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Abstract 
In many applications, e.g. medical, industrial and military systems, it is of interest 

to fit a circle to scattered data points belonging to a complete or incomplete 

circular arc. As an example, circle fitting can be applied in the industry, for 

quality control, when investigation is required to verify if a manufactured circular 

object has the desired radius or not. A variety of methods have been developed to 

handle the circle fitting problem. Some methods are relatively complex and 

provide more accurate circle fitting, whereas some are simple and fast but lacks 

accuracy. Furthermore, some methods handle circle fitting better on incomplete 

circular objects. However, for practical machine vision implementations, there 

seems to be a lack of study when it comes to circle fitting on largely incomplete 

circular arcs. Largely incomplete circular arcs refer to short arcs having 

corresponding angles of few degrees, e.g. less than 10°. Hence, this thesis deals 

with design and implementation of circle fitting on largely incomplete circular 

objects. The goal is to investigate the shortest circular arc, i.e. the shortest 

possible angle that, can be fitted to a circle with an accuracy of at least 98%. 

The approach includes studying related work, developing a vision based 

algorithm for circle fitting on incomplete circular objects and conducting 

experiments using live stream 2D images. 

We designed and implemented an algorithm, based on a circle fitting algorithm, 

called Hyper fit. Our experimental set-up, with a 5-Megapixel camera, showed 

that it is possible to fit a circle, with an accuracy of 98%, to a short circular arc 

with an angle of only 1.95° of a complete circle. 1.95° corresponds to 0.54% of 

a complete circles circumference. Results showed that, using a high-resolution 

camera, it is possible to fit accurate circles on largely incomplete circular arcs. 

Moreover, the implementation achieved the real-time requirement, as it could 

process at least 3 fps (frames per second).  

Keywords: Circle fitting, Hyper fit 
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1 Introduction 
Fitting a set of data points to a circle is referred to as circle fitting. It is crucial in 

a variety of applications and areas, e.g. medicine, industry and nuclear physics. 

As an example, in medicine application, it can be applied to determine the 

diameter of a humane iris. The main purpose of circle fitting is to find out what 

circle radius the fit circle has. It can be applied to data points confined to a 

complete or incomplete circular arc. An incomplete circular arc is a fractional arc 

of a complete circle with an angle α less than 360°. When fitting data points to a 

circle, both the radius and center point of the fit circle can be extracted. [1] 

      Due to different practical requirements and challenges for a variety of 

applications, there are numerous methods, each with its own approach to 

handling the circle fitting problem. Some methods benefit from low computation 

but lack accuracy and vice versa. Furthermore, some methods handle circle fitting 

better on incomplete circular arcs.  

      In this work, we received a specification from a company to implement a real-

time circle fitting algorithm. The algorithm should give accurate circle fitting, on 

largely incomplete circular arcs, i.e. short arcs with much lower corresponding 

angles than a complete circle (360°). Figure 1 illustrates what a largely 

incomplete circular arc refers to.   

      Our objective is to design and implement a suitable method, for accurate 

circle fitting, on largely incomplete circular arcs. Our main goal is to determine 

the shortest arc (i.e. the shortest angle) that we can accurately fit to a circle, with 

an accuracy of at least 98% using a high-resolution camera. 

 

Figure 1: The red dotted arc is less than 10° and an example of a largely 

incomplete circular arc.  

1.1 Background and problem motivation 

This work has been carried out in collaboration with a company working on an 

idea to implement a machine vision system to supervise the bending of a straight 

object to circular shape, with a specific radius, depending on the bending angle. 

If an object is bent with the same degree across its full length, it will result in a 

complete or incomplete circular arc, with a specific radius, depending on the 
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bending angle. Thus, the radius of the object can be extracted, by performing a 

circle fitting algorithm on its circular arc. For the company, it is crucial to fit 

circles on largely incomplete circular arcs. Hence, the problem formulation for 

this work is to find and implement an algorithm for accurate circle fitting on 

largely incomplete arcs. The reason we need to fit circles on largely incomplete 

circular arcs over complete circular arcs is the company’s machine configuration 

process where objects are bent and where there are challenges associated to the 

object type used.   

1.2 Overall aim 

The overall aim of this project is to provide a design for circle fitting that can, fit 

accurate circles on largely incomplete circular arcs in real-time.  

1.3 Scope 

Because this work has been carried out on behalf of a company, this paper does 

not describe the process of how the machine bends an object, nor the type of 

object. Also, ideas or examples of how to bend a straight object into circular 

shape will not be covered. Therefore, this paper mainly focuses on providing (1) 

a design and implementation of a circle fitting algorithm that can be used to fit 

accurate circles to largely incomplete circular arcs, and (2) an investigation of 

how short a circular arc (i.e. angle) can be fitted to a circle, based on a specific 

circle fitting accuracy requirement.   

1.4 Concrete and verifiable goals 

The objectives of this thesis are to (1) provide a design and implementation of a 

circle fitting algorithm that can be applied to accurately fit circles on largely 

incomplete circular arcs, and (2) investigate the shortest circular arc (i.e. angle) 

that can be fitted to a circle with an accuracy of 98 %.  

 

Based on a practical setup (i.e. camera and illumination source), the thesis aims 

to respond to the following questions: 

A. Based on a selected circle fitting method and camera resolution, what is 

the shortest circular arc (or angle) that can be accurately fitted with an 

accuracy of at least 98 %? 

B. Does the algorithm achieve real-time performance? 

We consider a fit circle to be accurate if the accuracy is equal to or greater than 

98%. Hence, the requirement on the circle fitting accuracy is high. For real-time 

performance, the implemented algorithm must have an execution time that is 

greater than the input frame rate of the implemented camera.   

1.5 Outline 

Chapter 2 describes related work about common and popular circle fitting 

methods. Chapter 3 presents the theory and concept of geometric and algebraic 

circle fitting. Chapter 4 presents the implementation proposal, and the proposed 

setup and algorithm steps for circle fitting are described. The choice of sources 

and algorithms is explained. Chapter 5 presents the design and implementation 



Design and Implementation of Circle Fitting on Largely Incomplete Circular Objects 

Sohran Eliassi  2017-03-15 

3 

of the proposed implementation, including implementation details, code sections 

and examples of how the circle fitting algorithm works. This also includes an 

evaluation of the circle fitting algorithm in relation to the goals of the thesis. 

Chapter 6 presents the results of the circle fitting algorithm, its accuracy in terms 

of fitting circles to largely incomplete circular arcs with varying radiuses is 

demonstrated. This also includes demonstrating the shortest circular arc (or 

angle) that can be accurately fitted with an accuracy of at least 98%. The 

algorithm execution time is presented to be able to carry out a real-time 

evaluation. Chapter 7 is a conclusion and discussion of the results presented in 

Chapter 6. Finally, Chapter 8 proposes future work.    

1.6 Contributions 

This work has been carried out independently, by the author of this paper. 
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2 Related work 
Circle fitting is crucial in variety of applications and areas e.g. medicine, industry 

and nuclear physics. The practical requirements of circle fitting vary among the 

different areas and applications. This has interested many researchers during the 

past decades and has therefore resulted in the development of variety of methods 

(e.g. [2] [3] [4] [5] [6] [7 [8]]) each of which has his/her own approach to the 

circle fitting problem. Circle fitting methods are usually divided into two groups: 

A. Geometrical circle fitting and B. Algebraic circle fitting. [1]  

      A. Geometrical [2] [3] methods are based on iterative algorithms that are 

designed to find the minimum geometric (orthogonal) distance from data points 

to a circle [1]. In other words, geometric algorithms create several circles, in an 

iterative fashion where the goal is to fit the circle with the least orthogonal 

distance to a set of data points.   

      B. Algebraic [4] [5] [6] [7] [8] methods use a non-iterative procedure to fit a 

circle with the least algebraic distance to a set of data points [1]. This is possible 

by applying algebraic formulas and assumptions to a circle where the objective 

is to solve what circle parameters (i.e. center point and radius) that provide a 

circle with the least algebraic distance to the data points.   

      For decades, geometrical methods have been known to outperform algebraic 

methods, in terms of circle fitting accuracy and robustness. However, the 

accuracy is heavily dependent on the number of iterations and the initial guess 

(i.e. starting center point and radius when iterating, or searching, for a best 

matching circle). Since geometrical methods use an iterative procedure, they can 

be much more demanding in terms of processing; the more iteration, the heavier 

processing. When fitting circles to data points belonging to large circles, a lot of 

iteration is usually necessary to fit an accurate circle. In such cases, it could be 

impossible to achieve real-time performance when implementing on a central 

processing unit (CPU). The larger the circle we try to fit, the less likely it will be 

to achieve a real-time performance.   

      Algebraic implementations, compared to geometrical, are usually much faster 

since they use a non-iterative procedure. This means that algebraic methods can 

be applied on very large circles and still achieve real-time performance. The 

drawback of algebraic methods is that they have been known to provide less 

accurate circle fitting compared to geometrical methods. But this is no longer the 

case as [8] Al-Sharadqah and Chernov came up with an effective way to 

minimize the algebraic distance from a circle to a number of data points. Their 

method (called Hyper fit) outperforms previously popular algebraic methods [4] 

[5] [6] [7], and it also showcases a more accurate (or at least identical) circle 

fitting than the best known geometric circle fitting method [2] [3], based on their 

numerical experiments [8]. Compared to the second best known algebraic method 

(i.e. Taubin fit [7]), the only drawback is that the processing speed is slightly 

slower [8]. 
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3 Theory 
In this chapter, the theory and concept of geometric and algebraic circle fitting is 

briefly described. Details are not provided as the mathematical steps are 

relatively heavy and long. For details, please refer to [1].   

3.1 Geometric circle fitting 

Geometric circle fitting is a common approach when fitting circles to two-

dimensional data (2D-data). It minimizes the orthogonal distance from a set of 

data points to a circle. Geometric circle fit [1] [8] minimizes the following 

function 

 
ℱ(𝑎, 𝑏, 𝑅) = ∑ 𝑑𝑖

2

𝑛

𝑖=1

 
 

(1) 

𝑑𝑖 can be expressed as  

 𝑑𝑖 =  𝑟𝑖 − 𝑅,          𝑟𝑖 = √(𝑥𝑖 − 𝑎)2 + (𝑦𝑖 − 𝑏)2 (2) 

where R is the radius of the circle and (a, b) the center point.  𝑟𝑖 is the orthogonal 

distance from a set of data points (𝑥𝑖 , 𝑦𝑖) to the center point (a, b). 𝑑𝑖 represents 

the distance difference of  𝑟𝑖 and the circle radius R. It is referred to as the 

orthogonal distance to the circle (i.e. the circle’s arc), see Figure 2 for an example. 

If the data points to be fitted lies perfectly on a circle, then the distance 𝑑𝑖 will 

be zero for some values (a, b) and R. If the points do not lie perfectly on a circle, 

we try to find a circle with the parameters (a, b) and R that provide the smallest 

distance 𝑑𝑖, i.e. we iterate through different (a, b) and R values and use the 

parameter values that provide the least orthogonal distance 𝑑𝑖. The iteration 

procedure can be constructed in several ways. It deals with finding a path to 

iterate and find the parameters that provide the least orthogonal distance. This 

has led to a number of different schemes where each has its own way of handling 

the iteration problem. To clarify, each scheme has its own path to try to find the 

parameters (a, b) and R that provides the least orthogonal distance  di. The 

perhaps best known and reliable iteration schemes are the so called [9] 

Levenberg-Marquardt schemes [1]. For a detailed description of the Levenberg-

Marquardt schemes, see [1].  
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Figure 2: A circle with center point (a, b) and radius R. The red and green dotted 

line is an example of an orthogonal distance 𝑟1 from a point (𝑥1, 𝑦1) to the circle 

center point (a, b). The green dotted line is the orthogonal distance 𝑑1from the 

point to the circle (i.e. the circular arc).  

3.2 Algebraic circle fitting 

Algebraic circle fitting methods, in comparison with geometric fits, minimizes 

algebraic expressions [1]. They replace di in Eq. (1) with fi, and then minimize 

 
ℱ1(a, b, R) = ∑ fi

2

n

i=1

, fi = ri
2 − R2 

 

(3) 

where 𝑓𝑖  is an algebraic distance from a number of data points to a circle.  

3.2.1 Kåsa fit 

The perhaps simplest and one of the oldest algebraic circle fitting methods was 

proposed by [4] Delogne and [5] Kåsa [1]. Today, the method is known as the 

Delogne-Kåsa method, or briefly the Kåsa method. This method’s approach to 

the circle fitting problem is to minimize Eq. (4) (standard formula for a circle) 

where fi is expressed as 

 fi = ri
2 − R2 = (xi − a)2 + (yi − b)2 − R2 (4) 

The algebraic distance fi will only be zero if all points (xi, yi) lie on a circle, and 

if the points lie close to a circle it will be small. Thus, the goal is to minimize Eq. 

(4).   

      The function in Eq. (3) has nonlinear derivatives with respect to a, b and R. 

However, it can be linear by a simple change of parameters [1]. First, we expand 

Eq. (4) to  

 fi = xi
2 + yi

2 + a2 + b2 − 2axi − 2byi − R2 (5) 
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Then let 

 zi = (xi + yi)
2,     B = −2a,     C = −2b,     D = a2 + b2 − R2 (6) 

Then we have transformed ℱ1 in eq. (3) to a linear least squares problem, i.e.  

 
ℱ1 = ∑(zi + Bxi + Cyi + D)2

n

i=1

 
 

(7) 

Now, if we differentiate ℱ1 with respect to B, C and D, we get a system of linear 

equations  

 xx̅̅̅B +  xy̅̅ ̅C +  x̅D = −xz̅ 

xy̅̅ ̅B +  yy̅̅ ̅C +  y̅D = −yz̅̅̅ 

x̅B + y̅C +  D = −z̅ 

 

 

(8) 

The expressions in Eq. (8) are the so-called “sample mean” notations [1] where 

 
xx̅̅̅ =

1

n
∑ xi

2

n

i=1

, xy̅̅ ̅ =
1

n
∑ xiyi

n

i=1

, etc. 
 

(9) 

The unknown parameters are B, C and D. The “sample mean” notations can be 

solved because the data point values (xi, yi) are known. The parameters B, C and 

D can be solved by linear algebra (e.g. addition of algebraic expressions). After 

solving the parameters B, C and D, the natural circle parameters [1] a, b and R 

can be recovered by 

 
a = − 

B

2
, b = − 

C

2
, R = − 

√B2 + C2 − 4D

2
 

 

(10) 

The Kåsa fit algorithm can be solved, by directly solving Eq. (8). It requires less 

than one iteration of the geometric Levenberg-Marquardt fit [1]. One of the the 

benefits of this algorithm is that it is considered the fastest circle fitting algorithm 

[8] [14]. Another benefit of the Kåsa method is that it can also be defined 

geometrically in several ways, see [1] for more information.  

      The Kåsa fit algorithm has been a very popular method for a long time 

because of its simplicity and efficiency. This method has advantages such as if 

all points lie on a circle, it will fit an accurate circle very quickly. However, it 

also has major drawbacks, e.g. when fitting circles to data points confined to a 

90° arc and below, it will fit a circle that is quite noticeably smaller than the 

correct circle. For a 45° arc, it will fit a very small circle compared to the correct 

circle and for smaller arcs it tends to break down [1].  
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3.2.2 Pratt fit 

Pratt [6] came up with an approach to improve the performance of the Kåsa fit 

method, by modifying the function ℱ1 in Eq. (7) to  

 
ℱ1 =

1

B2 + C2 − 4AD
∑(Azi + Bxi + Cyi + D)2

n

i=1

 
 

(11) 

Following this modification, Pratt also came up with the following constraints 

1. B2 + C2 − 4AD = 1 

2. A ≠ 0 

These constraints ensure that Eq. (11) defines a circle. Furthermore, setting A = 

1 recovers Eq. (7), i.e. the Kåsa formulation. The modification provided by Pratt 

is a better approximation to the minimization problem [8]. See [1] for a detailed 

description of how Pratt came up with the modification in Eq. (11) and how the 

parameters A, B, C and D can be solved.  

      The advantage of the Pratt fit is that it has all the advantages of the Kåsa fit, 

and more. A major advantage is that it is invariant under translation and rotation 

[1], which is a very important feature for practical implementation. Chernov has 

performed experimental tests where he compares the Kåsa, Pratt and Levenberg-

Marquardt (geometric) fits. He has performed measurements on data points 

confined to an arc with various angles, i.e. α = 360°, 350° … 30°. For each angel 

α, he has generated 106 random samples of n = 20 points located (equally spaced) 

on an arc of angle α of the unit circle 𝑥2 + 𝑦2 = 1 and corrupted by Gaussian 

noise at a level 𝜎 = 0.05 [1]. The result indicates that all three methods perform 

nearly identical on large arcs, when 150° ≤ α ≤ 360°. However, the Pratt and 

Levenberg-Marquardt fits are slightly better. At angles below 150°, the Kåsa fit 

will reduce its performance, i.e. the error grows. The Kåsa fit, as mentioned in 

section 3.2.1, tends to return smaller and smaller circles for smaller angles. From 

90° down to 45° the error is relatively large, i.e. it returns a circle which is 

noticeably smaller than the true circle. For 45° and below, the error is very large, 

it returns very small circles. However, the Pratt and Levenberg-Marquardt fits 

have good performance down to 60° and the overall performance of both down 

to 45° is much better than the Kåsa fit. It is worth mentioning that the algebraic 

Pratt fit is very similar in performance to the best known geometric (Levenberg-

Marquardt) fit, based from Chernov’s experimental test [1].   

3.2.3 Taubin fit 

The Taubin fit [7] is comparable to the Pratt fit in its design and performance [1]. 

Taubin modifies Eq. (11) (i.e. Pratt’s modification) to  

 
ℱ1 = ∑

[Azi + Bxi + Cyi + D]2

n−1 ∑[ 4A2zi +  4ABxi +  4ACyi + B2 + C2]
 

 

(12) 

See [1] for more about how Taubin came up with this modification and how the 

parameters A, B, C and D are solved.   
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      For a performance test of the Taubin fit, Chernov [1] performed the same 

experimental tests as described in section 3.2.2. He compares the Taubin fit to 

Pratt and Levenberg-Marquardt fit. The experimental test [1] show that the 

Taubin fit, computationally, is a bit less expensive than the Pratt fit. Further, the 

performance in accuracy showed to be somewhere between the Pratt and 

geometric fit. For short arcs (small angle of α) the performance was identical to 

the Pratt fit, for large arcs (large angle of α) it was identical to the Levenberg-

Marquardt fit. The overall performance of the Taubin fit is slightly better (but 

barely noticeable) than the Pratt fit and identical to the geometric fit. 

3.2.4 Hyper fit 

Taubin and Hyper fit is also invariant under translation and rotation. The Hyper 

fit method, by [8] Chernov and Al-Sharadqah, is a relatively new method 

(developed in 2009), and a slight improvement of the Taubin fit method. It is a 

combination of the Pratt and Taubin fits, which eliminates essential bias 

completely [1] [8]. The difference in essential bias is that the Taubin fit has twice 

as small essential bias than the Pratt fit, which could explain why the Taubin fit 

performs slightly better than the Pratt fit [1]. Their experimental tests [1] [8] show 

that algorithms with smaller essential biases have an overall better perform 

performance (the mean square error is smaller). Thus, the overall performance of 

the Hyper fit turns out to be better than earlier algebraic fits and it also performs 

better than the best known geometric fit (Levenberg-Marquardt fit) [1] [8]. 
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4 Implementation proposal 
In this chapter, the proposed implementation is presented and described. The 

implementation shows what experimental setup (camera and illumination source) 

and algorithms are intended for the implementation, to solve the problem 

specified in Chapter 1.4.  

      We begin with an overview of the proposed implementation blocks and steps 

for circle fitting, which are presented in the following order: 

1. Selection of camera 

2. Selection of illumination source 

3. Algorithm design/selection/development and implementation 

3.1 Image acquisition and preprocessing on circular objects for data points 

(xi, yi) extraction 

3.2 Gathering of data points (xi, yi) 

3.3 Circle fitting on data points, using a proper method 

4. Evaluation method of the circle fitting algorithm 

Figure 3 shows the flowchart of the proposal. The different implementation 

blocks are represented by different colors. Implementation steps that belong to 

one block are represented with the same color as the block. Texts in red indicate 

what camera, illumination source, data point extraction and circle fitting 

algorithm that are proposed for the implementation.       

      In section 4.1, the proposed circular objects intended to be fitted to circles are 

presented.  In section 4.2, the choice camera and illumination source are 

described and motivated. In section 4.3, the proposed algorithm implementation 

steps are described. A brief description of how a preprocessing step can be used 

to extract data points of an objects circular arc is also given. This is followed by 

a description of how to gather the data points for a circle fitting algorithm. In 

section 4.4, how the circle fitting algorithm is evaluated is described. In section 

4.5, there is a hardware proposal for the implementation of the algorithm. Finally, 

section 4.6 proposes programming language to use for the algorithm 

implementation. 
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Figure 3: Flowchart of the proposed implementation   

 

4.1 Incomplete circular objects 

The incomplete circular objects proposed for circle fitting are 2D printed short 

circular arcs with circle radiuses corresponding to 1.5, 2, 3, 4 and 5 meters. Figure 

4 shows an example of one of our 2D- printed incomplete circular arcs, where its 

corresponding radius is 1.5 meter (please note that the captured photo image is 

just a demonstration, the image has not been captured by our proposed camera). 

The aim is to fit circles to short circular arcs of the object type in Figure 4. 

 

Figure 4: An example of one of the proposed circular objects. The short circular 

arc has a corresponding radius of 1.5 meter. 
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4.2 Camera and illumination source 

Any camera can be used for a practical vision based circle fitting algorithm. 

However, for industrial use, machine vision cameras are preferable because of 

the flexibility and high-quality image processing. For this application, a high-

resolution machine vision camera has been selected, since accurate circles are to 

be fitted to short circular arcs. The reason high resolution is proposed over low 

resolution is because it is likely to contribute to more accurate circle fitting 

(further explained in section 4.2.1).  

      When it comes to the type of illumination source, there are several options, 

each with its own advantages and disadvantages. Illumination source will be 

further discussed more in section 4.2.2. 

4.2.1 Camera  

The type of camera proposed for this application is a machine vision camera with 

the following properties and lens: 

• Model: DFK 72AUC02 [10] 

• Resolution: 5 Megapixels 

• Frame rate: Up to 6 frames per second 

• Lens: Pentax C1614-5M [11] 

The reason a machine vision camera is proposed, is because it is applied in and 

aimed towards the industry. Machine vision cameras provide flexibility and high 

quality images, as well as camera settings with numerous options to manipulate 

the images (e.g. enhancing edges). For a circle fitting algorithm, the higher the 

resolution of the camera, the more accurate the circle fitting. This is connected to 

the number of data points. Since circle fitting algorithms minimize the sum of 

squared distances from data points to a circle, the more data points (samples) 

involved in the minimization, the more accurate circle fitting. This is identical to 

analog-to-digital signal conversion, the higher the sample rate (number of sample 

points per Hertz) the more accurate the conversion. Therefore, when acquiring 

images of a circular arc, the higher resolution the camera has the more data points 

there will be across the arc. Hence, with more data points representing an arc, 

more accurate circle fitting can be expected. Of course, the number of data points 

is also connected to the camera-to-object distance and focal length setting. The 

longer the distance of the camera to the object (i.e. circular arc), without changing 

the camera focal length, the fewer the data points representing the object. Thus, 

the best setup is to have a focal length setting and camera-to-object distance such 

that as many points as possible can represent the area of interest (i.e. arc length). 

For example, if we want to fit a circle to an arc length x of the short circular arc 

in Figure 4, then we should setup the camera such that the object’s arc length, x, 

covers the whole image horizontally, which ensures that the greatest number of 

data points will represent the arc length, and therefore more accurate circle fitting 

can be expected. This setup can be achieved by setting an appropriate focal length 

and camera-to-object distance.  

      Processing higher resolution images means a higher computational cost. 

Therefore, it is important to select a resolution and frame rate with respect to real-
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time performance. For our application, a resolution of 5 megapixel is proposed, 

and a frame rate of only 1 frame per second (fps). The reason for the low frame 

rate is partly related to the company’s requirements. A low frame rate enables the 

use of a higher resolution camera, which is a better option for more accurate circle 

fitting. A higher input frame rate could require a lower camera resolution for real-

time performance. This means that there is a trade-off between camera resolution 

and input frame rate, which is application dependent. For this application, a low 

input frame rate and high resolution is preferred. Hence proposing a low frame 

rate of 1 fps and a 5-megapixel resolution. For real-time performance, the 

algorithm execution time must be equal to or greater than the frame rate of the 

camera (i.e. 1 fps).   

4.2.2 Illumination source 

For this application, there are several illumination sources that can be used. What 

is needed, is an illumination source that can highlight the shapes (edges) of the 

circular object’s arc, which is to be fitted to circles. Of importance when applying 

an illumination source for shape enhancement is to avoid shadows, saturated 

images, and low contrast images. The objects should be illuminated uniformly 

and with enough illumination such that the shapes can be sufficiently highlighted. 

For the object type used here (see Figure 4), a backlight illumination source is 

proposed, which provides decent silhouette images that are easy to process 

because they are black and white images. Furthermore, with backlight 

illumination, it is easy to avoid saturated and low contrast images (silhouette 

images have very high contrast). Also, the illumination is uniform and shadows 

can easily be avoided. Backlight illumination is often applied to enhance shapes 

of objects because of its beneficial properties. The best backlight illumination 

source is the backlight telecentric illuminator. Telecentric illumination has many 

advantages [12]. Although a telecentric backlight is the best choice for the 

implementation, a standard Light Emitting Diode (LED) backlight illuminator is 

proposed, since it is far less costly. For this application, a standard backlight 

illuminator is expected to perform satisfactory.  

4.3 Algorithm implementation steps 

This section briefly describes the proposed algorithm implementation steps for 

circle fitting. The flowchart in Figure 5 demonstrates the steps. Concepts will be 

provided to increase understanding of how the proposed algorithm steps can be 

implemented to capture images of a circular arc and extract data points 

corresponding to the circular arc. This is followed by a description of how the 

data points can be collected and passed to a circle fitting algorithm, which in turn 

fits the data points to a circle.  



Design and Implementation of Circle Fitting on Largely Incomplete Circular Objects 

Sohran Eliassi  2017-03-15 

14 

 

Figure 5: A flowchart of the proposed implementations steps, for circle fitting. 

4.3.1 Acquire and convert image to grayscale 

When the camera and illumination source have been set up, the first step of the 

proposed algorithm steps is to acquire an image of the circular object of interest. 

In many applications, the acquired image is converted to grayscale, which could 

be a preprocessing step requirement, or because a gray scale image can be 

processed much quicker. For this application, the images must be converted to 

grayscale as it is a requirement for the extraction of data points.  

4.3.2 Extract data points, using Canny edge detection 

To extract data points corresponding to the object’s circular arc, a preprocessing 

method is needed. The preprocessing method proposed for data point extraction 

is the Canny edge detector [15] [16]. It is applied on a grayscale image and 

returns a binary image where pixel values of 255 (white pixels) correspond to 

edge points (data points) and pixel values of 0 (black pixels) correspond to 

background – no edge points. It can be applied to detect shapes (edges) in an 

image. For our application, we can implement it to detect an object’s circular arc, 

since the arc can be detected as a line (i.e. connected edge pixels) if there is a 

grayscale change (gradient) between the circular arc and the background. The 

detected edge pixels, corresponding to the circular arc will hold the data point 
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(𝑥𝑖, 𝑦𝑖) values of the circular arc where 𝑥𝑖 and 𝑦𝑖 are the column and row 

coordinate values of each edge pixel.  

      When applying a canny edge detector unwanted edge pixels could be detected 

as a result of noise or other details in the image that are not of interest. We refer 

to all unwanted edge pixels as noise. If possible, the canny edge detector should 

be applied to suppress noise. However, if the noise cannot be suppressed, there 

are several methods that can be applied to remove noise, e.g. morphological 

operations. For this application, methods that deal with noise removal will not be 

covered, since problem are not expected due to a proper experimental setup. 

4.3.3 Gather data points 

After extracting edges (data points) in an image, data points need to be gathered, 

via the use of arrays. This can be done by looping through the entire binary frame 

where each time an edge is located its coordinate values xi and yi are stored in 

two separate arrays. One array will hold xi- coordinate values, and the other yi- 

coordinate values. Hence, all data points (edges) coordinate values will be 

collected into the arrays.  

4.3.4 Fitting a circle to the data points, using Hyper fit 

When all data points have been gathered, a circle can be fitted by implementing 

a circle fitting algorithm. The circle fitting algorithm (method) proposed for this 

application is the Hyper fit method [8] developed by Al-Sharadqah and Chernov. 

One of the reasons this is the proposed method is that it is based on the authors’ 

experimental test results [1] [8], which were described in section 3.2.2–3.2.4. In 

this work, the aim is to fit accurate circles to short circular arcs in real-time. The 

experimental tests in [1] [8] demonstrate that the Hyper fit method is appropriate 

for circle fitting on short circular arcs and has the best overall performance of all 

algebraic and geometric methods. The authors note that their analysis allows the 

construction of “a new algebraic (non-iterative) circle fitting algorithm that 

outperforms all the existing methods, including the (previously regarded as 

unbeatable) geometric fit [8]”. They also observe that “The performance of 

iterative algorithms heavily depends on the choice of the initial guess. They often 

take dozens or hundreds of iterations to converge, and there is always a chance 

that they would be trapped in a local minimum of F or diverge entirely [8]”.  

      The Hyper fit algorithm is expected to be faster than a geometric fit. In 

Chapter 3 we mentioned that geometrical methods require more and lots of 

iteration to fit accurate circles to large circular objects. For this application, the 

short circular arcs intended to fit to circles have relatively large radiuses. Hence, 

based on the proposed camera resolution, a geometric algorithm is not expected 

to be able to fit accurate circles in real-time. Thus, implementing a non-iterative 

method seems more appropriate for real-time performance. Since the Hyper fit 

algorithm is stated to be the most accurate circle fitting algorithm and is expected 

to be relatively fast, Hyper fit is proposed for the implementation.  

4.4 Circle fit evaluation 

For the circular objects that we want to fit to circles, an evaluation of the accuracy 

of the fit circles is needed, as well as to check if the algorithm speed performance 

is greater than the input frame rate of the camera for real-time performance. The 

accuracy of the fit circles is evaluated by comparing their radiuses with the true 
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(known) radiuses of circular objects. The algorithm speed performance needs to 

be evaluated only when more data points are included in the circle fitting 

algorithm, for example when a higher camera resolution is used. Since the only 

camera used will be a 5-megapixel camera, and circles will be fitted to a constant 

set of data points, the algorithm speed performance will only need evaluation 

once. The algorithm speed performance can be examined by measuring the 

execution time of the algorithm. 

4.5 Hardware implementation 

For this work, an implementation on a standalone computer (laptop) is preferred, 

since the application does not require an implementation on a microcontroller or 

any other piece of hardware. An implementation on a microcontroller would 

normally be much more time-consuming. A standalone computer is easy to work 

with, powerful and flexible. Therefore, a standalone computer with the following 

specifications is proposed: 

• Processor: Intel I5-6200 2.3 GHz (2.8 GHz turbo) 

• Memory: 4GB DDR4 2133 MHz 

The clock frequency of the processor can be expected to have an impact on the 

algorithm speed performance. Hence, it is an important factor for real-time 

performance. For this application, the processor is expected to be able to achieve 

real-time performance using the proposed 5-megapixel camera.  

4.6 Algorithm implementation steps – coding language 

The Hyper fit algorithm, developed by Chernov, can be implemented both on 

Matlab [13] and C++ [14]. For this work, C++ is proposed rather than Matlab for 

educational purposes. The original algorithm [14] passes 6 known data point 

values using arrays, to a circle fitting class object that fits a circle to the data 

points. For this work, a modification of the algorithm is necessary, to be able to 

pass arrays that can hold any number of data points where the number of data 

points and their values will depend on the Canny edge detector. Therefore, the 

original algorithm will be modified [14] and the proposed algorithm 

implementation steps will be added (see section 4.3.1 – 4.3.3). The algorithm will 

be implemented using Microsoft Visual Studio and OpenCV version 2.4.13.  
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5 Implementation 
In this chapter, the proposed implementation will be implemented. First, the setup 

of the camera and illumination source will be presented, followed by the 

implementation of the algorithm implementation steps for circle fitting. The 

algorithm will be described with code implementation and explanation. Finally, 

an example of fitting a circle to one of the circular objects will be provided 

5.1 Camera and illumination source setup 

Figure 5 illustrates the camera and illumination source setup. The circular objects 

(printed arcs) have been placed on top of the illumination source since backlight 

illumination is used. The camera and illumination source have been set up so that 

the camera-to-object distance is approximately 33cm with a camera focal length 

of 16mm. A spirit level has been used to make sure that the camera is horizontally 

and vertically “perfectly” aligned to the illumination source (or circular objects). 

 

Figure 6: The camera and illumination source setup  

5.2 Algorithm implementation 

This section describes the algorithm implementation steps using lines of code 

(functions) with explanations of their function. Not all the lines of code for the 

whole algorithm will be explained, only those important for the understanding of 

the algorithm. The algorithm is written in C++.  

The complete circle fitting algorithm (code) can be found in the Appendix, or 

accessed at [18]. [18] explains how to implement the algorithm.  

5.2.1 Acquire images and convert to grayscale 

To access the camera and acquire frames, the camera identifier number (id) needs 

to be specified. An id number of 0 accesses the default camera. If the computer 

has an integrated webcam it will be the default camera. The laptop used has an 

integrated camera. To access the connected camera (i.e. the proposed camera), 
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id-number 1 is used. To access the camera, it could also be necessary to specify 

the camera resolution. If it is not specified, default settings will be used. However, 

some cameras require that you specify the camera resolution otherwise the 

program will fail and exit. If the camera resolution needs to be specified, it could 

be necessary to specify the frame rate of the camera. For our camera, we only 

need to specify the camera resolution. However, we set the frame rate to our 

proposed frame rate, i.e. 1 fps. The lines of code for accessing and specifying the 

camera resolution and frame rate are the following: 

VideoCapture cap(1);  // Open the camera, using id number 1   
if (!cap.isOpened())  // Check if camera is opened, if not- Exit program!   
return -1; 
 
// Specify camera resolution & frame rate 
cap.set(CV_CAP_PROP_FRAME_WIDTH, 2592);  
cap.set(CV_CAP_PROP_FRAME_HEIGHT, 1944);    
cap.set(CV_CAP_PROP_FPS, 1);  

According to the lines of code, the resolution corresponds to 5 megapixels which 

is the maximum resolution of the camera.  

      When the camera has been accessed, the next step is to capture a frame (i.e. 

an image) from the camera and convert it to grayscale. Since a continuous 

application is required, it is necessary to capture frames simultaneously. For this 

purpose, a while-loop that captures a frame has to be created. Doing so, the 

algorithm will capture frames simultaneously. The lines of code for capturing a 

frame and converting it to grayscale inside a while-loop, are: 

while (true)   
{   
  cap >> frame;  // capture a frame from the camera 
  cvtColor(frame, gray_frame, CV_BGR2GRAY); // convert frame to grayscale 
}   

The variables frame and gray_frame are declared Mat data types, i.e. matrixes 

(an image is a matrix data type). cap followed by double arrow operator (i.e. >>) 

captures a frame from the camera and stores it in the Mat variable frame. Next, 

the function cvtColor is used, as well as the argument CV_BGR2GRAY, to convert the 

frame to grayscale. The resulting grayscale frame is stored into the Mat variable 

gray_frame. Figure 7 shows an example of a captured frame of the circular object 

using the camera and illumination source setup. Figure 7 shows a grayscale frame 

as well, because the converted grayscale frame would in this case look identical 

to the colored frame.  

      Viewing the while-loop, we have a simultaneous process of capturing a frame 

and converting it to grayscale. The next step, following the algorithm 

implementation steps, is the preprocessing step (i.e. to perform Canny edge 

detection onto the grayscale frame). 



Design and Implementation of Circle Fitting on Largely Incomplete Circular Objects 

Sohran Eliassi  2017-03-15 

19 

 

Figure 7: A captured frame of one of the circular objects. It has a short outer and 

inner circular arc where the inner circular arc corresponds to a radius of 1.5 meter. 

The arc length, horizontally, is approximately 17 cm long and corresponds to a 

circular angle of 6.49° of a complete circle (360°).   

5.2.2 Extract data points, using Canny edge detection 

After capturing a frame of an object and converting it to grayscale, the next step 

is to extract the edges of the object to obtain the data points (𝑥𝑖, 𝑦𝑖) corresponding 

to the object’s circular arc. In Figure 7, we showed an example of a captured 

frame of one of our circular objects. To extract data points corresponding to the 

object’s circular arc, a Canny edge detector is applied. It defines consecutive 

pixels (column and row wise) as edges of the pixels have a grayscale difference 

(gradient). Since consecutive pixels in images usually have a slight, or great, 

grayscale difference, the Canny edge detector can define lots of pixels as edges. 

However, for practical purposes, there are two further processing steps to better 

define the edges. The first step (1) is called non-maximum suppression and the 

second step (2) hysteresis thresholding which uses a lower and upper gradient 

thresholding [15] [16]. For (1), non-maximum suppression, a kernel, i.e. filter, is 

applied onto edge pixels. The filter is usually a 3-by-3 kernel, which is a matrix 

of 9 pixels. What the non-maximum suppressor operator does is that it checks if 

the central pixel (i.e. an edge pixel) in that 3-by-3 matrix has a local maximum 

gradient compared to its horizontal and vertical neighboring pixels; if so it is 

treated as an edge, if not it is suppressed. The non-maximum suppressor ensures 

that only thin lines (i.e. connected edges with a width of 1 pixel) will remain. The 

other operator (2), hysteresis thresholding, decides if an edge or line (connected 

edge pixels) is strong or weak, which is determined by a lower and upper gradient 

thresholding. If connected edge pixels have a gradient above the upper threshold 

value they are defined as strong (clear or sharp) edges. However, if there are 
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connected edge pixels that have gradients between and above the lower and upper 

threshold values they are defined as weak edges (line). If the gradients are lower 

than the lower threshold value they will be suppressed, i.e. they will not be 

defined as edges. Connected edge pixels with gradients above the lower threshold 

value and below the upper threshold value will also be suppressed. For single 

edge points they will only remain edge points if their gradient values are larger 

than the upper threshold value.  

      As a conclusion, when applying a Canny edge detector, the number of 

detected edge pixels will depend on the defined lower and upper threshold values 

and the kernel size. For this application, the threshold values should be selected 

to enable the detection of the object’s circular arc (see Figure 7) as a line, and to 

suppress the noise in the images (noise level in the frames can be detected as 

edges if the threshold values are too low). The line of code used to apply a Canny 

edge detector onto a grayscale frame is the following: 

Canny(gray_frame, binary_frame, 100, 150, 3); // Perform Canny edge detection 

The function Canny takes five arguments. The first argument is the grayscale 

frame, gray_frame, which we want to perform edge detection on. The second 

argument is the binary destination (resulting) frame, binary_frame. The third and 

fourth parameters are respectively the hysteresis lower and upper threshold 

values. The fifth and last parameter is the kernel size, i.e. the filter that is applied 

for non-maximum suppression.    

      An example of the application of the Canny edge detector on our grayscale 

frame is found in Figure 7 below. When the canny edge detector is applied with 

the above argument values in the line of code, the result is the binary frame shown 

in Figure 8. 
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Figure 8: The binary frame obtained from the grayscale frame (see Figure 7) 

following the Canny edge detection. The white lines are detected connected edge 

pixels that correspond to the inner and outer circular arc of the object. 

Figure 8 shows that the canny edge detector returns a binary frame of detected 

and connected edge pixels that correspond to the inner and outer circular arc of 

the object.  

5.2.3 Gathering data points 

The circular arcs that are to be fitted to circles have both an inner and outer 

circular arc (see Figure 8). For each circular object, both the inner and outer 

circular arc will be detected as a curve of connected edge pixels. For simplicity, 

circles will only be fitted to the object’s inner circular arc. Hence, an approach is 

needed that excludes the data points of the outer circular arc. The outer circular 

arc can be excluded, only taking the inner circular arc into account, by gathering 

edge points (data points) that correspond to the inner circular arc. This can be 

achieved by looping through the entire binary frame, gathering the last detected 

edge of each row into two separate arrays (vectors). The column of each edge 

(i.e. 𝑥𝑖- coordinate) value can be gathered in one array, and its row (i.e. 𝑦𝑖- 

coordinate) value in a second array. This way, only the edges (data points) that 

correspond to the inner circular arc will be gathered. After successfully gathering 

all data points, a circle can be fitted by passing the arrays (i.e. data points) as 

arguments to the circle fitting algorithm. The lines of code used to loop through 

a frame to gather data points are: 
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// Search for edges (data points) within the defined area of the binary frame 

// Store first & last edge´s 𝑥𝑖-coordinate value 
for (int x = xArea1; x <= xArea2; x++)   
{   
   for (int y = yArea1; y <= yArea2; y++)   
   {   
     if (edges.at<uchar>(y, x) == 255)  // Check if pixel is an edge 
     {   
       if (check==true) //A flag to store the first edge´s 𝑥𝑖- coordinate value 
       {         
         FirstDataPoint = x; 
         check = false;   
       }   
       LastDataPoint = x;  // Stores the last edge´s 𝑥𝑖- coordinate value  
     }   
   }   
} 
check = true; // Set check back to true 
NrOfPoints = LastDataPoint - FirstDataPoint + 1; // Store number of data points 

// Allocate memory for arrays that will store data points coordinate values 

// Allocated memory size depends on the number of data points (NrOfPoints) 

XiData = new reals[NrOfPoints]; 
YiData = new reals[NrOfPoints]; 

// Search again for edges (data points) within defined area of the binary frame 

// This time, Store all edges (data points) coordinate values into the allocated arrays 

for (int x = xArea1; x <= xArea2; x++)   
{   
   for (int y = yArea1; y <= yArea2; y++)   
   {   
     if (edges.at<uchar>(y, x) == 255)  // Check if pixel is an edge (data point) 
     {   
       XiData[x - FirstDataPoint] = x;  // Array storing 𝑥𝑖- coordinate values   
       YiData[x - FirstDataPoint] = y;  // Array storing 𝑦𝑖- coordinate values 
     }   
   }   
} 
 

In the for loops, integer variables xArea1, xArea2, yArea1 and yArea2 have been 

integrated to define a specific area of the binary frame where edges are searched 

for. The area selected can be the whole frame size or a fraction of the frame. For 

this application, a complete frame is searched through. However, variables have 

been implemented to enable searching through a fraction of a complete frame, if 

desired.  

      As demonstrated by the lines of code, there are two processes used to search 

for edges in the binary frame. In the first process, the first and last 𝑥𝑖- coordinate 

values of the edges are stored in integer variables FirstDataPoint and 

LastDataPoint. This is to find out how many data points there are in the frame by 

subtracting LastDataPoint from FirstDataPoint and then add 1 to the subtraction. 

The number of data points is stored in the integer variable NrOfPoints. The number 

of data points indicate how many data points that lie on the circular object’s arc. 

The reason for this is that it is a requirement of the circle fitting algorithm (Hyper 

fit) as an argument. 
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      In the second process, memory is allocated for two arrays which are used to 

store the data points coordinate values. The size of the allocated memory depends 

on the number of data points, which makes it more memory efficient in cases 

where there are fewer data points. If allocated memory is not used, the two arrays 

have to be defined using a specific size that cannot be changed during the 

application runtime. The reason allocated memory is used is because it means the 

arrays can be deleted when they are no longer needed. The allocated arrays should 

be deleted following when the arrays (data points) have been passed to the circle 

fitting algorithm. This frees the memory block that holds the data point values, 

which makes the application more memory efficient. When memory has been 

allocated for the two arrays, the binary frame is once again searched through. The 

data points 𝑥𝑖- and 𝑦𝑖- coordinate values are stored in the arrays XiData and 
YiData.  

5.2.4 Fitting a circle to the data points using Hyper fit 

To fit a circle to the allocated data points using Hyper fit, three arguments have 

to be passed to the circle fitting algorithm, i.e. the number of data points and all 

points 𝑥𝑖- and 𝑦𝑖- coordinate values. This means “telling” the algorithm how 

many number of data points will be passed, in addition to all points coordinate 

values. The following lines of code perform the circle fitting: 

// Pass allocated data points and NrOfPoints to the class object “data1” 

// Fit a circle to the data points 

// The object “FitCircle” have member variables holding the fit circle´s parameters 
Data data1(NrOfPoints, XiData, YiData);  
Circle FitCircle;   
FitCircle = CircleFitByHyper(data1); 

A simple explanation of the lines of code is that the circle fitting algorithm fits a 

circle to the data points that have been passed to it. The parameters of the fitted 

circle are copied to the object FitCircle. This object has member variables a, b 

and r that hold information about the center point (a, b) and radius (r) of the 

fitted circle. To view the parameter values of the fitted circle, the values can be 

stored into a file or simply printed out on the screen using the following lines of 

code: 

cout << "Center point (" << circles.a << "," << circles.b << ")" << endl; 
cout << "Radius " << circles.r << endl;   
cout << "Sigma " << circles.s << endl;  

The dot operator (.) in C++ is a way of accessing the member variable of an 

object.  

      For this application, to make it more user-friendly, we print the radius values 

of the fitted circle onto the original, colored, frames. The radius value is stated 

both in number of pixels and on a meter scale for real-world perception. A class 

has also been added including a method, i.e. a function, that calculates the arc’s 

yi- coordinate values of the fitted circle and prints them onto the original captured 

frames. The arc of the fitted circle is defined by a color, i.e. green, which 

facilitates observing how well the circle fitting algorithm fits a circle to the 

objects. Figure 11 in Appendix A shows an example where a circle has been fitted 

to one of the circular objects. Figure 11 shows both the arc and radius value of 

fitted circle. 
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5.3 Circle fitting evaluation 

Once a successful circle fitting algorithm has been developed, an analysis of its 

accuracy is needed. For this application, the main goal is to evaluate the shortest 

circular arc (i.e. the shortest circular angle) that can be fitted with an accuracy of 

at least 98%. In Chapter 4, we described fitting circles to short circular arcs with 

radiuses of 1.5, 2, 3, 4 and 5 meters. Capturing frames of these circular arcs using 

the camera and illumination source setup, the length of each circular object’s arc 

will cover the whole frame horizontally with an approximate constant arc length 

of 17 cm. What angle the arc length will correspond to can be calculated for each 

circular arc using the following equation: 

 
α =  

arc length (m)

circumference (m)
∙ 360 =  

0.17 

2πr
∙ 360  

 

(13) 

where 𝑟 is the corresponding radius of the circular arcs and 𝛼 is the calculated 

angle. Table 1 shows the corresponding angles. 

Table 1: Angle correspondence of an approximate constant arc length, for 

various circle sizes (radiuses) 

Arc length  

(m) 

The arcs known radius 

(m) 

The arc length’s 

corresponding angle α 

 (°) 

0.17 m 1.5 m 6.49° 

0.17 m 2.0 m 4.87° 

0.17 m 3.0 m 3.25° 

0.17 m 4.0 m 2.44° 

0.17 m 5.0 m 1.95° 

 

Table 1 shows that the various circular arcs to be fitted to a circle have very small 

corresponding angles compared to a complete circle (α = 360°). Chapter 6 will 

present the accuracy of the circle fitting algorithm. The accuracy of the fit circles 

will be evaluated by comparing their radiuses with the known radiuses of the 

circular arcs. Arcs fitted with an accuracy of approximately 98% (i.e. the 

minimum accuracy requirement for accurate circle fitting) determine the shortest 

possible angle that can be accurately fitted.  
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6 Results 
This chapter presents results related to the circle fitting evaluation. Table 2, 3 and 

4 present the circle fitting accuracy of the Hyper fit after fitting circles to a short 

approximate “constant” circular arc length of 17 cm for arcs with radiuses of 1.5, 

2, 3, 4 and 5 meters. Table 2, 3 and 4 show the accuracy of the fit circle when 

each of the circular arcs have been placed in middle, top and bottom of the images 

(see Figure 12). Each of the circular arcs have been placed in the three positions 

in the images to see if it changes the fit circle’s radius or accuracy. In theory, the 

radius or accuracy should not change since the algorithm is invariant under 

translation and rotation of a circular object. The results are discussed in Chapter 

7.  

6.1 Placing the arc of the circular objects in middle of the 
image 

Table 2: Result of the Hyper fit’s circle fitting accuracy when applied to a short 

approximate constant arc length for circular arcs with various radiuses 

 

Arc 

length  

(m) 

 

 

Known radius  

(m) 

The arc 

length’s 

corresponding 

angle α 

 (°) 

 

Radius of the 

fit circle 

(m) 

 

Circle fit  

accuracy  

 (%) 

0.17 1.5 6.49° 1.504 99.73 

0.17 2.0 4.87° 2.011 99.45 

0.17 3.0 3.25° 3.033 98.90 

0.17 4.0 2.44° 4.059 98.50 

0.17 5.0 1.95° 5.10 98.00 
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6.2 Placing the arc of the circular objects at the top of the 
image 

Table 3: Result of the Hyper fit’s circle fitting accuracy when applied to a short 

approximate constant arc length for circular arcs with various radiuses 

 

Arc 

length  

(m) 

 

 

Known radius  

(m) 

The arc 

length’s 

corresponding 

angle α 

 (°) 

 

Radius of the 

fit circle  

(m) 

 

Circle fit  

accuracy  

 (%) 

0.17 1.5 6.49° 1.385 92.33 

0.17 2.0 4.87° 1.806 90.30 

0.17 3.0 3.25° 2.587 86.23 

0.17 4.0 2.44° 3.268 81.70 

0.17 5.0 1.95° 3.887 77.74 

 

6.3 Circular objects arc placed at bottom of the image 

Table 4: Result of the Hyper fit’s circle fitting accuracy when applied to a short 

approximate constant arc length for circular arcs with various radiuses 

 

Arc 

length  

(m) 

 

 

Known radius  

(m) 

The arc 

length’s 

corresponding 

angle α 

 (°) 

 

Radius of the 

fit circle  

(m) 

 

Circle fit  

accuracy  

 (%) 

0.17 1.5 6.49° 1.593 93.80 

0.17 2.0 4.87° 2.204 89.80 

0.17 3.0 3.25° 3.423 85.90 

0.17 4.0 2.44° 4.706 82.35 

0.17 5.0 1.95° 6.130 77.40 
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6.4 Plotted circle fitting accuracy of table 2, 3 and 4 

 

Figure 9: A plot of the circle fitting accuracy of Table 2, 3 and 4. The plot shows 

the fit circle’s accuracy when the arcs have been placed in the middle, at the top 

and bottom of the images. The x-axis shows the circular arcs’ corresponding 

angles of a complete circle (360°). The y-axis shows the accuracy.  

The plot in Figure 9 indicates that the circle fitting accuracy remains relatively 

high when the circular arcs have been placed in middle of the images, whereas 

the accuracy drops significantly when the arcs have been placed at the top or 

bottom of the images.  

6.5 Algorithm speed performance 

 

Figure 10: Examples of the algorithm execution time.  

The average execution time of the algorithm is 0.31s, which corresponds to 3.2 

fps.  
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7 Conclusion and discussion 
Table 2, 3, and 4, as well as the plot in Figure 9, show that the accuracy of the 

fitting circles dropped significantly when the arcs were placed at the top or 

bottom in the images. But when placed in the center (see Table 2), the accuracy 

was and remained high. The reason the fit circle’s accuracy was low when we 

moved the objects to the top and bottom in the images was because of perspective 

distortion from the lens of the camera. As demonstrated, the radius of the fitted 

circle decreased when the objects were placed at the top of the images, whereas 

it increased when the objects were placed at the bottom of the images. Placed in 

the middle of the images the accuracy was the highest, and remained high for the 

various arcs, which indicates that the least distortion was in middle of the image. 

The changes in the radius of the fitted circle when moving the objects to the top 

or bottom of the images indicate that there was barrel distortion in the images, 

which is a type of perspective distortion. Perspective distortion is a common 

problem in images. The level of perspective distortion depends on the quality of 

the lens. It can be reduced by a camera calibration approach. Due to the time 

scope of this work, camera calibration as a way to reduce perspective distortion 

has not been covered. 

      Looking at Table 2 where the objects were placed in the middle of the images 

with very low perspective distortion, we can see that the circle fitting algorithm 

manages to accurately fit circles to short circular arcs with very low 

corresponding angles. Based on the camera type used, an accurate circle fit of 

98% can be achieved on a short circular arc with a corresponding angle of 1.95°. 

Hence, the shortest circular angle that we can accurately fit, with an accuracy of 

98%, is 1.95°. This angle corresponds to 0.54% of a complete circle’s 

circumference. Thus, based on the circle fitting evaluation, 0.54% of a complete 

circle’s circumference is enough to be able to fit a circle with an accuracy of 

98 %.  

      The concrete goals have been reached, including the main goal to determine 

the shortest possible arc, or circular angle, that can be fitted to a circle, with an 

accuracy of 98%. Moreover, the algorithm achieved the real-time requirement 

since the algorithm speed performance, 3.2 fps, was greater than our camera 

frame rate of 1 fps. 
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8 The research result impacts  
This chapter describes what type of impacts the results of this work may have on 

the research area, society and ethical aspects.  

8.1 Impact on the research area 

In this work, we have not found any related work focusing on experimental tests, 

using a practical setup with a camera, to investigate the shortest circular arc, i.e. 

shortest angle, that can be fit to a circle, with a proposed accuracy, for example 

98%. Our experiments have shown that is possible to fit an accurate circle, with 

an accuracy of 98%, to a largely incomplete circular arc corresponding to 1.95° 

degree of a complete circle. Hence, this work shows that it is 

experimentally/practically possible to fit accurate circles to largely incomplete 

circular arcs. 

8.2 Impact on society 

The results of this work may benefit companies interested in fitting accurate 

circles to largely incomplete circular arcs. The results might have positive 

impacts on the overall society if it contributes within the medical industry., or 

perhaps other industries.  

8.3 Impact on ethical aspects 

We don’t believe that the results of this work have any significant impacts on 

ethical aspects. 
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9 Future work 
Camera calibration to reduce perspective distortion is suggested as future work. 

Since the camera suffered from perspective distortion, it could be impractical. 

The distortion has less impact when fitting circles to circular arcs having larger 

corresponding angles of a complete circle, e.g. an angle of 45 degree or larger. 

However, for angles below 45 degrees and downwards, the application becomes 

more impractical due to perspective distortion. Hence, reducing distortion could 

be crucial as a future work to make this application useful in the industry when 

fitting circles to largely incomplete circular arcs corresponding to low degrees.  
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Appendix A: A circle fitting example 
 

 

 

 

 

Figure 11: An example showing fitting a circle to one of the circular arcs. The 

green curve is the fit circle’s printed arc and indicates how well the fit circle has 

been fitted to the object’s inner circular arc. The arc length is approximately 17cm 

long. The fit circle’s real-world radius is shown at the top-left corner of the frame. 

The true (known) radius of the inner circular arc is 3 meters.  
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Figure 12: An example demonstrating placing an object at the top, in the middle 

and at the bottom of an image.  
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Appendix B: Documentation of the 
developed algorithm code 
In Appendix B, the code files (header and C++ source files) revised or developed 

for the application were presented. Header and C++ source files that belong to 

the original circle fitting algorithm that have not been changed or revised are not 

covered in the Appendix. They can be accessed at [14] or [18]. [18] is a link to 

the revised algorithm, it includes all the necessary code files. [18] explains how 

to implement the algorithm to execute the application.  

Source.cpp 

1. /*/////////////////////////////////////////////////////////////////////////////////////////////////////////////////////  

2. This is a revised circle fitting algorithm of the original algorithm, by Nikolai Chernov  

3.   

4. It is an algebraic fit, based on the journal article:  

5.   

6. A. Al-Sharadqah and N. Chernov, "Error analysis for circle fitting algorithms",  

7. Electronic Journal of Statistics, Vol. 3, pages 886-911, (2009)  

8.  

9. The original algorithm fits a circle to a given (known) set of data points (in 2D).   

10. In contribution to the original algorithm, we have added functions for  

11. circle fitting on circular objects, in live-stream 2D-images.  

12.   

13. THE REVISED ALGORITHM HAS THE FOLLOWING IMPLEMENTATION STEPS  

14. Image acquisition-> Data points extraction, using Canny edge detection-> Gathering of data points, using arrays  

15. -> Circle fitting onto data points-> Printing of the fit circles arc and radius information, onto captured frames  

16.   

17. IMPORTANT INFORMATION AND NOTES ABOUT OUR ADDED FUNCTIONS (ALGORITHM STEPS):  

18.   

19. * Live-stream image acquisition, for imaging of a circular object  

20.   

21. * Canny edge detection- to extract edges (data points) of a circular objects arc.  

22.   x-coordinate of data points are stored in "XiData" (allocated array)  

23.   y-coordinate of data points are stored in "YiData" (allocated array)  

24.   The number of data points extracted, is stored in "NrOfPoints" (an integer)  

25.   

26.   The three variables "XiData", "YiData" and "NrOfPoints" are sent as arguments  

27.   to the circle fitting algorithm, by Nikolai Chernov, which fits a circle to the data points.  

28.   The fit circles parameters can be accessed by the class object FitCircle, where:  

29.   

30.     FitCircle.a - gives the "X-coordinate" of the fit circles center  

31.     FitCircle.b - gives the "Y-coordinate" of the fit circles center  

32.     FitCircle.r - gives the "radius" of the fit circle  

33.     FitCircle.s - gives the "the root mean square error" (the estimate of sigma)  

34.     FitCircle.j - gives the total number of "iterations"  

35.   

36. * Printing of the fit circles arc onto captured colored frames-> indicates visually how well the fit circle is.   

37.   Further, the fit circles radius is also printed onto the frames.  

38.   The radius is given both in number of pixels and real-word value.  

39.   For real-world radius, user has to estimate the pixel size (in mm) and store it into the variable PixelSizeInMilimeter  

40.   

41. Original algorithm by Nikolai Chernov (September 2012)  

42. Revised by Sohran Eliassi (December 2016)  

43.   

44. /////////////////////////////////////////////////////////////////////////////////////////////////////////////////////*/   

45.    

46. //-----------------------------------------------APPLICATION STARTS HERE-----------------------------------------------   

47.    

48. // INCLUDE HEADERFILES   



Design and Implementation of Circle Fitting on Largely Incomplete Circular Objects 

Sohran Eliassi  2017-03-15 

36 

49. #include <opencv2/highgui/highgui.hpp>   

50. #include <opencv2/imgproc/imgproc.hpp>   

51. #include <iostream>   

52. #include <fstream>   

53. #include <time.h>   

54.    

55. #include "mystuff.h"   

56. #include "data.h"   

57. #include "circle.h"   

58. #include "Utilities.cpp"   

59. #include "CircleFitByHyper.cpp"   

60. #include "PrintFitCirclesArc.h"   

61. #include "PrintFitCirclesArc.cpp"   

62.    

63. using namespace cv;   

64. using namespace std;   

65.    

66.    

67. //--------------------------------------------------PROGRAM STARTS HERE-------------------------------------------------

-   

68. int main()   

69. {   

70.     // create a file-stream object   

71.     ofstream myfile1, myfile2;   

72.    

73.     // Access camera and set frame resolution and frame rate   

74.     VideoCapture cap(0); // open the camera, using id 1   

75.     if (!cap.isOpened())  // check if camera is opened, if not- Exit program!   

76.         return -1;   

77.     cap.set(CV_CAP_PROP_FRAME_WIDTH, 1280);   

78.     cap.set(CV_CAP_PROP_FRAME_HEIGHT, 720);   

79.     cap.set(CV_CAP_PROP_FPS, 1); // NOTE: might not have effect on some cameras!   

80.    

81.     //Used for resizing (downscaling) of the output frame to be displayed   

82.     //Downscale to atleast screen size when output frame size (camera resolution) is larger than screen size   

83.     Size size(1280, 720);   

84.    

85.     //Matrix, for storing the resized output frame   

86.     Mat dst;//dst image   

87.    

88.     // Matrix, for storing the incoming frames from the camera   

89.     Mat frame;   

90.    

91.     // Matrix, for storing the binary frame (i.e. the resulting frame after applying canny edge detector)   

92.     Mat edges;   

93.    

94.     // The location to store the binary frame    

95.     string EdgeLocation = "C:/Users/Sohran/Downloads/Edges.jpg";   

96.    

97.     // The location to store the output frame    

98.     string OutputFrameLocation = "C:/Users/Sohran/Downloads/OutputFrame.jpg";   

99.    

100.     //Variables for defining the area of the binary frame to search for edges (data points)   

101.     unsigned short int xArea1 = 0;   

102.     unsigned short int xArea2 = 1279;   

103.     unsigned short int yArea1 = 0;   

104.     unsigned short int yArea2 = 719;   

105.    

106.     // flag for detecting the first data points xi- coordinate value   

107.     bool check = true;   

108.    

109.     // variables for storing the first & last data points xi- coordinate value   

110.     unsigned short int FirstDataPoint, LastDataPoint = 0;   

111.    

112.     // varable for storing the number of data points   
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113.     unsigned short int NrOfPoints = 0;   

114.    

115.     //Pointers to point to allocated memory, holding the data points (xi,yi) coordinate values   

116.     reals *XiData, *YiData = NULL;   

117.    

118.     // Create an object of the circle fitting class   

119.     // This object will have member variables holding the fit circles parameters   

120.     Circle FitCircle;   

121.    

122.     // size of an pixel, in milimeter-scale   

123.     // used for converting the fit circles radius to real-world value in meter-scale   

124.     const double PixelSizeInMilimeter = 0.09316770186;   

125.    

126.     // variable used for storing the fit circles radius in meter-scale   

127.     double RadiusMeter = 0;   

128.    

129.     // The file name of the files that will hold radius and time information   

130.     myfile1.open("Radius.txt");   

131.     myfile2.open("Radius&Time.txt");   

132.    

133.     // create an object of the class PrintFitCirclesArc   

134.     PrintFitCirclesArc PrintFitCirclesArcOnFrame;   

135.    

136.     //Nr of decimal digits to output when cout is called   

137.     cout.precision(4);   

138.    

139.     //---------------------------------SIMULTANEOUS CIRCLE FITTING PROCESS STARTS HERE---------------------------------

-   

140.     while (true)   

141.     {   

142.         clock_t tStart = clock();                    // Start time - used for calculating the algorithm execution time   

143.    

144.         cap >> frame;                                // Capture a frame from camera   

145.         //cv::flip(frame, frame, 0);                 // Un-comment if input frame needs to flipped   

146.         cvtColor(frame, edges, CV_BGR2GRAY);         // convert frame to grayscale   

147.         GaussianBlur(edges,edges,Size(7, 7),1.5,1.5);// Blurr frame to reduce noise   

148.         Canny(edges, edges, 100, 150, 3);            // Perform canny edge detection   

149.         imwrite(EdgeLocation, edges);                // Save resulting (binary) frame to hard drive   

150.    

151.         //Search for edges (data points) within the defined area of the binary frame   

152.         //Store first & last edgeÂ´s (data pointÂ´s) x[i]- coordinate value   

153.         for (int x = xArea1; x <= xArea2; x++)   

154.         {   

155.             for (int y = yArea1; y <= yArea2; y++)   

156.             {   

157.                 if (edges.at<uchar>(y, x) == 255)    // check if pixel is an edge (data point)   

158.                 {   

159.                     if (check == true)   

160.                     {   

161.                         FirstDataPoint = x;          // Store first data pointÂ´s x[i]- coordinate value   

162.                         check = false;   

163.                     }   

164.                     LastDataPoint = x;               // Store last data pointÂ´s x[i]- coordinate value   

165.                 }   

166.             }   

167.         }   

168.         check = true;                                // set check back to true, necessary for next processed frame   

169.    

170.         NrOfPoints = LastDataPoint-FirstDataPoint+1; //Store the number of data points   

171.            

172.         //Allocate memory for arrays that will store data points coordinate values   

173.         //Allocated memory size depends on the number of data points (NrOfPoints)   

174.         XiData = new reals[NrOfPoints];   

175.         YiData = new reals[NrOfPoints];   

176.    
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177.         //Search again for edges (data points) within defined area of the binary frame   

178.         //This time, store all edges (data points) coordinate values into the allocated arrays   

179.         for (int x = xArea1; x <= xArea2; x++)   

180.         {   

181.             for (int y = yArea1; y <= yArea2; y++)   

182.             {   

183.                 if (edges.at<uchar>(y, x) == 255) // check if pixel is an edge (data point)   

184.                 {   

185.                     XiData[x - FirstDataPoint] = x; // Array storing x[i]- coordinate values   

186.                     YiData[x - FirstDataPoint] = y; // Array storing y[i]- coordinate values   

187.                 }   

188.             }   

189.         }   

190.    

191.         //Pass arrays (data points) and NrOfPoints as argument to the class object "data1" (runs a constructor)   

192.         //Fit a circle to the data points   

193.         //The class object "FitCircle" have member variables holding the fit circles parameters   

194.         Data data1(NrOfPoints, XiData, YiData);    

195.         FitCircle = CircleFitByHyper(data1);    

196.    

197.         //Delete allocated arrays (data points) - not needed anymore -> more memory efficient   

198.         delete XiData;   

199.         delete YiData;   

200.    

201.         //Convert the fit circleÂ´s radius from number of pixels to meter-scale   

202.         RadiusMeter = ((PixelSizeInMilimeter * FitCircle.r) / 1000);   

203.            

204.         // Print the fit circleÂ´s arc onto the original (colored) frame   

205.         PrintFitCirclesArcOnFrame.PrintArc(FitCircle.a, FitCircle.b, FitCircle.r, frame);   

206.    

207.         //Print the radius information (number of pixels and meter-scale) onto the original (colored) frame   

208.         ostringstream strs1;   

209.         ostringstream strs3;   

210.         ostringstream strs5;   

211.         strs1 << "Radius px = " << FitCircle.r;   

212.         strs3 << "Radius meter = " << RadiusMeter;   

213.         string str1 = strs1.str();   

214.         string str3 = strs3.str();   

215.         putText(frame, str1, cvPoint(10, 20),   

216.             FONT_HERSHEY_COMPLEX_SMALL, 1.3, cvScalar(0, 0, 255), 1, CV_AA);   

217.         putText(frame, str3, cvPoint(10, 50),   

218.             FONT_HERSHEY_COMPLEX_SMALL, 1.3, cvScalar(0, 0, 255), 1, CV_AA);   

219.    

220.         // Save output frame to hard drive   

221.         imwrite(OutputFrameLocation, frame);   

222.    

223.         // Resize output frame and display it   

224.         resize(frame, dst, size);//resize image   

225.         imshow("object", dst);   

226.         waitKey(1);   

227.    

228.         // Output the algorithm execution time   

229.         cout << "Algorithm speed: "<<  (double)(clock() - tStart) / CLOCKS_PER_SEC << endl;   

230.     }   

231. }   
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PrintFitCirclesArc.cpp 

1. #include "PrintFitCirclesArc.h"   

2.    

3. // A function for computing a fit circle´s arc y-coordinate values   

4. // Print the fit circle´s arc onto an original (colored) frame   

5. void PrintFitCirclesArc::PrintArc(double ¢erX, double ¢erY, double &Radius, Mat &frame)   

6. {   

7.     int *yData = new int[frame.cols + 1];   

8.     for (int i = 0; i <= frame.cols; i++)   

9.     {   

10.         // Calculate & store the fit circle´s arc y- coordinate values   

11.         yData[i] = (centerY - double(sqrt(((Radius)*(Radius)) - ((centerX - i)*(centerX - i))))) + 0.5;   

12.    

13.         //Print the fit circle´s arc onto the original (colored) frame   

14.         if (((i >= 0) && (i <= frame.cols)) && (((yData[i]) >= 0) && ((yData[i]) <= frame.rows)))   

15.         {   

16.             //Use GREEN COLOR for the fit circle´s arc   

17.             frame.at<Vec3b>((yData[i]), i)[0] = 0;   

18.             frame.at<Vec3b>((yData[i]), i)[1] = 255;   

19.             frame.at<Vec3b>((yData[i]), i)[2] = 0;   

20.         }   

21.     }   

22.     delete yData;   

23. }   

PrintFitCirclesArc.h 

1. // Create a class function for computing a fit circle´s arc y-coordinate values   
2. // Print the fit circle´s arc onto an original (colored) frame   
3.    
4. #pragma once   
5. #ifndef PRINTFITCIRCLESARC_H   
6. #define PRINTFITCIRCLESARC_H   
7. #endif;   
8.    
9. #include <opencv2/highgui/highgui.hpp>   
10.    
11. using namespace cv;   
12.    
13. class PrintFitCirclesArc   
14. {   
15. public:   
16.     void PrintArc(double ¢erX, double ¢erY, double &Radius, Mat &frame);   
17. };   

 

 

 

 


