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Abstract 
This thesis focuses on mining association rules on multivariate time series. Com-

mon association rule mining algorithms can usually only be applied to transac-

tional data, and a typical application is market basket analysis. If we want to mine 

temporal association rules on time series data, changes need to be made. During 

temporal association rule mining, the temporal ordering nature of data and the 

temporal interval between the left and right patterns of a rule need to be consid-

ered. This thesis reviews some mining methods for temporal association rule 

mining, and proposes two similar algorithms for the mining of frequent patterns 

in single and multivariate time series. Both algorithms are scalable and efficient. 

In addition, temporal association rules are generated from the patterns found. Fi-

nally, the usability and efficiency of the algorithms are demonstrated by evaluat-

ing the results. 

Keywords: Pattern discovery; temporal association rules; multivariate time se-

ries. 
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1 Introduction 
This project aims to discover temporal association rules among multivariate time 

series. It is a challenging work due to the time series’ large size, numeric, and 

temporal ordering natures. This thesis has put a lot of effort into facing these 

challenges. In this chapter, the problem definition and motivation are briefly de-

scribed, and the overall and concrete goals are presented. 

1.1 Motivation and Preliminary Understanding 

We live in a world where vast amounts of data are collected daily; a large part of 

these data are time series data. 

A time series is a series of data points indexed in time order; several related time 

series data are called multivariate time series data. Multivariate time series data 

can be found in a variety of domains, such as finance, science, climate monitoring 

and industrial sensors. Within the individual time series, interesting correlations 

between patterns can be found. 

Time series analysis aims to extract meaningful statistics and other characteristics 

of data. As the temporal ordering nature of time series makes time series analysis 

different from regular data analysis, it is an important factor to consider. 

In this project, we are use various time series data to discover temporal associa-

tion rules. Figure 1-1 shows an example of two intra patterns 𝑠1: 𝑎, 𝑠2: 𝑏, and one 

inter pattern 𝑠1: 𝑎, 𝑠2: 𝑏. The prefix 𝑠𝑖 before each intra pattern indicates that the 

pattern comes from the 𝑖𝑡ℎ time series (𝑇𝑆𝑖). The “,” in the inter pattern means 

that there is a time delay between the two intra patterns. Patterns such as the third 

pattern are useful for the generation of rules like 𝑠1: 𝑎
𝑇
⇒ 𝑠2: 𝑏, meaning that if 

pattern 𝑠1: 𝑎 occurs in 𝑇𝑆1, then pattern 𝑠2: 𝑏 is likely to occur in 𝑇𝑆2 within time 

𝑇. Rules in this form are called temporal association rules. This thesis proposes 

an efficient approach to find temporal association rules in multivariate time series. 

 

Figure 1-1: An example of patterns. 

This work is a continuation of the work in [1], which aims to discover temporal 

association rules between several sensor time series. A modified discretization 

method and a modified Apriori algorithm is used to discover temporal association 

rules. It is not scalable as it cannot discover rules between more than three time 

series, and the process requires more than ten hours, which is not efficient enough. 
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1.2 Overall aim 

The project’s overall aim is to mine interesting temporal association rules in mul-

tivariate time series. These rules have a wide variety of uses, for example in de-

cision making. 

1.3 Scope 

The main purpose of mining association rules is pattern mining. Patterns could 

be either frequently appearing or surprising. The focus of this work is frequently 

appearing patterns, which are used for association rule mining, unlike surprising 

patterns, which are used for anomaly detection [2]. This thesis focuses on im-

proving the efficiency and scalability of current algorithms for mining associa-

tion rules in multivariate time series.  

1.4 Concrete and verifiable goals 

A system that is very easy to start will be implemented, to automatically find the 

patterns and generate the rules. 

To make it scalable, the project design allows the work to be used directly without 

any changes when the number of time series increases. 

To make it efficient, dimension reduction is used, so that a reasonable number of 

data instances are to be processed with. Pattern pruning methods are introduced 

to reduce the number of patterns, in addition to an efficient method for the count-

ing of occurrences of each pattern. Finally, the rules are generated from these 

patterns. 

1.5 Outline 

The rest of this thesis is organized as follows. Chapter 2 discusses the background 

and reviews related work. Chapter 3 describes the theory used in this thesis. The 

whole solution for mining temporal association rules in multivariate time series 

data, is described in Chapter 4. The experiment and result are discussed in Chap-

ter 5. Chapter 6 discusses and evaluates the result of the experiment. In Chapter 

7, conclusions are presented, as well as the future work. 
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2 Background and Related Work 
2.1 Data Mining and Knowledge Discovery 

Data mining is frequently used as a synonym for another popular term: 

knowledge discovery from data, or KDD. There are those who view data mining 

as nothing but an essential step in the process of knowledge discovery. The 

knowledge discovery process is shown in Figure 2-1, including the following 

steps [3]. 

1) Data cleaning (removal of noise and inconsistent data) 

2) Data integration (where multiple data source may be combined) 

3) Data selection (where data relevant to the analysis task are retrieved from the 

database) 

4) Data transformation (where data are transformed and consolidated into forms 

appropriate for mining by performing summary or aggregation operations) 

5) Data mining (an essential process where intelligent methods are applied to 

extract data patterns) 

6) Pattern evaluation (to identify the truly interesting patterns representing 

knowledge based on interestingness measures) 

7) Knowledge presentation (where visualization and knowledge representation 

techniques are used to present mined knowledge to users) 

 

Figure 2-1: Data mining as a step in the process of knowledge discovery. 
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2.2 Data preprocessing 

Data preprocessing is a required step of data mining. The reason for this is that 

most of data have quality problems, such as incomplete, noise etc. In this project, 

the preprocessing step includes data normalization, data reduction and symbolic 

representation. 

2.2.1 Data normalization 

The measurement unit used may affect the data analysis. For example, changing 

measurement units from meters to inches for height, or from kilograms to pounds 

for weight, may lead to very different results. In general, expressing an attribute 

in smaller units will lead to a larger range for that attribute, and thus tend to give 

such an attribute greater effect or “weight.”  

To help avoid dependence on the choice of measurement units, the data should 

be normalized. Normalization rescales the values of original data to a smaller or 

common range, such as 0 to 1. There are many different methods, the most com-

mon of which are the min-max and z-score methods. 

2.2.2 Data reduction 

In general, numeric and large time series data are difficult to analyze, which 

means that a good representation is required. One of the major reasons for time 

series representation is the reduction of the dimension (the number of data points) 

of the original data [4]. Data reduction is a technique used to obtain a reduced 

representation of the data set that is much smaller in volume, yet closely main-

taining the integrity of the original data. That is, mining on the reduced data set 

will be more efficient, yet produce the same analytical result. 

The perhaps simplest method for data reduction is sampling, a drawback is that 

it distorts the shape of the sampled/compressed time series. 

An enhanced method proposed in [5], piecewise aggregate approximation (PAA), 

segments the time series into equal-length sections and records the mean value 

of these sections. 

The PIP identification process was first introduced in [6]; it reduces the dimen-

sion by preserving the salient points. These points are called perceptually im-

portant points (PIP). 

2.2.3 Symbolic representation 

The most common representation approaches to time series convert the numeric 

time series into symbolic form. That is, first discretizing the time series into seg-

ments, then converting each segment into a symbol. 

Symbolic aggregate approximation (SAX), proposed in [7], converts the result 

from PAA to a symbolic string. Given that the normalized time series have a 

highly Gaussian distribution, SAX determines the breakpoints that will produce 

𝑎 equal-sized areas and each segment can then be mapped into a symbol corre-

sponding to the area in which it resides. 
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Monotonicity feature extraction methods try to capture the change characteristics 

of time series considering that these change characteristics may represent some-

thing interesting. 

Furthermore, some researchers use subsequence clustering to generate the sym-

bols [8][9][10]. Time series are first segmented into subsequences and then these 

subsequences are clustered to generate the symbols. 

2.3 Similarity measure 

Similarity measures are very important for many time series analysis and data 

mining tasks. In data mining applications, such as clustering, outlier analysis, and 

nearest-neighbor classification, we need ways to assess how alike or unalike ob-

jects are in comparison to one another. 

The simplest similarity measure method between patterns or subsequences is to 

calculate the Euclidean distance, as it does not consider the ordering feature of 

time series. 

Edit distance is used to quantify how dissimilar two strings are. The basic idea is 

to count the minimum number of operations required to transform one string to 

another. The Levenshtein distance [11], which allows insertion, deletion, and sub-

stitution, is usually what is meant by “edit distance”. The Longest Common Sub-

sequence model, proposed in [12], is another variation of the edit distance, which 

only allows insertion and deletion. 

Dynamic time warping distance based on the DTW technique is proposed in [13]. 

DTW is one of the algorithms used to measure similarities between two temporal 

sequences where the change speeds are different. For example, the DTW distance 

between two sequences, where the change trends are the same but the change 

speeds are different, is small. 

2.4 Clustering 

Clustering is the process of grouping a set of data objects into multiple groups or 

clusters so that objects within a cluster have high similarity, but are very dissim-

ilar to objects in other clusters. 

K-means is one of the simplest and most fundamental clustering methods. It 

groups the objects into k partitions to optimize an objective partitioning criterion, 

such as dissimilarity function based on distance, so that objects within a cluster 

are similar and objects in different clusters are dissimilar. 

Hierarchical methods group objects into a hierarchy or “tree” of clusters. The two 

major categories of hierarchical methods are agglomerative and divisive hierar-

chical clustering, which organize objects into a hierarchy using a bottom-up or 

top-down strategy, respectively. Agglomerative methods start with individual ob-

jects as clusters, which are iteratively merged to form larger clusters. Conversely, 

divisive methods initially let the given objects form one cluster, which are itera-

tively split into small clusters. 
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Density-based clustering groups objects into regions with high density. Clusters 

are dense regions in the data space separated by sparse regions. 

2.5 Association rule mining 

2.5.1 Normal association rule mining 

Normal association rule mining is one of the best known and the most useful data 

mining methods. In general, rules are generated from interesting patterns. 

The original application of association rule mining, market analysis, which aims 

to study the buying habits of customers, is presented in [14]. It is also one of the 

earliest papers which introduces the basic notation of association rules. The au-

thors of this paper also proposed the famous Apriori algorithm in [15], which has 

been the basic search strategy in many later researches [16-18].  

Another algorithm called FP-Growth, proposed in [19], has a better efficiency 

compared to the Apriori algorithm. 

There are many other works such as mining association rule from data cube [20-

22], mining in data warehouses [23] and mining association rule using parallel 

algorithms [24-25]. 

2.5.2 Temporal association rule mining 

The normal association rule mining methods mainly focus on symbolic items in 

transactions, which are not suitable for time series mining. Therefore, many re-

searchers propose new or modified algorithms for rule mining in the context of 

time series data. Temporal association rule mining is one of the tasks mining in 

time series [4,26]. 

Paper [27] introduces three algorithms used to mine sequential patterns in trans-

actional databases. 

Both the basic temporal association rule format: “If A occurs, then B occurs 

within time T” and the extended format: “If A1, A2, …, Ah occurs one by one 

within time V, then B occurs within time T” are proposed in [8]. 

The authors of [28] proposed a knowledge-based approach for mining from tem-

poral labeled patterns in biomedical data. The work in [29] proposed a novel 

multivariate association rule mining based on change detection from complex 

dataset including numeric data streams. 

In [30], SAX and two cluster-based discretization methods are used to discretize 

the time series, and the authors try to find different kinds of temporal patterns: 

sequential [27], cyclical [31], periodical [32] and calendar-based [33] patterns. 

Both [34] and [35] find frequent patterns using a suffix tree and then clustered 

the patterns found. [34] have a novel definition of temporal relation, which in-

cludes three binary functions: overlaps, followed by, contains. Paper [35] pro-

posed an algorithm called TAE; their experiments show that their algorithms are 

more efficient than [34]. 
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In [36], the authors take durations into account and develops a framework to dis-

cover temporal rules generated from frequent patterns from a state sequence. 
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3 Theory 
3.1 Time Series and Symbolic Representation 

Time Series: A time series 𝑇𝑆  is a finite sequence of real values 

(𝑎1, 𝑎2, 𝑎3, … , 𝑎|𝑇𝑆|), and the length is denoted by |𝑇𝑆|. 

Multivariate Time Series: A multivariate time series 𝑀𝑇𝑆 includes |MTS| indi-

vidual time series, denoted by 𝑀𝑇𝑆 = (𝑇𝑆1, 𝑇𝑆2, 𝑇𝑆3, … , 𝑇𝑆|𝑀𝑇𝑆|). 

Symbolic Representation: The symbolic representation of a time series (𝑇𝑆) is 

a symbolic string over a specific alphabet, and it is denoted by 𝑆 =

(𝑠1, 𝑠2, 𝑠3, … , 𝑠|𝑆|). Similarly, the symbolic representation of a multivariate time 

series is denoted by 𝑀𝑆 = (𝑆1, 𝑆2, 𝑆3, … , 𝑆|𝑀𝑆|), |𝑀𝑆| = |MTS|. 

3.2 Normalization 

3.2.1 Min-max normalization 

Min-max normalization rescales the values of each feature into range [0,1]. The 

formulation, where 𝑣 is the original value, 𝑣′ is the normalized value, is shown 

below: 

𝑣′ =
𝑣−𝑚𝑖𝑛𝑣

𝑚𝑎𝑥𝑣−𝑚𝑖𝑛𝑣
. (1) 

3.2.2 Z-score normalization 

Z-score normalization makes the values of each feature in the data have zero-

mean and unit-variance. The formulation, where 𝑣 is the original value, 𝑣′ is the 

normalized value, 𝜎 is the standard deviation, is shown below: 

𝑣′ =
𝑣−𝑣

𝜎
. (2) 

3.3 Data reduction 

3.3.1 Sampling 

The sampling method samples the time series with n data points into N data points 

where n ≫ N. This can be a simple process, but some important information may 

be lost when the sampling rate N/n is too low. Figure 3-1 shows an example 

where X is the original time series, and 𝑋′ is the result of sampling. 
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Figure 3-1: Sampling. 

3.3.2 Piecewise aggregate approximation 

A time series 𝑋 of length 𝑛 is represented in 𝑁 space by a vector 𝑋 = 𝑥1, … , 𝑥𝑁. 

The equation for calculating the 𝑖𝑡ℎ element of 𝑋 is shown in Eq. (3). Figure 3-2 

shows an example that illustrates how PAA works, where X is the original time 

series, and 𝑋′ is the result of PAA. 

𝑥𝑖 =
𝑁

𝑛
× ∑ 𝑥𝑗

𝑛

𝑁
𝑖

𝑗=
𝑛

𝑁
(𝑖−1)+1

. (3) 

 

Figure 3-2: PAA. 

3.3.3 Perceptually important point 

The perceptually important points (PIP) are identified and preserved so that the 

data points are reduced. Given a time series: (𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛), the first and last 

point are the first two PIPs. The third PIP is the point with maximum distance to 

the first two PIPs. The fourth PIP is the point with maximum vertical distance to 

the line joining its two adjacent PIPs, either between the first and the second PIPs 

or between the second and the last PIPs. This process continues until all the points 

are PIPs or the required number of PIPs is reached.  Figure 3-3 shows an example, 

which is used to illustrate PIPs in [4]. 
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Figure 3-3: The time series in the left chart is represented by seven PIPs in the right chart. 

3.4 Symbolic representation 

3.4.1 Symbolic aggregate approximation 

Symbolic aggregate approximation (SAX) converts the result from PAA to a 

symbolic string. Given that the normalized time series have highly Gaussian dis-

tribution, SAX determines the breakpoints that will produce 𝑎 equal-sized areas 

and each segment can then be mapped into a symbol corresponding to the area in 

which it resides. 

For a time series having a highly Gaussian distribution, SAX determines (a-1) 

breakpoints: 𝛽1, 𝛽2, … , 𝛽𝑎−2, 𝛽𝑎−1 , so that the area under a N(0,1)  Gaussian 

curve from 𝛽𝑖 to 𝛽𝑖+1 equals 1/a. The breakpoints can be determined by looking 

them up in a statistical table. Table 3-1 shows the breakpoints for values from 3 

to 10. 

Table 3-1: Lookup table for breakpoints used in SAX. 

            a 

𝛽𝑖  
3 4 5 6 7 8 9 10 

1 -0.43 -0.67 -0.84 -0.97 -1.07 -1.15 -1.22 -1.28 

2 0.43 0 -0.25 -0.43 -0.57 -0.67 -0.76 -0.84 

3  0.67 0.25 0 -0.18 -0.32 -0.43 -0.52 

4   0.84 0.43 0.18 0 -0.14 -0.25 

5    0.97 0.57 0.32 0.14 0 

6     1.07 0.67 0.43 0.25 

7      1.15 0.76 0.52 

8       1.22 0.84 

9        1.28 

 

Figure 3-4 shows an example, where the whole area is split into 3 equal-sized 

areas and the time series is mapped to the symbolic string 𝑏𝑎𝑎𝑏𝑐𝑐𝑏𝑐. 
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Figure 3-4: SAX. 

3.4.2 Monotonicity feature extraction 

Monotonicity feature extraction tries to capture the change characteristics of time 

series. In Figure 3-5, the time series is converted into symbols over an alphabet 
∑ = {𝑈𝑃, 𝐿𝐸𝑉𝐸𝐿, 𝐷𝑂𝑊𝑁} according to the values’ going up/down or not chang-

ing much. 

 

Figure 3-5: Monotonicity feature extraction. 

3.5 Normal association rule mining 

Association rule mining is a rule-based machine learning method used to discover 

interesting relations between variables in large databases. For example, the rule 

{onions, potatoes} → {burger meat}, found in the sales data of a supermarket, 

would indicate that if a customer buys onions and potatoes together, they are 

likely to also buy hamburger meat. Such information can be used as the basis for 

decisions about marketing activities such as promotional pricing or product 

placements. 

In general, association rules are generated from frequent patterns, thus the mining 

process is a process used to discover frequent patterns. 
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For convenience, we refer to these patterns as intra patterns to distinguish with 

another kind of patterns which we called inter patterns. 

In the following section, definitions related to frequent intra pattern are presented. 

This is followed by section introducing basic association rule notations via mar-

ket analysis problems. The final sub-section introduces the Apriori algorithm. 

3.5.1 Frequent intra pattern 

Intra Pattern: An intra pattern is a short symbolic string 𝑃 = (𝑠1, 𝑠2, 𝑠3, … , 𝑠𝑘), 
and 𝑘 is its size. 

Intra patterns from 𝑆𝑖 are denoted by 𝐼𝑃𝑆𝑖 = {𝑃1, 𝑃2, 𝑃3, … , 𝑃|𝐼𝑃𝑆𝑖|}, and intra pat-

terns from a 𝑀𝑆 are denoted by 𝐼𝑃𝑆 = {𝑃|𝑃 ∊ 𝐼𝑃𝑆𝑖, 1 ≤ i ≤ |MS|}. 

Sub-Pattern and Super-Pattern: An intra pattern 𝑃𝑎 = (𝑎1, 𝑎2, 𝑎3, … , 𝑎|𝑃𝑎|) is 

a sub pattern of 𝑃𝑏 = (𝑏1, 𝑏2, 𝑏3, … , 𝑏|𝑃𝑏|), or 𝑃𝑏 is a super-pattern of 𝑃𝑎, if there 

is an integer j such that 𝑎𝑖 = 𝑏𝑗+𝑖 for i = 1,… , |𝑃𝑎|. 

Occurrence Position: For an intra pattern 𝑃 from 𝑆𝑖, its each occurrence is rec-

orded by an occurrence position, denoted by 𝑝𝑜𝑠 = (𝑠, 𝑒). The 𝑠 and 𝑒 indicate 

the start and end positions of the occurrence respectively. In other words, an intra 

pattern 𝑃 = (𝑎1, 𝑎2, … , 𝑎𝑘)  from 𝑆 = (𝑏1, 𝑏2, … , 𝑏|𝑆|)  occurs in 𝑝𝑜𝑠 = (𝑠, 𝑒) 

which means that 𝑎1 = 𝑏𝑠, 𝑎2 = 𝑏𝑠+1, … , 𝑎𝑘 = 𝑏𝑒. 

Occurrence Position List: The occurrence position list of a pattern 𝑃, denoted 

by 𝑃𝐿𝑝 = [(𝑠1, 𝑒1), (𝑠2, 𝑒2), (𝑠3, 𝑒3), … , (𝑠|𝑃𝐿𝑝|, 𝑒|𝑃𝐿𝑝|)], consists of all the pat-

tern’s occurrence positions, and the size is denoted by |𝑃𝐿𝑝|. 

For a pattern 𝑃, the size of its occurrence position list is also called its support 

count, which is used to decide whether it is frequent. 

Frequent Pattern: A pattern 𝑃 is a frequent pattern, if 𝑃 satisfies |𝑃𝐿𝑝| ≥ 𝑚𝑖𝑛𝑠, 

where the 𝑚𝑖𝑛𝑠 (𝑚𝑖𝑛𝑠𝑢𝑝𝑝𝑜𝑟𝑡) is a given parameter. 

Intra frequent patterns from 𝑆𝑖 are denoted by 𝐼𝐹𝑃𝑆𝑖, and intra frequent patterns 

from a 𝑀𝑆 are denoted by 𝐼𝐹𝑃𝑆. 

For convenience, we also denote intra frequent patterns of size 𝑘 by 𝐼𝐹𝑃𝑆(𝑘), 
and 𝐼𝐹𝑃𝑆𝑖(𝑘) for those from 𝑆𝑖. 

Intra Closed Frequent Pattern: If an intra pattern 𝑃 is frequent and there is no 

super pattern of 𝑃 that has the same support count as 𝑃, then it is called an intra 

closed frequent pattern. 
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3.5.2 Market analysis problem 

Market analysts may want to know which items are frequently purchased together 

by customers. For example, the information that customers who purchase com-

puters also tend to buy antivirus software at the same time is represented in the 

following association rule: 

 computer ⟹ antivirus_software [support = 2%, confidence = 60%]. 

Rule support and confidence are two measures of rule interestingness. A support 

of 2% for the rule means that 2% of all the transactions under analysis show that 

computer and antivirus software are purchased together. A confidence of 60% 

means that 60% of the customers who purchased a computer also bought the soft-

ware. Typically, association rules are considered interesting if they satisfy both a 

minimum support threshold and a minimum confidence threshold. These thresh-

olds can be set by users or domain experts. 

Let 𝐼 = {𝐼1, 𝐼2, … , 𝐼𝑚} be an item set; let 𝐷, the task-relevant data, be a set of da-

tabase transactions where each transaction 𝑇 is a nonempty item set such that 

𝑇 ⊆ 𝐼. Let 𝐴 be a set of items. Each transaction 𝑇 is said to contain 𝐴 if 𝐴 ⊆ 𝑇. 

An association rule is an implication of the form 𝐴 ⟹ 𝐵, where 𝐴 ⊂ 𝐼, 𝐵 ⊂ 𝐼, 
𝐴 ≠ ∅, 𝐵 ≠ ∅ and 𝐴 ∩ 𝐵 ≠ ∅. The rule 𝐴 ⟹ 𝐵 holds in the transaction 𝐷 with 

support 𝑠, where 𝑠 is the percentage of transactions in 𝐷 that contains 𝐴 ∪ 𝐵. 

This is taken to be the probability 𝑃(𝐴 ∪ 𝐵). The rule 𝐴 ⟹ 𝐵 has confidence 𝑐 
in the transaction set 𝐷, where 𝑐 is the percentage of transactions in 𝐷 containing 

𝐴 that also contain 𝐵. This is taken to be the conditional probability, P(B|A). That 

is, 

support(A ⇒ B) = 𝑃(A ∪ B). (4) 

confidence(A ⇒ B) = 𝑃(B|A). (5) 

A set of items is referred to as an itemset. An itemset that contains 𝑘 items is a k-

itemset. The occurrence frequency of an itemset is the number of transactions 

that contain the itemset. This is also known, simply, as the frequency, support 

count, or count of the itemset. Note that the itemset support defined in Eq. (4) is 

sometimes referred to as relative support, whereas the occurrence frequency is 

called the absolute support. If the relative support of an itemset 𝐼 satisfies a pre-

specified minimum support threshold, then 𝐼 is a frequent itemset. The set of fre-

quent k-itemsets is commonly denoted by 𝐿𝑘. 

3.5.3 Apriori algorithm 

Apriori property: All nonempty subsets of a frequent itemset must also be fre-

quent. 

To understand how the Apriori property is used in the algorithm, let’s consider 

how 𝐿𝑘−1 is used to find 𝐿𝑘 for 𝑘 ≥ 2. A two-step process is followed, consisting 

of join and prune actions and the pseudocode for both steps are also followed. 

(𝐿𝑘 is the set of frequent k-itemsets, and 𝐶𝑘 is the candidate frequent k-itemsets.) 



Discovery of Temporal Association Rules in Multivariate Time Series 

Yi Zhao  2017-06-07 

 

21 

The join step: To find 𝐿𝑘, candidate k-itemsets are generated by joining 𝐿𝑘−1 
with itself. This set of candidates is denoted by 𝐶𝑘. Let 𝑙1 and 𝑙2 be itemsets in 

𝐿𝑘−1. The notation 𝑙𝑖 and 𝑙𝑗 be itemsets in 𝐿𝑘−1. The notation 𝑙𝑖[𝑗] refers to the 

𝑗𝑡ℎ item in 𝑙𝑖. For efficient implementation, Apriori assumes that items within a 

transaction or itemset are sorted in lexicographic order. For the (k-1)-itemset, 𝑙𝑖, 
means that the items are sorted such that 𝑙𝑖[1] < 𝑙𝑖[2] < ⋯ < 𝑙𝑖[𝑘 − 1]. The join, 

𝐿𝑘−1 ⋈ 𝐿𝑘−1, is performed, where members of 𝐿𝑘−1 are joinable if their first (k-

2) items are in common. That is, members 𝑙1  and 𝑙2  of 𝐿𝑘−1  are joined if 
(𝑙1[1] = 𝑙2[1])⋀(𝑙1[2] = 𝑙2[2])⋀. . . ⋀(𝑙1[k − 1] = 𝑙2[k − 1]) . The condition 

𝑙1[𝑘 − 1] < 𝑙2[𝑘 − 1] simply ensures that no duplicates are generated. The re-

sulting itemset formed by joining 𝑙1 and 𝑙2 is {𝑙1[1], 𝑙1[2], … , 𝑙1[𝑘 − 1], 𝑙2[k −
1]}. 

 

The prune step: 𝐶𝑘 is a superset of 𝐿𝑘, that is, its members may or may not be 

frequent, but all the frequent k-itemsets are included in 𝐶𝑘. A database scan to 

determine the count of each candidate in 𝐶𝑘 would result in the determination of 

𝐿𝑘. 𝐶𝑘. However, it could be huge, so this could involve heavy computation. To 

reduce the size of 𝐶𝑘, the Apriori property is used as follows. Any (k-1)-itemset 

that is not frequent cannot be a subset of a frequent k-itemset. Hence, if any (k-

1)-subset of a candidate k-itemset is not in 𝐿𝑘−1, then the candidate cannot be 

frequent either and can be removed from 𝐶𝑘. 

Pseudocode for the join step: apriori_gen. 

Input: 𝐿𝑘−1 (the frequent (k-1)-itemsets). 

Output: 𝐶𝑘 (the candidate k-itemsets). 

Start: 

For each itemset 𝑙1 ∈ 𝐿𝑘−1 

  For each itemset 𝑙2 ∈ 𝐿𝑘−1 

If (𝑙1[1] = 𝑙2[1])⋀(𝑙1[2] = 𝑙2[2])⋀. . . ⋀(𝑙1[k − 1] = 𝑙2[k − 1]) Then { 

  c = 𝑙1 ⋈ 𝑙2 

  If has_infrequent_subset(𝑐, 𝐿𝑘−1) Then 

    delete c 

  Else 

    add c to 𝐶𝑘 

} 

return 𝐶𝑘 
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The Apriori algorithm employs a level-wise search approach, where k-itemsets 

are used to explore (k+1)-itemsets. The set of frequent 1-itemsets is found by 

collecting items that satisfy minimum support, and this can be done by scanning 

the database just once. Frequent k-itemsets are iteratively found via the join and 

prune step. The Apriori property is used to reduce the search space, increasing 

efficiency. The pseudocode of Apriori algorithm is given below. 

 

3.6 Time series similarity measure 

3.6.1 Levenshtein distance 

Informally, the Levenshtein distance between two words is the minimum number 

of single-character edits (insertion, deletion or substitution) required to change 

one word into another. 

Levenshtein distance: Given two strings a, b (of length |a| and |b| respectively) 

is given by 𝑙𝑒𝑣𝑎,𝑏(|𝑎|, |𝑏|), where 

Pseudocode for the prune step: has_infrequent-subset. 

Input: c (the candidate k-itemset) 

𝐿𝑘−1 (the frequent (k-1)-itemsets). 

Output: TRUE or FALSE. 

Start: 

For each (k-1)-subset s of c 

  If s ∉ 𝐿𝑘−1 Then 

return TRUE 

return FALSE 

 

Apriori algorithm. 

Input: min_sup (the minimum support count threshold) 

𝐷 (a database of transactions). 

Output: 𝐿, frequent itemsets in 𝐷. 

Start: 

𝐿1 = find_frequent_1_itemsets(𝐷)  

for(k = 2; 𝐿𝑘−1 ≠ ∅; k + +) { 

  𝐶𝑘 = 𝑎𝑝𝑟𝑖𝑜𝑟𝑖_𝑔𝑒𝑛(𝐿𝑘−1) 

  For each transaction t ∈ D { 

𝐶𝑡 = subset(𝐶𝑘, t) //get the subsets of t that are candidates 

For each candidate 𝑐 ∈ 𝐶𝑡  

  𝑐. count = 𝑐. count + 1 

  } 

  𝐿𝑘 = {𝑐 ∈ 𝐶𝑘|𝑐. 𝑐𝑜𝑢𝑛𝑡 ≥ min_𝑠𝑢𝑝} 

} 
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 𝑙𝑒𝑣𝑎,𝑏(𝑖, 𝑗) =

{
 
 

 
 max(𝑖, 𝑗)                                           𝑖𝑓 min(𝑖, 𝑗) = 0,

𝑚𝑖𝑛 {

𝑙𝑒𝑣𝑎,𝑏(𝑖 − 1, 𝑗) + 1                                           

𝑙𝑒𝑣𝑎,𝑏(𝑖, 𝑗 − 1) + 1             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.         

𝑙𝑒𝑣𝑎,𝑏(𝑖 − 1, 𝑗 − 1) + 1                                   

 

 

3.6.2 LCSS distance 

LCSS Distance: Given two patterns 𝑃𝑎 and 𝑃𝑏, the LCSS distance between them 

is defined in (6), where |𝐿𝐶𝑆𝑆𝑟(𝑃𝑎, 𝑃𝑏)| is the length of the longest common sub 

sequence between 𝑃𝑎 and 𝑃𝑏, and 𝑟 is a given parameter to restrict the distance 

between each two matched symbol positions. 

𝑑𝑖𝑠𝑡(𝑃𝑎, 𝑃𝑏) = 1 −
2×|𝐿𝐶𝑆𝑆𝑟(𝑃𝑎,𝑃𝑏)|

|𝑃𝑎|+|𝑃𝑏|
. (6) 

The method to calculate 𝐿𝐶𝑆𝑆𝑟(𝑃𝑎, 𝑃𝑏) , where 𝑃𝑎 = (𝑠𝑎1, 𝑠a2, … , 𝑠𝑎𝑘1) , 𝑃𝑏 =

(𝑠𝑏1, 𝑠𝑏2, … , 𝑠𝑏𝑘2) , and H(𝑃𝑎) = (𝑠𝑎1, 𝑠𝑎2, … , 𝑠𝑎(𝑘1−1)) , H(𝑃𝑏) =

(𝑠𝑏1, 𝑠𝑏2, … , 𝑠𝑏(𝑘2−1)), 𝑟 is a parameter to restrict the distance between the two 

matched symbol position, is given below: 

 𝑖𝑓 𝑘1 = 0 𝑜𝑟 𝑘2 = 0, 

   𝐿𝐶𝑆𝑆(𝑃𝑎 , 𝑃𝑏) = 0. 

 𝑖𝑓 𝑠𝑎𝑘1 = 𝑠𝑏𝑘2 𝑎𝑛𝑑 |𝑘1 − 𝑘2| ≤ r, 

   𝐿𝐶𝑆𝑆𝑟(𝑃𝑎 , 𝑃𝑏) = 1 + 𝐿𝐶𝑆𝑆𝑟(𝐻(𝑃𝑎), 𝐻(𝑃𝑏)). 

 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒, 𝐿𝐶𝑆𝑆(𝑃𝑎 , 𝑃𝑏) = 

   max (𝐿𝐶𝑆𝑆𝑟(𝐻(𝑃𝑎), 𝑃𝑏), 𝐿𝐶𝑆𝑆𝑟(𝑃𝑎 , 𝐻(𝑃𝑏))). 

 

3.6.3 DTW distance 

In time series analysis, dynamic time warping (DTW) distance is one of the al-

gorithms for measuring similarity between two temporal sequences which may 

vary in speed. For instance, similarities in walking could be detected using DTW, 

even if one person was walking faster than the other. 

In general, DTW is a method that calculates an optimal match between two given 

sequences. During the calculation of DTW distance between two sequences, a so 

called “warping path” is produced. Figure 3-6 illustrates how DTW calculate the 

optimal match between two patterns. Different matches have different cost, and 

the distance is the minimum sum of all the matches along to the warping path. 

 

Figure 3-6: An example of dynamic time warping. 
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DTW Distance: Given two patterns 𝑃𝑎 and 𝑃𝑏, the DTW distance between them 

is defined in (7), where 𝐷𝑇𝑊 is the sum of the cost along the optimal warping 

path between 𝑃𝑎 and 𝑃𝑏. 

𝑑𝑖𝑠𝑡(𝑃𝑎, P𝑏) =
2×|𝐷𝑇𝑊(𝑃𝑎,𝑃𝑏)|

|𝑃𝑎|+|𝑃𝑏|
. (7) 

The method to calculate 𝐷𝑇𝑊(𝑃𝑎, 𝑃𝑏) , where 𝑃𝑎 = (𝑠𝑎1, 𝑠𝑎2, … , 𝑠𝑎𝑘1) , 𝑃𝑏 =

(𝑠𝑏1, 𝑠𝑏2, … , 𝑠𝑏𝑘2)  and H(𝑃𝑎) = (𝑠𝑎1, 𝑠𝑎2, … , 𝑠𝑎(𝑘1−1)) , H(𝑃𝑏) =

(𝑠𝑏1, 𝑠𝑏2, … , 𝑠𝑏(𝑘2−1)),  is given below: 

 𝑖𝑓 𝑘1 = 𝑘2 = 0, 

   𝐷𝑇𝑊(𝑃𝑎 , 𝑃𝑏) = 0. 

 𝑖𝑓 𝑘1 = 0 𝑜𝑟 𝑘2 = 0, 

   𝐷𝑇𝑊(𝑃𝑎 , 𝑃𝑏) = 𝐼𝑛𝑓𝑖𝑛𝑖𝑡𝑦. 

 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒, 

   𝐷𝑇𝑊(𝑃𝑎 , 𝑃𝑏) = 𝑐𝑜𝑠𝑡(𝑠𝑎𝑘1 , 𝑠𝑏𝑘2) + min ( 𝐷𝑇𝑊(𝐻(𝑃𝑎), 𝐻(𝑃𝑏)), 

                                                                                𝐷𝑇𝑊(𝐻(𝑃𝑎), 𝑃𝑏), 

                                                                                𝐷𝑇𝑊(𝑃𝑎 , 𝐻(𝑃𝑏))        ). 

 

3.7 Pattern clustering 

Pattern Cluster: For the symbolic representation of time series i: 𝑆𝑖, an intra 

pattern cluster is a group of similar intra patterns, denoted by 𝐼𝑃𝐶𝑖 =
{𝑃𝑖1, 𝑃𝑖2, 𝑃𝑖3, … , 𝑃𝑖𝑛}. All clusters from 𝑆𝑖 together are denoted by 𝐼𝑃𝐶𝑆𝑖, and all 

clusters from a 𝑀𝑇𝑆 are denoted by 𝐼𝑃𝐶𝑆. 

Since an intra pattern is also an inter pattern of size 1, so an intra pattern cluster 

set is also an inter pattern cluster, denoted by 𝑃𝐶𝑆. 

For each pattern cluster, a pattern can be selected as the representation of the 

cluster. 

The position list for a pattern cluster can be generated by merging all the position 

lists of the contained patterns, and we denote the merged position list as 𝑃𝐿𝑝𝑐. 

3.7.1 K-means clustering 

K-means is a centroid-based partitioning technique, using the mean of cluster 

objects as the centroid of the cluster. It randomly selects k objects as the initial 

centers of k clusters, then repeatedly reassign objects to the closest clusters and 

update the center of each cluster. The pseudocode for clustering a set of patterns 

using k-means clustering method is given below: 
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3.7.2 Agglomerative hierarchical clustering 

Agglomerative methods start with individual objects as clusters, which are itera-

tively merged to form larger clusters. Each time the closest two clusters are 

merged as one cluster. The whole clustering process is stopped according to given 

conditions or when all the objects are in the same cluster. 

There are different methods to define the distance between two clusters. The clus-

tering process have a different name when different distance choices are used.  

Single-linkage: The distance between two clusters is defined as the distance of 

the closest pair of data points belonging to different clusters. In this case, the 

clustering method is called nearest-neighbor clustering algorithm, and if the 

clustering process is terminated when the distance between nearest clusters ex-

ceeds a user-defined threshold, it is called a single-linkage algorithm. 

Complete-linkage: In this case, the distance between two clusters is defined as 

the distance of the farthest pair of data points belonging to different clusters. In 

this case, the clustering method is called farthest-neighbor clustering algo-

rithm, and if the clustering process is terminated when the distance between 

nearest clusters exceeds a user-defined threshold, it is called a complete-linkage 

algorithm. 

The pseudocode for clustering a set of patterns denoted by 𝑃𝑆 using agglomera-

tive hierarchical clustering method is given below: 

Pseudocode for k-means clustering. 

Input: k (The number of clusters) 

𝑃𝑆 (Pattern set) 

Output: 𝑃𝐶𝑆 (Pattern cluster set). 

Start: 

Arbitrarily choose k patterns from PS as the initial cluster centers 

Do 

  Assign each pattern P to the closest cluster 

  Update the cluster mean 

Until (there is no change for all clusters) 
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3.8 Temporal association rule mining 

Temporal association rules are also generated from frequent patterns, which we 

refer to as inter patterns and which are a little different from what was mentioned 

when talking about frequent intra patterns. 

The temporal association rule is introduced in the following section, after which, 

some inter pattern notations are described. 

3.8.1 Format of temporal association rule 

The simplest rule format is “If A occurs, then B occurs within time T”, as shown 

in Eq. (8). Another extended rule format is shown in Eq. (9), which means if A1 

and A2 and … and Ah occur within V units of time, then B occurs within time T. 

A
𝑇
⇒ B. (8) 

𝐴1⋀𝐴2⋀. . . 𝐴ℎ
𝑉,𝑇
⇒ 𝐵. (9) 

3.8.2 Frequent inter pattern 

Inter Pattern: An inter pattern is a sequence of intra patterns; the patterns can 

be from different time series and of different sizes. For convenience, each intra 

pattern of the inter pattern is called a pattern block, denoted by 𝐵. An inter pattern 

is denoted by 𝑃 = (𝐵1, 𝐵2, 𝐵3, … , 𝐵𝑘), and 𝑘 is the size of the inter pattern, which 

is defined as the number of blocks. An important characteristic is that the time 

interval between two blocks can be limited. 

An intra pattern 𝑃 can also be regarded as an inter pattern, the size of which is 1, 

since there is just one pattern block. 

All inter patterns together are denoted by 𝑃𝑆 = {𝑃1, 𝑃2, 𝑃3, … , 𝑃|𝑃𝑆|}, and here 

𝑃𝑆 but not 𝐼𝑃𝑆 is used to avoid confusion with the intra pattern set. 

Pseudocode for agglomerative hierarchical clustering. 

Input: 𝑃𝑆 (Pattern set), 𝑚𝑎𝑥𝑑. 

Output: 𝑃𝐶𝑆 (Pattern cluster set). 

Start: 

For each pattern 𝑃 in 𝑃𝑆 

  Create a new cluster C containing P, and add C to PCS 

End Loop 

Find the closest two clusters 𝐶1 and 𝐶2, Let dist = distance(𝐶1, 𝐶2) 

While dist ≤ 𝑚𝑎𝑥𝑑 Do 

  Merge clusters 𝐶1 and 𝐶2 

  Find the closest two clusters 𝐶1 and 𝐶2, Let dist = distance(𝐶1, 𝐶2) 

End While 
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Sub-Pattern and Super-Pattern: An inter pattern 𝑃𝑎 = (𝐵a1, 𝐵a2, 𝐵a3, … , 𝐵𝑎𝑘1) 

is a sub-pattern of 𝑃𝑏 = (𝐵b1, 𝐵b2, 𝐵b3, … , 𝐵b𝑘2), or 𝑃𝑏 is a super-pattern of 𝑃𝑎, 

if there is an integer j such that 𝐵𝑎𝑖 = 𝐵𝑏𝑗+𝑖 for 1 ≤ i ≤ 𝑘1. 

Occurrence Position: For an inter pattern, by saying it has occurred, we mean 

that its blocks occurred in order according to start position. The occurrence posi-

tion is also denoted by 𝑝𝑜𝑠 = (𝑠, 𝑒), which records the start positions of the first 

and last block. 

The definitions of occurrence position list, frequent pattern for intra patterns 

are also suitable for inter patterns. Similarly, inter frequent patterns are denoted 

by 𝐹𝑃𝑆, and those of size 𝑘 are denoted by 𝐹𝑃𝑆(k). 

3.9 Rule evaluation 

Although association rule mining employs a support-confidence framework, 

many of rules generated are still not interesting. Thus, extra evaluation measures 

should be used. There are many different evaluation standards for association 

rules, three of which are shown in below.  

All confidence: Given a rule A ⇒ B, the all_confidence measure of this rule is 

defined as: 

𝑎𝑙𝑙𝑐𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒 =
sup(𝐴∪𝐵)

max{sup(𝐴),sup(𝑏)}
= min {𝑃(A|B), 𝑃(B|A)}. (10) 

Kulczynski: Given a rule A ⇒ B, the kulczynski measure of this rule is defined 

as: 

𝐾𝑢𝑙𝑐 =
1

2
(𝑃(A|B) + 𝑃(B|A)). (11) 

Lift: Given a rule A ⇒ B, the lift measure of this rule is defined as: 

𝑙𝑖𝑓𝑡 =
P(A∪B)

𝑃(A)𝑃(B)
=
𝑐𝑜𝑛𝑓(𝐴⇒𝐵)

𝑃(𝐵)
. (12) 

Different measures have different characteristics. Confidence is the most com-

monly used in association rule mining. Lift measure is the ratio of the target pos-

sibility divided by the average possibility. 
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4 Solution 
Figure 4-1 shows the structure of the work as a whole. The process includes 

data representation, intra patterns discovery and clustering, inter patterns dis-

covery, and temporal association rule generation. 

First, the original time series are normalized and the number of data instances 

are reduced. Then we obtain the symbolic representation of time series by using 

the monotonicity feature extraction method. Next, patterns in single time series 

are found, which in turn are used to find patterns in multivariate time series. Fi-

nally, we generate the temporal association rules from the found patterns. 

 

Figure 4-1: The structure of the work 

4.1 Time series representation 

In this step, the time series data are first normalized and the number of data points 

are reduced, finally the original numerical time series are transformed to sym-

bolic form.  

Data normalization: We have many time series where the value ranges are dif-

ferent; the min-max method is used to rescale the data into range [0,1]. 

Data reduction: PAA is used to reduce the data points of the time series data 

after normalization. This step is important since the number of data instance will 

affect the efficiency of the algorithm. 

Symbolic representation: As the monotonicity feature extraction method is suit-

able for the capturing of changes in time series data, we use it to discretize the 

data. Each segment from the output of PAA is mapped into the alphabet 

∑ = {𝑢, 𝑑, 𝑙}, where the symbols mean up, down and level respectively. 
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Level threshold: The monotonicity feature extraction method was introduced in 

Section 3.4.2. In this section, we introduce a parameter called level threshold, 

denoted by 𝑙𝑒𝑣𝑒𝑙𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑, to decide whether a change is significant. This is, 

if a change is not significant, then it is discretized to a symbol 𝑙 but not 𝑢 or 𝑑. 

Given two continuous values 𝑣0 and 𝑣1 of certain time series, the method to de-

cide which symbol it should be discretized to is shown in Table 4-1. 

 

4.2 Discovery Patterns in Single Time Series 

4.2.1 Intra pattern discovery 

This step aims to discover all intra patterns from the symbolic-form time series 

data. 

Apriori property: The Apriori property used here is interpreted as: If a pattern 

is frequent, all its sub patterns are frequent too. In other words, if a pattern is 

infrequent, all its super patterns are infrequent too. 

Basic idea: The possible 𝐼𝐹𝑃𝑆𝑘 can be generated by joining two intra frequent 

patterns from 𝐼𝐹𝑃𝑆𝑘−1 and the Apriori property is used to reduce the search space. 

Key idea: The position list of each pattern is saved when running the algorithm, 

so when a new pattern 𝑃𝑛𝑒𝑤 is generated from pattern 𝑃𝑎 and 𝑃𝑏, its occurrence 

position list can be generated from the position lists of 𝑃𝑎 and 𝑃𝑏 without scan-

ning the time series again. It is also efficient for the generation of the position list 

of 𝑃𝑛𝑒𝑤 from two ordered position lists. Figure 4-2 shows an example where the 

position list of 𝑢𝑢𝑑𝑑 is generated from the position lists of 𝑢𝑢𝑑 and 𝑢𝑑𝑑. 

Table 4-1: Monotonicity feature extraction. 

Cases of 𝒗𝟎 and 𝒗𝟏 Symbol 

𝑣1 − 𝑣0 > 𝑙𝑒𝑣𝑒𝑙𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 𝑢 

𝑣1 − 𝑣0 < −𝑙𝑒𝑣𝑒𝑙𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 𝑑 

|𝑣1 − 𝑣0| ≤ 𝑙𝑒𝑣𝑒𝑙𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 𝑙 
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Figure 4-2: Generation of the position list of intra pattern 𝒖𝒖𝒅𝒅 from the position lists of 

𝒖𝒖𝒅 and 𝒖𝒅𝒅. 

Since the two position lists are all ordered, so the process is very efficient. Some-

thing that has to be considered is the closest match: if a position of 𝑃𝑎 can match 

several positions of 𝑃𝑏, then only the closest match should be considered. 

Algorithm (Discovery of Intra Frequent Pattern): Based on the parameter 

𝑚𝑖𝑛𝑠 (𝑚𝑖𝑛𝑠𝑢𝑝𝑝𝑜𝑟𝑡), the intra frequent closed patterns of 𝑆 can be found via the 

two steps shown below. 

1) Step1: Get 𝐼𝐹𝑃𝑆(1).  

This step can be divided into two steps: (1) scan all time series once to record the 

positions of all the possible frequent patterns of size 1; (2) Remove infrequent 

patterns. The formal description is as follows: 

 Get all the intra patterns of size 1, which is 𝐼𝑃𝑆(1) = {𝑢, 𝑑, 𝑙}. Scan 𝑆 to 

get the position list of each intra pattern: {𝑃𝐿𝑝|𝑝 ∊ 𝐼𝑃𝑆(1)}. 

 Get all the intra frequent patterns of size 1: 𝐼𝐹𝑃𝑆(1) = {𝑝|𝑝 ∊
𝐼𝑃𝑆(1), 𝑃𝐿𝑝 ≥ 𝑚𝑖𝑛s}. 

2) Step2: Get 𝐼𝐹𝑃𝑆. 

The process to find intra frequent patterns of size k based on intra frequent pat-

terns of size (k-1) consists of the following two steps: 

 Join: If two intra patterns of size (k-1), 𝑃𝑎 = (𝑎1, 𝑎2, 𝑎3, … , 𝑎k−1) and 

𝑃𝑏 = (𝑏1, 𝑏2, 𝑏3, … , 𝑏k−1)  satisfy 𝑎2 = 𝑏1, 𝑎3 = 𝑏2, … , 𝑎𝑘−1 = 𝑏𝑘−2 , 

then a new pattern of size k, 𝑃𝑐 = (𝑎1, 𝑎2, … , 𝑎𝑘−1, 𝑏𝑘−1) can be gener-

ated. 

 Generate the position list: If a new pattern 𝑃𝑐 is generated from 𝑃𝑎 and 

𝑃𝑏, the position list of 𝑃𝑐 can be generated efficiently from the position 

lists of 𝑃𝑎 and 𝑃𝑏.  

 



Discovery of Temporal Association Rules in Multivariate Time Series 

Yi Zhao  2017-06-07 

 

31 

For a good understanding of this process, we use Figure 4-3 to illustrate the con-

dition of join. As shown in the figure, the two patterns satisfy that the suffix of 

the first and the prefix of the second pattern are the same. Thus, these two patterns 

can be joined to generate a new pattern shown to the right in the figure. 

 

Figure 4-3: Join. 

We repeat the process to find intra frequent patterns of size k based on intra fre-

quent patterns of size (k-1) and the intra frequent patterns of size 1 have been 

found in step 1. Figure 4-4 shows the structure of the process. The whole process 

is shown in Algorithm 1 below. 

 

Figure 4-4: Structure of Algorithm 1. 
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4.2.2 Merge overlapped positions 

Overlapped Position: For two occurrence positions of an intra pattern or an intra 

pattern cluster, 𝑝𝑜𝑠1 = (𝑠1, 𝑒1) and 𝑝𝑜𝑠2 = (𝑠2, 𝑒2), if 𝑠1 ≤ 𝑠2 ≤ 𝑒1, then 𝑝𝑜𝑠1 
and 𝑝𝑜𝑠2 are overlapped. 

The overlapped positions should be merged, and Figure 4-5 shows an example of 

two overlapped positions. The pattern 𝑠1: 𝑢𝑢𝑑𝑢𝑢𝑑𝑢𝑢𝑑𝑢𝑢𝑑 has two occurrence 

positions in the time series 𝑆1. Denote the two positions by 𝑝𝑜𝑠1 = (4,15) and 

𝑝𝑜𝑠2 = (7,18). According to Definition 15, these two positions are overlapped, 

and should be merge as one position: pos = (4,18). 

 

Figure 4-5: Overlapped positions. 

Note that after the merge process, there can be some patterns where the support 

count is less than 𝑚𝑖𝑛𝑠, thus a loop is needed to remove these patterns. 

4.2.3 Pattern pruning 

There are many meaningless patterns, which is the reason for the pruning. In ad-

dition, pruning can also speed up the process of inter pattern discovery. 

Algorithm 1. Intra Pattern Discovery. 

Input: 𝑚𝑖𝑛𝑠, 𝑤𝑖𝑛𝑑𝑜𝑤𝑆𝑖𝑧𝑒, 𝐼𝐹𝑃𝑆(1). 

Output: 𝐼𝐹𝑃𝑆. 

Start: 

For k = 2 to w𝑖𝑛𝑑𝑜𝑤𝑆𝑖𝑧𝑒 

 For each 𝑃𝑎 in 𝐼𝐹𝑃𝑆(k − 1) 

  For each 𝑃𝑏  in 𝐼𝐹𝑃𝑆(k − 1) 

   Let 𝑃𝑎_𝑠𝑢𝑓𝑓𝑖𝑥 = 𝑃𝑎[2,3… , k − 1] 

   Let 𝑃𝑏_𝑝𝑟𝑒𝑓𝑖𝑥 = 𝑃𝑏[1,2,3, … , 𝑘 − 2] 

   If 𝑃𝑎_𝑠𝑢𝑓𝑓𝑖𝑥 = 𝑃𝑏_𝑝𝑟𝑒𝑓𝑖𝑥 Then 

    Let 𝑃𝑛𝑒𝑤 = 𝑐𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒(𝑃𝑎[1], 𝑃𝑏) 

    Let 𝑃𝐿𝑃𝑛𝑒𝑤 = {𝑝𝑜𝑠(𝑠, 𝑒)|𝑝𝑜𝑠𝑎(𝑠, 𝑒𝑎) ∊ 𝑃𝐿𝑝𝑎 , 𝑝𝑜𝑠𝑏(𝑠𝑏 , 𝑒) ∊ 𝑃𝐿𝑝𝑏 , 𝑠 + 1 = 𝑠𝑏} 

    If |𝑃𝐿𝑃𝑛𝑒𝑤| ≥ 𝑚𝑖𝑛𝑠 Then 

     Add 𝑃𝑛𝑒𝑤  into 𝐼𝐹𝑃𝑆(𝑘) 

    End If 

   End If 

  End Loop 

 End Loop 

End Loop 

 



Discovery of Temporal Association Rules in Multivariate Time Series 

Yi Zhao  2017-06-07 

 

33 

We introduce two pattern limit conditions to filter out patterns that are meaning-

less: 

1) Max support count limit condition: The support count of a pattern cannot 

be greater than a given parameter 𝑚𝑎𝑥𝑠. 

2) Min entropy limit condition: The entropy of a pattern cannot be less than a 

given parameter 𝑚𝑖𝑛𝑠 . For pattern 𝑝 = (𝑐1… , 𝑐2… ,… , 𝑐𝑖… , 𝑐𝑘…), where 

𝑐𝑖 … is a substring of 𝑝 with only one symbol, its entropy is given by the fol-

lowing equation: 

𝑒(𝑝) = −∑ 𝑃𝑐𝑖 × 𝑙𝑜𝑔 𝑃𝑐𝑖
𝑘
𝑖=1 , 𝑃𝑐𝑖 =

|𝑐𝑖…|

𝑘
. (13) 

The max support count limit condition is used to filter out patterns such as 

𝑢𝑢𝑢𝑢𝑢𝑢, 𝑑𝑑𝑑𝑑𝑑𝑑, 𝑙𝑙𝑙𝑙𝑙𝑙, since this type of pattern always has a high support 

count but contains less information. 

The min entropy condition is used to remove patterns with less information that 

do not have high support count. 

4.2.4 Pattern clustering 

After having removed patterns that are not useful, the problem now is that there 

are many patterns similar, such as 𝑢𝑢𝑑𝑑  and 𝑢𝑢𝑑 . To solve the problem, we 

choose to cluster these patterns into different clusters. 

Clustering method: An agglomerative hierarchical clustering method is used, 

the complete-linkage algorithm. The clustering process stops when the distance 

of the two closest clusters reaches a given parameter 𝑚𝑎𝑥𝑑. 

K-means is not used since it needs a parameter k which is very difficult to deter-

mine for each time series. This is, we need to decide a k for each time series, and 

we cannot use the same k for each time series. 

In this work, we use hierarchical clustering, since we cannot limit the number of 

clusters. Figure 4-6 shows an example, where 9 objects are to be clustered, which 

generates 4 clusters. The two closest objects are merged and this process is re-

peated. The process or merge is marked with number-labeled circles in the figure. 

The number in the circle indicates the distance, the circle labeled 8 is the final 

pair considered. The distance 8 is the current minimum distance, which is greater 

than the given maximum distance limit, causing the process to stop. 



Discovery of Temporal Association Rules in Multivariate Time Series 

Yi Zhao  2017-06-07 

 

34 

 

Figure 4-6: Example of hierarchical clustering. 

Distance/similarity measure: Similar patterns are likely to reflect the same fact. 

For example, the two patterns, 𝑢𝑢𝑑𝑑 and 𝑢𝑢𝑑, both indicate that the data of the 

corresponding time series first goes up and then goes down, and the only differ-

ence is the change speed. To make this type of similar patterns, the DTW distance 

is the best choice, thus DTW distance is used in the clustering process. 

Position list for a cluster: For patterns in the same cluster, their position lists are 

merged, which is defined as the position list of the cluster. Since all the positions 

are merged, new overlapped positions may appear and should be merged properly. 

Merge overlapped positions for a cluster: During the merge process, if two 

positions 𝑝𝑜𝑠1 = (𝑠1, 𝑒1) and 𝑝𝑜𝑠2 = (𝑠2, 𝑒2) are overlapped, i.e. 𝑠1 ≤ 𝑠2 ≤ 𝑒1, 
these two positions are merged as one position: pos = (𝑠1, 𝑒2). Figure 4-7 shows 

an example of merging. 

 

Figure 4-7: An example of merging position lists of a cluster. 

4.3 Discovery Patterns in Multivariate Time Series 

4.3.1 Inter pattern discovery 

An inter pattern is a sequence of pattern blocks. In this work, each pattern block 

is in fact a pattern cluster. For convenience, we use an intra pattern to represent 

the whole intra pattern cluster, and since an intra pattern can also be regarded as 

an inter pattern, the all clusters can simply be denoted as 𝐹𝑃𝑆(1). 



Discovery of Temporal Association Rules in Multivariate Time Series 

Yi Zhao  2017-06-07 

 

35 

Algorithm 2 is used to discover inter frequent patterns. Parameters 𝑚𝑖𝑛𝑇  and 

𝑚𝑎𝑥𝑇  are used to limit the minimum and maximum time delay between two 

blocks of an inter pattern respectively, and the parameter 𝑚𝑎𝑥𝐵𝑙𝑜𝑐𝑘𝑠 is used to 

limit the maximal size of an inter pattern. 

The idea of Algorithm 2 is very similar to that of Algorithm 1. 𝐹𝑃𝑆(k − 1) is 

used to generate the candidate inter patterns of size 𝑘, and the position list of 

𝑃𝑛𝑒𝑤 can be generated efficiently from the two ordered position lists. Figure 4-8 

shows how two inter patterns are joined to generate a new pattern. 

Each time when 𝐹𝑃𝑆(k) is found, a pruning step is done to remove overlapped 

occurrence positions, which will reduce the time required to find 𝐹𝑃𝑆(k + 1). 

 

Figure 4-8: Join step for inter pattern discovery. 

Figure 4-9 shows the structure of Algorithm 2. The join and position list genera-

tion steps are repeated to generate patterns of different sizes until size k is greater 

than a given parameter maxBlocks. 

 

Figure 4-9: Structure of Algorithm 2. 
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4.3.2 Self-overlapped positions 

Self-overlapped Position: In inter pattern 𝑃, we do not say that its certain two 

occurrence positions are overlapped, but say that certain one occurrence position 

is self-overlapped, if the positions of its two blocks are overlapped. Figure 4-10 

illustrates this definition. 

 

Figure 4-10: Illustrates the self-overlapped occurrence position of an inter pattern. 

Algorithm 2. Inter Pattern Discovery. 

Input: 𝑚𝑖𝑛𝑠, 𝑚𝑖𝑛𝑇, 𝑚𝑎𝑥𝑇 , 𝑚𝑎𝑥𝐵𝑙𝑜𝑐𝑘𝑠, 𝐹𝑃𝑆(1). 

Output: 𝐹𝑃𝑆. 

Start: 

For k = 2 to 𝑚𝑎𝑥𝐵𝑙𝑜𝑐𝑘𝑠 

 For each 𝑃𝑎 in 𝐹𝑃𝑆(k − 1) 

  For each 𝑃𝑏  in 𝐹𝑃𝑆(k − 1) 

   Let 𝑃𝑎_𝑠𝑢𝑓𝑓𝑖𝑥 = (𝐵𝑎2, 𝐵𝑎3, … , 𝐵𝑎𝑘−1) 

   Let 𝑃𝑏_𝑝𝑟𝑒𝑓𝑖𝑥 = (𝐵𝑏1, 𝐵𝑏2, … , 𝐵𝑏𝑘−2) 

   If 𝑃𝑎_𝑠𝑢𝑓𝑓𝑖𝑥 = 𝑃𝑏_𝑝𝑟𝑒𝑓𝑖𝑥 Then 

    If 𝑘 = 2 Then 

     Let 𝑃𝑛𝑒𝑤 = 𝑐𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒(𝑃𝑎, 𝑃𝑏) 

     Let 𝑃𝐿𝑃𝑛𝑒𝑤 = {𝑝𝑜𝑠(𝑠𝑎 , 𝑠𝑏)|𝑝𝑜𝑠𝑎(𝑠𝑎 , 𝑒𝑎) ∊ 𝑃𝐿𝑝𝑎 , 𝑝o𝑠𝑏(𝑠𝑏 , 𝑒𝑏) ∊ 𝑃𝐿𝑝𝑏 , 𝑠𝑎 +𝑚𝑖𝑛𝑇 ≤

𝑠𝑏 ≤ 𝑠𝑎 +𝑚𝑎𝑥𝑇} 

    Else Then 

     Let 𝑃𝑛𝑒𝑤 = 𝑐𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒(𝐵𝑎1, 𝑃𝑏) 

     Let 𝑃𝑏
′ = (𝐵𝑘−2, 𝐵𝑘−1) 

     Let 𝑃𝐿𝑃𝑛𝑒𝑤 = {𝑝𝑜𝑠(𝑠, 𝑒)|𝑝𝑜𝑠𝑎(𝑠, 𝑒𝑎) ∊ 𝑃𝐿𝑝𝑎 , 𝑝𝑜𝑠𝑏
′ (𝑠𝑏 , 𝑒) ∊ 𝑃𝐿𝑝𝑏

′ , 𝑒𝑎 = 𝑠𝑏} 

    End If 

    If |𝑃𝐿𝑃𝑛𝑒𝑤| ≥ 𝑚𝑖𝑛𝑠 Then 

     Add 𝑃𝑛𝑒𝑤  into 𝐹𝑃𝑆(𝑘) 

    End If 

   End If 

  End Loop 

 End Loop 

End Loop 
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It is not reasonable to take this kind of positions as valid. Figure 4-10 shows an 

example of the overlapped occurrence position of the inter pattern: 

𝑠1: 𝑢𝑢𝑑𝑢𝑢𝑑𝑢𝑢𝑑𝑢𝑢𝑑, 𝑠2: 𝑑𝑑𝑢𝑑𝑑𝑢𝑑𝑑𝑢𝑑𝑑𝑢, 𝑠1: 𝑢𝑢𝑑𝑢𝑢𝑑𝑙𝑙 . The problem is that 

the overlap between the first and the third blocks may increase the occurrence 

possibility of this inter pattern. 

Considering another pattern 𝑠1: 𝑢𝑢𝑑𝑢𝑢𝑑𝑢𝑢𝑑, 𝑠2: 𝑑𝑑𝑢𝑑𝑑𝑢𝑑𝑑𝑢, 𝑠1: 𝑢𝑢𝑑𝑢𝑢𝑑 , 

where the first block contains the third block, the position list will be exactly the 

same as the position list of pattern: 𝑠1: 𝑢𝑢𝑑𝑢𝑢𝑑𝑢𝑢𝑑, 𝑠2: 𝑑𝑑𝑢𝑑𝑑𝑢𝑑𝑑𝑢. 

Thus, when deciding whether an inter pattern is frequent, the overlapped posi-

tions need to be removed first. 

4.4 Rule Generation 

4.4.1 Rule format 

Temporal Association Rules: The temporal association rule format used in this 

project is shown below: 

𝑃𝑎
𝑇
⇒ 𝑃𝑏. (14) 

Both 𝑃𝑎 and 𝑃𝑏 are inter patterns; intra patterns can be regarded as inter patterns 

of size 1. 

This rule format is extendable because both 𝑃𝑎 and 𝑃𝑏 are inter patterns which 

can contain several blocks from different time series. The difference between this 

rule format and the one shown in Eq. (9) is that this rule format does not consider 

a parameter 𝑉. Instead, the parameter T is used for every two continuous blocks 

in an inter pattern. 

4.4.2 Rule confidence 

Rule confidence is used to decide whether a possible rule is a strong rule. A strong 

rule is a rule that satisfies both the minimum support limit condition and the min-

imum confidence limit condition. 

Rule Confidence: A temporal association rule 𝑃𝑎
𝑇
⇒ 𝑃𝑏, if we denote the pattern 

(𝐵𝑎1, … , 𝐵𝑎|𝑝𝑎|, 𝐵𝑏1, 𝐵𝑏|𝑝𝑏|) as 𝑃𝑐, then the rule’s confidence can be calculated by 

the below equation: 

conf =
𝑃𝐿𝑝𝑐

𝑃𝐿𝑝𝑎
. (15) 

A rule whose confidence is greater than the given parameter minimum confidence, 

is called a strong rule. 

4.4.3 Rule generation 

The last step of association rule mining is rule generation. Rules are generated 

from patterns according to the minimum confidence threshold: 𝑚𝑖𝑛𝑐𝑜𝑛𝑓. In other 

words, only strong rules are generated. 
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According to the rule format, for each inter pattern 𝑃 = (B1, 𝐵2, … , 𝐵𝑘), there can 

be 𝑘 − 1 possible rules, which is shown in Table 4-2. 

According to the confidence definition in the last section, the confidence of rules 

𝑅1  to 𝑅𝑘−1  in Table 4-2 are monotonically increasing. That is, if conf(𝑅𝑙) ≥
𝑚𝑖𝑛𝑐𝑜𝑛𝑓 and for 𝑙 ≤ 𝑖 ≤ 𝑘 − 1, then we can know: conf(𝑅𝑖) ≥ 𝑚𝑖𝑛𝑐𝑜𝑛𝑓. Thus, 

for each inter pattern, we only retain the first rule that satisfies the confidence 

restriction, since this rule contains all the information of the remaining rules. 

 

4.5 Evaluation 

First, the basic rule confidence is used to filter the rules to generate strong rules. 

We also use another measure method, which is the lift measure, to evaluate the 

result rules. The equation for calculating the lift of a rule is given in Eq. (12). The 

lift value is the ratio of confidence and the average support of the rule’s right part. 

If a rule has a lift of 1, it would imply that the probability of occurrence of the 

left part and that of the right part are independent of each other. So, if the lift 

value is less than or equal to 1, then the rule may be useless. If the lift value is 

greater than 1, this value lets us know the degree to which the two parts of the 

rules are dependent on one another. 

Table 4-2: Possible rules generated from one inter pattern. 

Pattern 𝑃 = (𝐵1, 𝐵2, … , 𝐵𝑘) 

Possible rules 𝑅1: 𝐵1
𝑇

⇒𝐵2, 𝐵3 , … , 𝐵𝑘 . 

𝑅2: 𝐵1, 𝐵2
𝑇

⇒𝐵3 , … , 𝐵𝑘 . 

…
𝑇

⇒… 

𝑅𝑙: 𝐵1, … , 𝐵𝑙
𝑇

⇒𝐵𝑙+1, 𝐵𝑙+2, … , 𝐵𝑘 . 

…
𝑇

⇒… 

𝑅𝑘−1: B1, 𝐵2 , … , 𝐵𝑘−1
𝑇

⇒𝐵𝑘. 
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5 Implementation 
5.1 Platform and language 

The project is implemented using Java language on a Windows system. System 

environment information is shown in Table 5-1. 

Table 5-1: System environment information. 

Operating system Windows 64-bit 

Processor Intel(R) Core(TM) i7-4710HQ CPU @ 2.5GHz 

RAM 8G 

Java version 1.8.0_60 

 

5.2 Data set 

We obtained a data set [37] that had recorded the stock prices of 14 different 

companies for ten years. Since the value ranges are high and different for each 

time series, Figure 5-1 only shows normalized data. 

 

Figure 5-1: Normalized data. 

To make it clearer, the 14 time series data are shown in different value ranges in 

Figure 5-2. 

 

Figure 5-2: Normalized data shown in different range for different time series. 

Table 5-2 shows the information of the data set. There are 14 time series each of 

which has 5033 data instances. 
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Table 5-2: Data set information. 

Data set type Multivariate, Time-series 

Number of attributes 14 

Number of instances 5033 

Value type numeric 

 

5.3 Data preprocessing 

5.3.1 Data normalization 

The implementation begins with the min-max normalization of each time series. 

This includes two steps: 1) Get the min and max value of each time series; 2) 

Transform each value to the normalized value according to Eq. (1) in Section 

3.2.1. 

5.3.2 Data reduction 

For each time series, the number of data instances is reduced by PAA. Figure 5-3 

shows the data’s line chart after PAA (
n

N
= 15), so there are 335 data instances 

for each time series after PAA. Comparing it to Figure 5-2, the data is smoother 

while the overall trend has not changed, i.e., there is little information lost. 

 

Figure 5-3. The data after PAA. 

5.3.3 Data discretization 

After PAA, the data are discretized using the monotonicity feature extraction 

method. The parameter 𝑙𝑒𝑣𝑒𝑙𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 is set as 0.001, and Figure 5-4 shows 

the symbolic representations of three timer series. 

The setting of parameter 𝑙𝑒𝑣𝑒𝑙𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 is very important, if we set a higher 

value, then there will be many level symbols, and some changes that are not ob-

vious will be lost. The value: 0.001 is obtained via several trials, which turn out 

to be good. 
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Figure 5-4: Symbolic representations of three time series after discretization.  

5.4 Intra pattern discovery 

5.4.1  Find closed frequent intra patterns 

Table 5-3 shows related parameter settings and Table 5-4 shows the number of 

patterns found in each time series. The patterns in time series 0 is shown in Figure 

5-5. In total, there are 302 patterns, and on average 22 patterns in each time series.  

 

 

Table 5-3: Settings for intra pattern discovery. 

Parameter name Parameter value 

𝑚𝑖𝑛𝑠 (min support count) 15 

windowSize (window size for intra pattern discovery) 4 

 

Table 5-4: Number of patterns in each time series. 

Time series Number of patterns Time series Number of patterns 

Time series 0 26 Time series 1 23 

Time series 2 22 Time series 3 18 

Time series 4 22 Time series 5 21 

Time series 6 22 Time series 7 21 

Time series 8 23 Time series 9 22 

Time series 10 21 Time series 11 22 

Time series 12 18 Time series 13 21 

Total number of patterns 302 
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Figure 5-5: Intra patterns found in time series 0. 

5.4.2  Pattern pruning 

In this step, patterns from each time series are pruned using the two pruning con-

ditions discussed in Section 4.2.3. The parameter 𝑚𝑎𝑥𝑠 for the maximum support 

count limit condition is set to 100 and the parameter 𝑚𝑖𝑛𝑒 for the minimum en-

tropy limit condition is set to 0.1.  

Table 5-5 shows the number of retained and removed patterns in each time series. 

Figure 5-6 shows the 7 removed patterns from time series 0, where we find that 

each of these patterns contain just one symbol, and in general it is of no use. 

 

 

Figure 5-6: Removed patterns in time series 0. 

5.4.3  Pattern clustering 

The retained patterns in each time series are clustered using the hierarchical clus-

tering method. 

The cost settings used in DTW distance are shown in Table 5-6. As can be seen, 

the cost is zero when the two symbols are the same, while in other cases the cost 

is two. 

Table 5-5: Number of retained/removed patterns in each time series after pruning. 

Time series Patterns number 

(retained/removed) 

Time series Patterns number 

(retained/removed) 

Time series 0 19 / 7 Time series 1 15 / 8 

Time series 2 14 / 8 Time series 3 10 / 8 

Time series 4 15 / 7 Time series 5 15 / 6 

Time series 6 14 / 8 Time series 7 14 / 7 

Time series 8 15 / 8 Time series 9 15 / 7 

Time series 10 13 / 8 Time series 11 15 / 7 

Time series 12 11 / 7 Time series 13 14 / 7 

Total (retained / removed) 199 / 103 
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Table 5-6: Cost setting for DTW distance. 

Cost u (up) l (level) d (down) 

u (up) 0 2 2 

l (level) 2 0 2 

d (down) 2 2 0 

 

The parameter 𝑚𝑎𝑥𝑑 (the maximal distance restriction used to determine when 

to stop the clustering) is set to 0.1. 

In fact, the two settings here lead to the patterns, that are to be clustered into the 

same cluster having the same change trends. The 𝑚𝑎𝑥𝑑 is set to a very low value 

so that only patterns between which the distance is zero can be clustered into the 

same cluster. 

Table 5-7 shows the number of clusters in each time series. There are 57 clusters 

found totally, and on average 4 clusters in each time series. Figure 5-7 shows the 

clusters obtained in time series 0. 

 

 

Figure 5-7: Clusters obtained in time series 0. 

5.5 Inter pattern discovery 

Table 5-8 shows the related parameter settings. Parameter 𝑚𝑖𝑛𝑇 is set to 1; when 

two patterns occur in the same starting position, one pattern will not lead to an-

other pattern. In other words, there is at least 1 time unit between two continuous 

blocks in an inter pattern. 

Table 5-7: Number of clusters in each time series. 

Time series Clusters number Time series Clusters number 

Time series 0 4 Time series 1 4 

Time series 2 5 Time series 3 4 

Time series 4 4 Time series 5 4 

Time series 6 4 Time series 7 4 

Time series 8 4 Time series 9 4 

Time series 10 3 Time series 11 4 

Time series 12 4 Time series 13 5 

Total 57 
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Table 5-8: Settings for inter pattern discovery. 

Parameter name Parameter value 

𝑚𝑖𝑛𝑠 (minimal support count) 15 

𝑚𝑎𝑥𝐵𝑙𝑜𝑐𝑘𝑠 (the maximal block number of inter patterns) 14 

𝑚𝑖𝑛𝑇 (the maximal time interval between two blocks in an inter 

pattern) 

1 

𝑚𝑎𝑥𝑇  (the maximal time interval between each two blocks of an 

inter pattern) 

4 

 

Table 5-9 shows the number of patterns of different sizes. There are 1198 patterns 

of size 2, and the number of patterns increases as the pattern size increases. While 

from patterns of size 4, the number of patterns start to decrease, and there are no 

patterns when the size reaches 9. 

 

5.6 Rule generation 

The experiment is done on a 64-bit, 8G memory computer. The running time is 

about 2940s. 

With the parameter 𝑚𝑖𝑛𝑐𝑜𝑛𝑓 set to 0.9, Table 5-10 shows the number of rules 

found from patterns of different size. 

Table 5-9: Number of patterns of different sizes (number of blocks). 

Pattern size (Number of blocks) Number of patterns 

2 1198 

3 18271 

4 101752 

5 88788 

6 14605 

7 813 

8 10 

≥9 0 
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Figure 5-8 shows an example of a rule between two time series, which is 𝑠11: 𝑢𝑑𝑢
𝑇
⇒ 𝑠0: 𝑑𝑢 and three occurrence positions are marked. Its support count is 16, and 

the confidence is 0.94. 

 

Figure 5-8: A temporal rule between two time series. 

Figure 5-9 shows another temporal rule with 3 blocks, which is 𝑠7: 𝑑u, 𝑠1: 𝑑𝑢𝑑
𝑇
⇒ 𝑠0: 𝑢𝑑. Its support count is 18, and the confidence is 0.9. 

 

Figure 5-9: A temporal rule between three time series. 

Table 5-10: Number of rules generated from patterns of different size. 

Size of the patterns from which the rules are generated Number of rules 

2 6 

3 83 

4 1895 

5 9410 

6 4715 

7 458 

8 8 

≥9 0 

Total number of rules 16575 
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6 Result Discussion and 
Evaluation 
6.1 Efficiency 

The experiment is done on a 64-bit, 8G memory computer. The running time is 

about 2940s, making it more efficient compared to the work in [1]. In [1], it takes 

more than 15 hours to find all rules between two and three time series. 

Analysing the reason, we find that it is the key steps of this solution that contrib-

ute to the lower running time: the pruning step and the clustering step. Both steps 

aim to reduce the number of patterns used for the discovery of inter frequent 

patterns. The design of the work is also important, and it contributes to facilitating 

and increasing efficiency, i.e. the algorithm includes the join and the position list 

generate steps. 

Pruning: The result presented in final chapter shows that the number of the orig-

inal intra patters found are 302; following the pruning step the number is reduced 

to 199, removing approximately one third of the total patterns, which will in turn 

reduce the running time. 

Clustering: In the clustering step, the intra patterns found are not used directly 

to find inter patterns, but the resulting clusters are used as the basis to discover 

inter patterns. In general, the number of clusters are fewer in number than the 

patterns. The result shows that on average, 4 clusters in each time series are found. 

However, the size of the position list of each cluster is generally greater than that 

of an intra pattern. Thus, whether the clustering step can accelerate the process 

to find inter patterns is uncertain. We carry out an additional experiment to be 

able to compare the running time with and without the clustering step. 

The result of this experiment shows that the running time without the clustering 

step is 3420s, which is well above the 2940s measured with clustering. The num-

ber of inter patterns of different sizes are shown in Table 6-1. We find that there 

are more small-sized patterns, since the patterns are not clustered. The number of 

patterns starts to decrease from size 4, with a much faster speed than that of the 

case with clustering. This is because without clustering, the position list of each 

pattern is much smaller, so it is more difficult to generate patterns with more 

blocks. 13496 rules are found, which is less than that without clustering, since 

the number of patterns with a greater size decreases. Anyway, the running time 

is less, which indicates that the clustering before inter pattern discovery has some 

effect. 
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6.2 Time complexity 

In this section, we study the time complexity of the solution. 

Time series representation: The normalization need to fetch the minimum and 

maximum value of each time series, and update each value according the equa-

tion. This can be done by scanning the data twice, the complexity is O(n). PAA 

needs O(n) to segment each time series and calculate the mean value for each 

segment. The monotonicity feature extraction also needs O(n) to transfer the seg-

ments (result from PAA) to a symbolic representation. In total, the time complex-

ity is m*O(n), m is the number of time series. 

Intra frequent pattern discovery: For each time series, 𝐼𝐹𝑃𝑆(1) can be ob-

tained in O(n) time. Theoretically, we need O(|𝐼𝐹𝑃𝑆(1)|2) to get the possible 

IFPS(2), and O(|𝐼𝐹𝑃𝑆(2)|2) to get the possible IFPS(3) and so on. Thus, the 

running time can be infinite or short, which is decided by when the number of 

patterns start to decrease and how quickly the number of patterns increases. The 

time complexity to get IFPS(k+1) is O(|𝐼𝐹𝑃𝑆(k)|2), but we cannot determine the 

time to get IFPS(3) is O(|𝐼𝐹𝑃𝑆(1)|4). Although we need O(|𝐼𝐹𝑃𝑆(1)|2) to get 

IFPS(2), we do not know |IFPS(2)|, making it difficult to assess the time com-

plexity. In total, the time complexity is m ∗ O(n) + O(|𝐼𝐹𝑃𝑆(1)|2 +⋯+
O(|IFPS(w − 1)|2)), where w is the maximum window size of an intra frequent 

pattern. 

Inter frequent pattern discovery: This process is very similar to that of the intra 

frequent pattern discovery. FPS(1) is provided in the previous step, so in this step 

its time is O(1), but we still need repeat to get FPS(2) to FPS(m). The time com-

plexity is O(1) + O(|𝐹𝑃𝑆(1)|2 +⋯+ O(|FPS(m − 1)|2)). 

Rule generation: 

Although the number of patterns maybe very large, for a pattern with k blocks, 

there are at most k possible rules that can be generated. Thus, the time complexity 

Table 6-1: Number of patterns of different size (number of blocks). 

Pattern size (Number of blocks) Number of patterns 

2 5902 

3 51774 

4 102059 

5 38447 

6 3048 

7 64 

8 1 

≥9 0 
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of this step is O(maxBlocks*|FPS|). This is not very large, even if |FPS| is very 

large; we only need a linear complexity to generate all possible rules.  

Conclusion: We have discussed the time complexity of the main steps while us-

ing an abstract equation. In this work, time is mainly used in the inter pattern 

discovery step. Although the time complexity of intra frequent pattern discovery 

is large, it does not require too much time since the window size is not very large. 

The value of m in our experiment is 14 (there are 14 time series), which is the 

main part consuming the time. This is difficult to improve; what can be done is 

to try to slow down the increasing speed of the number of patterns and reduce the 

number of patters at the start. Another factor that we cannot control is the time 

required for the number of patterns to start to decrease; this is actually decided 

by how many rules or patterns are hidden in the time series. The number of po-

tential patterns decides how many patterns of different size can be found. If there 

are many patterns with a high block number, then the number of patterns may 

decrease more slowly. 

6.3 Parameter setting 

There are several parameter settings in this experiment; different settings lead to 

different effects. In this following, we study the parameter settings. 

LevelThreshold: This parameter determines that whether a change is obvious to 

be up or down. If we set this parameter to a high value, the level of symbols could 

decrease. If we set this parameter to a low value, the level of symbols may in-

crease. A suitable value can be found via several experiments. 

Min support count: This is one of the most important parameters. The min sup-

port count affects the number of patterns found directly. If we set a low value, 

there will be too many patterns, and there also will be more patterns that are of 

little use. A higher value will lead to more interesting patterns. An important point 

is that this value is used in both intra and inter frequent pattern discovery. The 

value must be the same in both cases, as we used the Apriori property, and it is 

valid only when the support count does not change. If the min support count for 

intra and inter pattern discovery is different, we cannot include the Apriori prop-

erty in the algorithms. 

While a low value of min support count will lead to many patterns, the patterns 

will be of less use and lead to an exponential growth of running time. A high 

value of min support count is also not good, as some interesting patterns may be 

lost, and many of the interesting inter patterns may have a low support. Thus, the 

value should not be too high or too low. In this experiment, we tried several val-

ues and chose the value 15, which is about 5% of the total number of the instances. 

Intra window size: This parameter decides the maximum length of the intra pat-

terns, which also affects the number of patterns. We carry out experiments to find 

the effect of different window sizes. Table 6-2 shows the number of patterns 

found in each time series with different window sizes. The table shows that while 

the parameter value changes, the number of patterns is almost unchanged. The 
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reason that the pattern number are not changing is that the number of truly inter-

esting patterns does not change. As the window size increases, there will be more 

patterns, but not all patterns are frequent and interesting; the majority of the new 

added patterns are removed in the pruning step. Since the change is not signifi-

cant, we choose the value 4 for the experiment. 

 

Maximum and minimum time intervals: These two parameters decide the re-

strictions of inter patterns. The maximum time intervals make the patterns more 

interesting, since a longer time interval lead to less relation between two pattern 

blocks. The minimum time intervals ensure there are an obvious temporal delay 

between the left and the right part of a rule. 

Minimum confidence: This parameter decides how strong the rules generated 

are; a higher value lead to only rules that are very strong will be retained. In this 

experiment, we choose 90% as the minimum confidence to make the rules very 

strong. 

DTW distance: In this work, we used DTW distance, which combined with the 

settings result in only the patterns with exactly the same trends being clustered 

into one cluster. Out of the three patterns: 𝑃1 = 𝑢𝑢𝑢𝑑𝑑𝑑 , 𝑃2 = 𝑢𝑑𝑢𝑢𝑢 , 𝑃3 =
𝑢𝑢𝑢𝑢𝑑, used here, 𝑃1 and 𝑃3 will be clustered into one cluster, since they have 

the same change trend (first up then down). It also can be reasonable if we think 

𝑃2 and 𝑃3 are more similar, and maybe the symbol ‘d’ in 𝑃2 and the symbol ‘d’ in 

𝑃3 are just noises, then 𝑃2 and 𝑃3 can be exactly the same pattern. However, these 

Table 6-2: Number of patterns in each time series with different intra window size 

Time series Intra window size 

4 5 6 7 

Time series 0 19 21 21 21 

Time series 1 15 15 15 15 

Time series 2 14 16 17 17 

Time series 3 10 10 10 10 

Time series 4 15 19 19 19 

Time series 5 15 15 15 15 

Time series 6 14 16 16 16 

Time series 7 14 15 15 15 

Time series 8 15 16 16 16 

Time series 9 15 17 17 17 

Time series 10 13 13 13 13 

Time series 11 15 18 18 18 

Time series 12 11 13 13 13 

Time series 13 14 14 14 14 
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two symbols split the two patterns into two clusters. This means that when cal-

culating the DTW distance, an additional restriction can be used to restrict the 

maximum distance between two matched symbols. For example, we choose a 

parameter 𝑟, to limit the maximum distance between two matched symbols. An 

extra experiment is carried out to show the effect of this parameter. 

 

Table 6-3 shows the number of clusters found using a different value of r. We 

find that when we set r to 1, the clusters number becomes 81, which is an increase 

from the original 57. This means that some patterns that were originally clustered 

into one cluster are no longer in the same clusters. While the number of clusters 

does not change when r is set to 2 or 3, because the window size in this experi-

ment is 4, maybe 2 or 3 would lead to it the same effect with no limit. 

What needs to be considered when we do is that the value of r cannot be less than 

the difference in the length between the two patterns. 

Table 6-4 shows the number of patterns of different size found in each time series 

and the number of rules generated in each time series. It takes 2114s to carry out 

the experiment, which is less than the time that in case of containing no limit in 

DTW distance. The number of clusters are increased and the time is reduced. 

Thus, this experiment also indicates that the time is not only determined by the 

number of the initial patterns of size 1, but also determined by the average length 

of each pattern’s position list. 

Table 6-3: Number of clusters with different value of r. 

Value of r Number of clusters found 

No limit 57 

1 81 

2 57 

3 57 
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6.4 Confidence evaluation 

The minimum confidence is set to 90%. We ranked the rules according to confi-

dence, and shown in Table 6-5 together with some statistic information. 

 

When looking closer, we find that there are some relations. For example, compare 

R1 with R11, the right part of these two rules are the same, and both the left part 

of these two rules contain the pattern block: 𝑠2: 𝑢𝑑. We also observed the rule: 

𝑠12: 𝑑𝑢𝑑
𝑇
⇒ 𝑠0: 𝑑𝑢 with confidence 0.91; rule 𝑠11: 𝑢𝑑𝑢

𝑇
⇒ 𝑠0: 𝑑𝑢 with confidence 

0.94. 

Table 6-4: Number of patterns and rules found (r=1). 

Pattern size (Number of blocks) Number of patterns Number of rules 

2 2227 6 

3 27430 198 

4 99024 2013 

5 48806 4948 

6 4533 1600 

7 182 118 

8 3 2 

≥9 0 0 

 

Table 6-5: The first ten rules ranked by confidence values. 

No Confidence Rule number Rule example 

1 1.0 3461 R1 𝑠2: 𝑢𝑑, 𝑠12: 𝑑𝑢𝑑
𝑇
⇒ 𝑠0: 𝑑𝑢  

R2 𝑠5: 𝑑𝑢, 𝑠7: 𝑑𝑢𝑑
𝑇
⇒ 𝑠4: 𝑢𝑑  

R3 𝑠6: 𝑢𝑑𝑢, 𝑠8: 𝑑𝑢
𝑇
⇒ 𝑠0: 𝑢𝑑  

R4 𝑠6: 𝑢𝑑, 𝑠1: 𝑢𝑑𝑢
𝑇
⇒ 𝑠0: 𝑑𝑢  

R5 𝑠0: 𝑢𝑑, 𝑠7: 𝑑𝑢𝑑
𝑇
⇒ 𝑠4: 𝑢𝑑  

2 0.964 1 R6 𝑠11: 𝑑𝑢, 𝑠1: 𝑢𝑑, 𝑠8: 𝑑𝑢
𝑇
⇒ 𝑠0: 𝑢𝑑  

3 0.962 5 R7 𝑠10: 𝑢𝑑, 𝑠12: 𝑢𝑑, 𝑠4: 𝑑𝑢
𝑇
⇒ 𝑠0: 𝑢𝑑  

R8 𝑠5: 𝑢𝑑, 𝑠13: 𝑑𝑢, 𝑠5: 𝑢𝑑
𝑇
⇒ 𝑠0: 𝑑𝑑  

R9 𝑠9: 𝑑𝑢, 𝑠5: 𝑢𝑑, 𝑠9: 𝑑𝑢
𝑇
⇒ 𝑠0: 𝑢𝑑  

R10 𝑠2: 𝑢𝑑, 𝑠6: 𝑑𝑢, 𝑠10: 𝑑𝑢
𝑇
⇒ 𝑠7: 𝑢𝑑  

R11 𝑠4: 𝑑𝑢, 𝑠11: 𝑢𝑑, 𝑠2: 𝑢𝑑
𝑇
⇒ 𝑠0: 𝑑𝑢  
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Comparing R2 with R5, we find that these two rules have the same right part, and 

both left parts contain a block pattern: 𝑠7: dud, and confidence is both 1.0. So, 

maybe there is a relation between 𝑠7: 𝑑𝑢𝑑 and 𝑠4: 𝑢𝑑, and we find that there is 

another rule: 𝑠7: 𝑑𝑢𝑑
𝑇
⇒ 𝑠4: 𝑢𝑑 , when the confidence is 0.91. Thus, only with 

𝑠5: 𝑑𝑢  or 𝑠0: 𝑢𝑑  before 𝑠7: 𝑑𝑢𝑑 , then 𝑠4: 𝑢𝑑  exist within T time units. There 

could be several hidden relations, this is just an example. 

Most rules have several blocks on the left side, while there is only one block on 

the right side, which means the support for the right side is greater by comparison. 

In other words, the bottleneck of the whole rule’s support count is the support of 

the left side of the rule. For example, for the rule 𝑠1: 𝑢𝑑𝑢
𝑇
⇒ 𝑠0: 𝑑𝑢, the whole 

support of the inter pattern is 19, while the support count of the left side pattern, 

𝑠1: 𝑢𝑑𝑢 is 20, which is almost the same. This makes the confidence very high, 

since the support count of the rule is almost the same as the left side of the pattern. 

Either way, this makes sense since we ranked the rules according to confidence. 

6.5 Lift evaluation 

The lift measure is used to evaluate the rules found. Most of the rules have a lift 

value greater than 4, which is very good. For example, for rule 𝑠1: 𝑢𝑑𝑢
𝑇
⇒ 𝑠0: 𝑑𝑢, 

its lift is 4.5. The support of 𝑠1: 𝑢𝑑𝑢 is 5.63% and 𝑠0: 𝑑𝑢 is 21.1%, respectively. 

The support of the whole inter pattern 𝑠1: 𝑢𝑑𝑢, 𝑠0: 𝑑𝑢 is 5.35%, thus the confi-

dence of the rule is 95%. 

Almost all rules have a good lift measure which is greater than 1. Table 6-6 shows 

statistic information of the ranked rules. 

Table 6-6: The first ten rules ranked by lift values. 

No Lift Rule number Rule example 

1 9.57 1 R1 𝑠4: 𝑢𝑑, 𝑠6: 𝑑𝑢, 𝑠7: 𝑑𝑢, 𝑠12: 𝑢𝑑
𝑇
⇒ 𝑠9: 𝑢𝑑, 𝑠11: 𝑑𝑢  

2 9.24 1 R2 𝑠6: 𝑢𝑑, 𝑠11: 𝑑𝑢, 𝑠5: 𝑑𝑢, 𝑠0: 𝑢𝑑, 𝑠6: 𝑑𝑢
𝑇
⇒ 𝑠11: 𝑢𝑑, 𝑠10: 𝑑𝑢  

3 08.97 1 R3 𝑠10: 𝑢𝑑, 𝑠4: 𝑑𝑢, 𝑠10: 𝑢𝑑, 𝑠9: 𝑢𝑑
𝑇
⇒ 𝑠12: 𝑑𝑢, 𝑠10: 𝑑𝑢  

 

What we find is that all the three rules contain two blocks on the right side, which 

is different from when we ranked the rules according to confidence. The reason 

is also obvious according to the equation of lift measure shown in Eq. (12). The 

lift value is equal to the confidence divided by the probability of the right side of 

the rule. Thus, if the probability of the right part is low, then the lift value is likely 

to be high, and the more blocks on the right side, the lower the probability of the 

right side.  

6.6 Problem 

There is a problem with this work, which is that the rules found are difficult to 

understand. Although the lift measure shows the rules are very interesting, it is 

still difficult for us to understand these rules. What is more, the rule number has 

been reduced compared to the work in [1], but it still has 16575 rules, which is 



Discovery of Temporal Association Rules in Multivariate Time Series 

Yi Zhao  2017-06-07 

 

53 

too many for people to analyze. While we cannot just simply adjust the parame-

ters for to reducing the number of rules, much work still need to be considered 

and done to improve it in the future. 
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7 Conclusion 
The large size, numeric, and temporal ordering natures of time series make the 

temporal association rule mining challenging.  

This work first normalized the data via min-max normalization and reduced the 

number of data instances via PAA. This step contributes to the efficiency to some 

degree. 

Then we use the proposed method to discover the intra frequent patterns effi-

ciently. The method has a structure similar to the Apriori algorithm. We use the 

position generation from two ordered position lists, which makes it more efficient. 

Two pattern pruning conditions are introduced to reduce the number of patterns 

found. This will reduce the time used for inter pattern discovery. 

The clustering process make it more efficient, since the number of clusters is 

much lower than the number of patterns. A distance measure method (DTW) is 

used during the clustering, and it is a good method to measure the distance be-

tween time series since it considers the change speed of time series. After the 

clustering, the clusters are regarded as inter patters of size 1, and other inter pat-

terns are found via algorithm 2. Both algorithm 1 and algorithm 2 are based on 

the Apriori property. The strategy, generating the position list from two ordered 

position lists, makes these two algorithms efficient. 

The design of the work makes the work scalable as it can be directly used to mine 

association rules regardless of how many time series there are and how many 

instances in each time series. 

Confidence evaluation is a common choice for association rule mining, and we 

use a minimum confidence of 90% to make the rules strong. In addition, the lift 

value is used to measure the interestingness of rules, and it shows that all the rules 

found have a lift value greater than 4, some of which have a higher value such as 

9. 

We also compare our work to that in [1]. The work in [1] tries to find rules be-

tween two or three time series and it requires more than 15 hours to complete. 

Our work is more scalable, since we can find rules between more than three time 

series and the efficiency is greater. 

7.1 Ethical considerations 

The data set used in this thesis is from the UCI machine learning repository, rules 

of UCI should be adhered. 

7.2 Future work 

This thesis has solved the efficiency and scalability problem to some degree. 

What needs to be improved in the future is the interestingness of the rules and 

how to decide what parameters to use in the experiment for the best result. 
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Appendix A: Documentation of own 
developed program code 
 


