 
From now on, let us consider the case which two layers with different material 
properties were put together one above another. The goal of this configuration is mainly 
to verify the influence of the heterogeneity of porous media on water spreading.  
 
The upper (first) layer was equipped with the same parameters as the previous single 
layer example, with the length of [0, 0.32] in the new configuration and porosity of the 



FSCN/System Analysis and Mathematical Modelling 
Internet: Http/www.mh.se/fscn 
 

 R-03-50 
Page 16 (29) 

 
 
 

 

 

medium 8.01 =φ ; the lower layer [0.32, 1] is connected with the first layer at 32.0=X , 
and has its own porosity 6.02 =φ  .  Initial water content 
 32.0,0(,0)0,(1 ∈= XXθ ]; ,9.0|)0,( 101 φθ >==XX  ∈= XX ,0)0,(2θ [0.32, 1]; 
 
and boundary conditions 

 ;,9.0),0(1 Ttt ∈=θ  And     0|)()( 1=+
∂
∂

=Xgw ghp
n

ρθλ . 

Other parameters are needs to describe the constitutive relationship between capillary 
and water content and water conductivity. For the first layer  
          0.2,0005.0*,13.0,4.0,8.16,05.0* 0 ====== kmp nkhnp θ . 
 
For the second layer 
           .5.3,0005.0*,13.0,4.0,8.16,05.0* 0 ====== kmp nkhnp θ .  
 
Water density is 0.1=gρ ; height functions Xh −= 0.1 . (X coordinate directs 
downward). Temporary period T= (0,200]; Spatial mesh increment ;04.0=h  temporal 
step ;05.0=∆t  gravity acceleration 8.9=g ;   
 

 
      
The computation was displayed in the above figure. Observing the drop of water 
content between two layers, this just comes from the conjunction condition at the joint 
point, namely the continuity of pressure and the water flux, but no water content.  
 
Intuitively, the numerical solution is monotone in spatial and time and tends to a fully 
saturated state earlier or later, however the occurrence of monotone is a result of the 
“wetting” as an imbibition process.  At the interior boundary point, water content is 
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affiliated to the upper layer and lower layer, respectively. The number of unknowns is 
1−L  more than the number of partition nodes, and the discretization equation for 

continuity of flux will concern 4 unknowns, one more than that for interior node within 
a layer. The utility of upwind technique depends on the judgment about the direction of 
water velocity at present time step. 
 
5.3 A Plane Problem  
To verify the efficiency of the numerical scheme and our code, the following plane 
problem is tested as a 2-D example. The domain of interest is set as [0, 1] × [0, 1], and 
the uniform spatial square mesh (h=0.2, mesh 6x6) is applied. Porosity is 0.8 and time 
step is 2.0. The other parameters are the same as in test 1. The source point is located at 
the corner (0, 0). The symmetric distribution is a basic characteristic of this 
configuration. Anyway, size of the discrete problem is exponentially increasing with the 
number of unknowns. There should be an unacceptable computational load, unless some 
advanced techniques such as A.D.I scheme or sparse matrix solver are applied. 

 
This result is based on degenerate configuration from the 3-dimensional scheme and 
codes. The gravity was not included. 
 
5.4 Three-dimensional Mono-layer Problem 
The test model in 3-dimensional case is set for mono-layer problem, with isotropic 
properties throughout the material body. Besides the confirming the availability of the 
codes for 3-D cases, the visualization approach is also worthy more investigation. Here 
a simple test case is performed with a discrete system of comparatively small size. For 
practical simulation, this fully implicit scheme has obvious shortcoming for its size of 
discretization will increase exponentially with increasing of the number of nodes and 
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the efficiency will be reduced loudly. Alternative directional implicit will be a good 
approach to overcome this contradiction. The sparse matrix solver is a good choice for 
the future improvement. 
 
We set the 3-D domain as [0,1] x [0,1] x [0,1]. The porosity is ,8.0=φ  and the spatial 
step is 0.2 so we get a partition with 6x6x6 mesh. The parameters for defining capillary 
pressure-water content curve and the permeability curve is the same as that in the 1-D 
mono-layer test example. Time step is set as ,05.0=dt  and the source point is at [0, 0, 
0] and the boundary condition is set as ,9.0),0,0,0( =tθ  which is larger than the 
porosity, no-flow condition is set elsewhere and gravity is included.  
 

 
 
Here we have several kinds of figures for showing the distribution of water by shading 
with degree of grey on sections of different directions.   Due to the effect of gravity, the 
spreading of water in the vertical direction was much faster than that in the horizontal 
directions. 
 
The isosurfaces at different time steps are given as following (dt=0.05). 
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We can also display the results in some special sections of interest. 
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5.5 Three-dimensional, two-layer problem 
The domain of interest is set as [0,1] x [0,1] x [0,1], which consists of two material 
layers with different porosity. We set the porosity as ,8.01 =φ  for the top layer, and 

6.02 =θ  for the bottom layer. The gravity is included in this test case. The spatial step 
is 0.25 so we get a partition with 5x5x5 mesh.  But the unknowns for water content 
would be 5x5x6 because of the grid points in the intersection of the two layers should 
be considered twice for different layers, which means a set of 5x5x3 unknowns is 
adopted for each layer respectively. The parameters for defining capillary pressure-
water content curve and the permeability curve are defined as follows  
          0.2,0005.0*,13.0,4.0,8.16,05.0* 0 ====== kmp nkhnp θ ,  
for the top layer, and  
           5.3,0005.0*,13.0,4.0,8.16,05.0* 0 ====== kmp nkhnp θ , 
for the bottom layer. Time step is set as ,05.0=dt  and the source point is at [0, 0, 0] 
and the boundary condition is set as ,9.0),0,0,0( =tθ  which is larger than the 
porosity 1φ . No-flow condition is set elsewhere and gravity is included.  
In this example, we choose water saturation for graphic display for uniformity of 
meaning in some sense, because they will reach the same value 1.0 in a saturated state 
in both    of the two layers. The distribution of water saturation on horizontal sections is 
displayed for different times in the fist figure. 
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We can also give the distribution on vertical sections for different times. An appropriate 
set of aspect ratio has been reset for viewing clearly. 

 
 
 
6. MAIN CODES RELATED WITH THE SIMULATION OF 
RICHARD’S EQUATION 
6.1 Codes related to coefficient functions 
Two basic functions, for permeability and constitutive relationship between water 
pressure (negative capillary pressure) and water content, respectively, were called in all 
of the computation codes. 
 
6.1.1 ‘Condu.m’  
Purpose: Permeability as function of water content. It provides two options. The first 
one means the permeability was defined by a power function in [0,w0] and by a 
modified form in [w0, porosity], which could ensure the continuity of the curve and its 
first derivative at the transition point w0, meanwhile the fist derivative at the saturation 
point w=porosity was just equal to 0. Beyond the interval [0, porosity], the permeability 
is defined as a constant equal to that at the end point w=porosity. Thus total four 
constant coefficients were needed for this option, ‘condk’, ‘condnk’ and ‘porosity’ for 
the power function in [0,w0], and the transition point ‘w0’. The second option means 
that the permeability was simply defined as a power function in the whole interval [0, 
porosity], and only the first three coefficients were needed. Before being called, one 
must preset the option as 1 or 2.  
 
Input:  a vector of water content. 
Output: a vector of water permeability. 
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‘Condu2.m’ had the same structure as condu.m and it provided another function (curve) 
for the second layer if two-layer mode was considered. 
 
Conclusion: Scalar input or vector input is both available. For real application, the 
discrete data from real experiments must be analysed and reformulated into standard 
form by fitting methods.  
 
6.1.2 ‘Capillary.m’  
Purpose:  Water pressure as function of water content. Its value should be negative in 
the case of water-unsaturated. This definition includes two parts separated by point 
‘wc0’, through which the curve changes from convexity to concave and the curve and 
its first derivative are continuous in the interval [0, porosity]. Beyond the critical point 
w=porosity, the water pressure is defined by the direct extension by the same analytical 
expression. Total five constant coefficients are needed for this definition, the ‘porosity’, 
‘wc0’, the transition point in the definition, and ‘hm’, the minimum of water pressure, 
‘np’, ‘p0’, corresponding to the coefficient and power values in the expression in 
previous section. 
 
Input:  a vector of water content. 
Output: a vector of water pressure. 
 
‘Capillary2.m’ had the same structure as capillary.m and it provided another function or 
curve for the second layer if two-layer mode was considered.  
 
6.1.3 ‘dericond.m’  
Purpose: A function for computing the first derivative of the permeability function 
(defined by condu.m) with respect to water content. The coefficients of this function are 
taken as the same values as that in condu.m. Derivative values are necessary, when the 
Newton iteration is used for solving non-linear system. 
 
Input: a vector of water content 
Output: a vector of derivative of permeability function with respect to water content.  
 
Dericond2.m had the same structure as dericond.m and it provided the first derivative of 
the function defined by condu2.m, for the second layer. 
 
Conclusion: Both of dericond.m and dericond2.m depend on the primary function 
defined in condu.m and condu2.m. If the latter are changed, the former should also be 
modified correspondingly.  
 
6.1.4 ‘dericap.m’  
Purpose: A function for computing the first derivative of the water pressure function 
(defined by capillary.m) with respect to water content. The coefficients of this function 
are taken as the same values as that in capillary.m. Derivative values are necessary 
when Newton iteration is used for solving nonlinear system. 
 
Input: a vector of water content 
Output: a vector of derivative of water pressure function with respect to water content.  
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‘dericap2.m’ had the same structure as dericap.m and it provided the first derivative of 
the function defined by capillary2.m, for the second layer. 
 
Conclusion: Both of dericap.m and dericap2.m depend on the primary function defined 
in capillary.m and capillary2.m. If the latter are changed, the former should also be 
modified correspondingly.  
 
6.1.5 ‘Conderi.m’  
This is just a function that is simply the product of the two functions defined by 
‘condu.m’ and by ‘dericap.m’. As conductivity coefficient in the diffusion part of the 
Richard’s equation, reformulating the two functions into a single function is convenient 
for coding. 
 
‘Conderi2.m’ is just a function that is simply the product of the two functions defined 
by condu2.m and by dericap2.m respectively. 
 
6.2 Code for one-dimensional Richard’s equation 
1-D problems include two computational models. The code for mono-layer case is titled 
with richnewton.m and the code for two-layer case is titled with richnewton2.m.  
 
6.2.1 ‘Richnewton.m’ for one-dimensional mono-layer problem 
Purpose: To solve the elliptic-parabolic equation by finite difference scheme combining 
with Newton iteration technique.  
 
The domain of interest was set as [0, 1] and was partitioned into N sub-intervals of 
length h=1/N.   The positive direction is downward, namely, x=0 is the top.  Declaration 
of variables is listed below 
 

- uu:  fixed value of water content at the left end (Dirichlet boundary condition); a 
value larger than porosity means a positive water pressure is set by extension of 
the water pressure - water content function. 

- porosity: porosity of the medium. 
- dg:  product of gravity acceleration and water density 
- xx:  vector of nodes 
- flag: an option for starting, ‘0’ means starting from the beginning and ‘1’ means  

starting from  existed result saved in ‘ucap.txt’. 
- nstep: loop variable for time steps 
- dt:  time increment 
- ucap: vector of water content at the last time step and the initial approximation 

of iteration for current time step. 
- aa: coefficient matrix for residual equation. 
- timefactor: a factor for distinguishing elliptic and parabolic zone the node stay 
- Ucap1: vector of water content before the current iteration 
- Ucap2: vector of water content after correction for the current iteration 
- ee: iteration error control for iteration. 
- mm:  number of iteration 
- residual: correction as solution of residual equation. 
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Conclusion:  The Richard’s equation, after extending the coefficients function to have 
meaning also beyond the ordinary physical values, can be employed for describing the 
saturated-unsaturated problem. The Newton iteration requires that the diffusion 
coefficient is first differential, so the appropriate smoothness must be fulfilled for 
permeability function and the constitutive relationship between capillary and water 
content. The upwind technique is also crucial for a stable computation. A monotone 
flow (water content doesn’t decrease during the whole process all over the domain) 
simulation give a positive argument.  The enlargement of saturated zone is a certain 
phenomenon, but here we just take the current water content as a standard of judgement 
for distinguishing interface between saturated zone and unsaturated zone. It’s 
worthwhile to look for more efficient approach for treating the topology with respect to 
the interface. 
 
6.2.2 ‘Richnewton2.m’ for one-dimensional two-layer problem 
Purpose: To solve the problem of the system of two layers with different material 
properties and described by an elliptic-parabolic equation in 1-D case. Finite difference 
scheme combining with Newton iteration technique is used for discretization. 
 
The domain of interest was set as [0, 1] and was partitioned into N-1 sub-intervals of 
length h=1/ (N-1). NN=N+1 is the number of discretization equations (including the 
Dirichlet boundary point and two conditions for the interior joint point). The positive 
direction is downward, namely, x=0 is the top.  Declaration of variables is listed below 

- uu:  fixed value of water content at the left end(Dirichlet boundary condition); a 
value larger than porosity means a positive water pressure is set by extension of 
the water pressure - water content function. 

- porosity1: porosity medium for the top layer . 
-  porosity2: porosity medium for the top layer . 
- dg:  product of gravity acceleration and water density 
- xx:  vector of nodes 
- flag: an option for starting, ‘0’ means starting from the beginning   and ‘1’ 

means  starting from  existed result saved in ‘ucap0.txt’. 
- nstep: loop variable for time steps 
- dt:  time increment 
- m1: number of nodes in top layer, x=h*m1 is the joint point 
- ucap:  vector of water content at the last  time step and the initial  approximation 

of iteration for current time step. 
- aa: coefficient matrix for residual equation. 
- timefactor1: a factor for distinguishing elliptic and parabolic zone the node in 

the top layer stay 
- timefactor2: a factor for distinguishing elliptic and parabolic zone  the node in 

the bottom layer stay 
- Ucap1: vector of water content before the current iteration 
- Ucap2: vector of water content after correction for the current iteration 
- ee: iteration error control for iteration. 
- mm:  number of iteration 
- residual: correction as solution of residual equation. 
- factor:  a vector of relaxation factors for iteration, adjustable  
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Conclusion: The condition of continuity of water pressure and water flux at the joint 
point is a challenging work for the computation. The continuity of water pressure is 
approximated by a direct manner, with an implicit expression about water contents on 
each layer. The flux continuity should be converted to a balance equation in a control 
volume which includes two half-mashes from each of top and bottom layer. By the way, 
the upwind technique depends on a prescribed flow tendency of the water. It’s difficult 
to find an optimal relaxation factor, even though some evaluation of the factor 
behaviour very excellent for some examples. 
 
 6.3 Three-dimensional problem 
At present, the algorithms for 3-D problems are extension of 1_D problem, though one 
can also take 1-D problems as particular case of 3-D problems.  Actually, we have 
codes for 1-D problems independent of 3-D simulation. There are two main codes for 3-
D problems, ‘sanwei.m’ for mono-layer model and ‘sanwei2.m’ for two-layer model. 
 
6.3.1 ‘sanwei.m’ for three-dimensional  mono-layer model  
Purpose: This is to simulate the spreading process of water in a cubic material volume 
with homogeneous physical properties over the whole domain such as permeability and 
constitutive relationship between capillary and water content. This code can also be 
employed to simulate plane problem by specifying and limiting the spatial mesh 
dimension, which is appropriate when the geometric scale of the material volume is 
much less in one direction than  that in other directions and the physical quantities can 
be described by homogeneous distribution  in this direction in a sense of average. 
 
The domain of interest was set as [0,1]x[0,1]x[0,1] and was partitioned into Nx-1, Ny-1, 
and Nz-1 sub-intervals of length  h=1/(N-1).(in this code, we set  N=Nx=Ny=Nz=6).   
The positive direction of z-axis is downward, namely, z=0 is the top. Declaration of 
variables is listed below 
 

- uu:  fixed value of water content at the corner [0,0,0] (Dirichlet boundary 
condition); a value larger than porosity means that a positive water pressure is 
set by extension of the water pressure - water content function. 

- porosity: porosity of the medium. 
- dg:  product of gravity acceleration and water density 
- flag: an option for starting, ‘0’ means starting from the beginning and ‘1’ means  

starting from  existed result saved in ‘san?.txt’. 
- sanstep:  the number of steps already computed and followed by a new 

computation.  
- nstep: loop variable for time steps 
- dt:  time increment 
- ucap: vector of water content at the last  time step and the initial approximation 

of iteration for current time step. 
- aa: coefficient matrix for residual equation. 
- timefactor: a factor for distinguishing elliptic and parabolic zone the node stay 
-  ucap1: vector of water content before the current iteration 
-  ucap2: vector of water content after correction for the current  iteration 
- ee: iteration error control for iteration. 
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- mm:  number of iteration 
- residual: correction as solution of residual equation. 
- mark:   variable, means the point is  interior point if the value is 0. 
- numb:   a convertor between 3-D array and 1-D array. 
 

Conclusion: A test case has been shown in the previous section, the spreading tendence 
of the water was reasonable from the point of physics. 
 
But we didn’t implement based on experimental data from any practical application. 
Take the computer capacity into account, this simulation approach is too much limited 
if the partition is finer. This fully implicit finite difference approach should combine 
with the sparse matrix technique and further more, an ADI scheme has been studied by 
some researchers, which can decompose the problem into 1-D problems in several 
directions so as to promote the efficiency and simplify the coding.  
 
6.3.2 ‘sanwei2.m’ for three-dimensional two-layer model 
Purpose: This is to simulate the spreading process of water in a cubic material volume 
with two layered, piled up one above another. The physical properties such as 
permeability and constitutive relationship between capillary and water content are 
different between the two layers. The interior joint interface of the two layers is 
assumed to satisfy continuity in both of pressure and flux.   
 
The domain of interest was set as [0,1]x[0,1]x[0,1] and the interface of two layers 
locates at z=0.5. was partitioned into Nx-1, Ny-1, and Nz-1 sub-intervals of length 
h=1/(N-1).(in this code, we set  N=Nx=Ny=Nz=6). The positive direction of z-axis is 
downward, namely, z=0 is the top. Declaration of variables is listed below 
 

- uu:  fixed value of water content at the corner [0,0,0] (Dirichlet boundary 
condition); a value larger than porosity means that a positive water pressure is 
set by extension of the water pressure - water content function. 

- porosity1: porosity of the top layer . 
-  porosity2:  porosity of the bottom layer. 
- dg:  product of gravity acceleration and water density 
- flag: an option for starting, ‘0’ means starting from the beginning and ‘1’ means  

starting from  existed result saved in ‘sw?.txt’. 
- sanstep:  the number of steps already computed and followed by a new 

computation.  
- nstep: loop variable for time steps 
- dt:  time increment 
- ucap: vector of water content at the last  time step and the initial approximation 

of iteration for current time step. 
- aa: coefficient matrix for residual equation. 
- timefactor: a factor for distinguishing elliptic or parabolic zone the node stay 
-  ucap1: vector of water content before the current iteration 
-  ucap2: vector of water content after correction for the current iteration 
- ee: iteration error control for iteration. 
- mm:  number of iteration 
- residual: correction as solution of residual equation. 
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- mark:   variable, means the point is interior point if the value is 0. 
- numb:   a converter between 3-D array and 1-D array. 
- k1: number of nodes of interface, z=h*k1 is the joint interface 
- aa: coefficient matrix for residual equation. 
- timefactor1: a factor for distinguishing elliptic or parabolic zone the node in the 

top layer stay 
- timefactor2: a factor for distinguishing elliptic or parabolic zone the node in the 

bottom layer stay 
- factor:  a vector of relaxation factors for iteration, adjustable  
- graph:  a 3-D array for water content, convenient for visualization. 

 
Conclusion: The test case shows that, the spreading tendency of the water was 
reasonable from the point of physics. However, the difference about water saturation 
between two layers was not obvious enough from the contrast by graphic display. We 
didn’t yet implement computation based on experimental data from any practical 
application. Even though the algorithm is available, it is still necessary to introduce new 
schemes of better efficiency. 
 
 6.4 Visualization  
The numerical results from simulations can be displayed by graphic functions in 
Matlab. For 1-D problems the figures can be drawn synchronously with the 
computation procedure, in a supplemental manner, because the drawing work doesn’t 
spend too much time. For the case of several variables, the numerical results can be 
saved in data files (with extension attribute ‘txt’) for latter use.  
 
6.4.1 ‘sangra.m’  for 3-D mono-layer problem 
Purpose: To display the numerical results in graphic form for 3-D mono-layer problem. 
Total four modes are ready for options. Before starting this code, corresponding data 
files (declared in the code) should be ready. 
 

- option:  choice for mode of display. option=1 means to display the water 
content in the vertical diagonal section of the cubic domain. option=2 means to 
display an isosurface with respect to prescribed water content. option=3 means 
to display the water content in the vertical sections parallel to y-axis in one 
single figure. option=4 means to display the water content in the vertical 
sections parallel to x-axis, one figure one section.  

- porosity: porosity of the medium 
- Nx,Ny,Nz: number of data points in x, y, and z directions, respectively. 
- temp:  the 1-D data taken from the numerical result. 
- graph:   3-D array after conversion from ‘temp’. 
- step:  variable for controlling the loop about time steps prescribed to be 

displayed.   
- aa:  colormap matrix used for shading displaying. 

 
Conclusion: The tests just give a proof that the functions of the code is very fine for 
displaying static states, however the dynamical display is also possible and more 
dramatic for better understanding. So a future work is to develop the code for dynamical 
displaying such as animations. 
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6.4.2 ‘sanweigra.m’  for 3-D two-layer problem 
 Purpose: To display the numerical results in graphic form for 3-D two-layer problem. 
Total two modes are ready for display about the distribution on vertical sections or on 
horizontal section. If we choose horizontal display, the final figure includes two parts, 
for top layer and bottom layer respectively. The bottom surface of top layer occupies 
the same spatial location with the top surface of the bottom layer, though they have 
different distribution of water content. We also have another switch ‘option’, for how to 
choose the variable to be displayed, water content or water saturation. Before starting 
this code, corresponding data files (declared in the code) should be ready.  
 

- option: to choose variable for display. option=1 means to display the water 
content. option=2 means to display water saturation. 

- verhor: to choose display mode. verhor=1 means to display horizontal sections 
and verhor=2 means to display vertical sections. 

-  porosity1: porosity of the top layer. 
- porosity2: porosity of the bottom layer. 
-  k1:  number of last grid point in z-direction in top layer 
- Nx,Ny,Nz: number of data points in x, y, and z directions, respectively. 
- sw:  the 1-D data for water content taken from the data file. 
- temp: the 1-D data for water content or saturation produced from ‘sw’ 
- graph1:   3-D array after conversion from ‘temp’, water content (or saturation) 

for top layer. 
- graph2: 3-D array after conversion from ‘temp’, water content (or saturation) 

for bottom layer. 
- step: variable for controlling the loop about time steps prescribed to be 

displayed.  
- aa:  colormap matrix used for shading displaying. 
- constant1, constant2: constants used for processing the numerical results. 

 
Conclusion: This code works for displaying static states, however, we need to develop 
other means such as animation for more dramatic display. 
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