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Homogenization Results for Parabolic and
Hyperbolic-Parabolic Problems and Further
Results on Homogenization in Perforated

Domains

Tatiana Lobkova
Department of Quality Technology and Management,

Mechanical Engineering and Mathematics
Mid Sweden University, SE-831 25 Östersund, Sweden

Abstract

This thesis is based on four papers. The main focus is on homogeniza-
tion of selected parabolic problems with time oscillations, and hyperbolic-
parabolic problems without time oscillations. The approaches are pre-
pared by means of certain methods, such as two-scale convergence, multi-
scale convergence and evolution multiscale convergence. We also discuss
further results on homogenization of evolution problems in perforated do-
mains.

vii





Acknowledgements

First of all, I would like to thank my main supervisor Anders Holmbom. I
appreciate the time, ideas and stimulating discussions he has contributed. His
enthusiasm for mathematics was very motivational and contagious. He was
always available to give me advice. I cannot imagine a better supervisor.
I am greatly indebted to my assistant supervisors Lotta Flodén and Marianne

Olsson Lindberg for their insightful comments and valuable suggestions on the
preliminary version of this thesis. Their support and academic input were deeply
appreciated. Thanks also to Erika Schagatay for valuable advice. I would also
like to thank Pernilla Jonasson for the collaboration.
I would like to express my appreciation to Mårten Gulliksson and Ye Zhang

at Örebro University for their valuable collaboration on the numerical experi-
ments.
Thanks to the wonderful staff in the Q-building at campus Östersund for

always being very friendly and helpful.
I owe a lot to my parents. Both of them have given me a good foundation

and many valuable qualities. Of course, I also want to thank my in-laws Eva
and Kjell for being a source of emotional support and for all practical help.
It is really wonderful to have family close by. A special thanks goes to Anna
Holmstedt for her friendship and being there to listen when I really needed
someone to talk to.
Finally, I would like to thank my family; Mats-Erik who has been a source

of strength and inspiration through all these years. Thank you for everything.
Please hold my hand forever.
And my beloved son Michail for being such a good child, always cheering me

up. Thank you with all my heart.

Tatiana Lobkova.

Östersund, May 2017.

ix





Notation

The following symbols and sets are used in the thesis.
X : Any linear space.
X ′ : The dual space of X.
‖u‖X : The norm of u ∈ X, when X is a normed space.
{ε} : A sequence {ε (h)} such that ε = ε (h)→ 0 as h →∞.{
uh
}

: A sequence of functions uh.
uh → u :

{
uh
}
converges strongly to u.

uh ⇀ u :
{
uh
}
converges weakly to u.

Ω : Open bounded subset of RN with a smooth boundary.
∂Ω : The boundary of Ω.
ΩT : The set Ω× (0, T ).
Ωε : A domain with small identical holes situated periodically with period ε
in Ω.
Y : The unit cube (0, 1)N .
Y ∗ : An open subset of Y.
E](Y

∗) : The Y ∗-periodic extension of Y ∗ infinitely along all principal
directions of RN .
S : The interval (0, 1).
Yn,m : The set Y n × Sm.

Below is a list of function spaces.
G(A) : A space of real valued functions defined on A.
G(A)/R : The space

{
u ∈ G(A)

∣∣∫
A
u(y)dy = 0

}
.

D(Ω) : The space of C∞(Ω)-functions with compact support in Ω.
C∞] (Y ) : The space of Y -periodic functions in C∞(RN ).

H1
] (Y ) : The closure of C∞] (Y ) with respect to the H1(Y )-norm.

C∞] (Y ∗) : C∞(E](Y
∗))-functions that are periodic with respect to Y ∗.

D](Y
∗) : The functions in C∞] (Y ∗) with support contained in E](Y ∗).

H1
] (Y ∗) : H1

loc(E](Y
∗))-functions that are periodic with respect to Y ∗.

Lp(a, b;G(A)) : The space
{
u : (a, b)→ G(A) |

∫ b
a
‖u‖pG(A) dt <∞

}
.

L∞(a, b;G(A)) : The space

{
u : (a, b)→ G(A) | ess sup

t∈(a,b)

‖u‖G(A) <∞
}
.

D(B;G(A)) : The space of infinitely differentiable functions {u | u : B → G(A)}
with compact support in B.
W 1

2 (0, T ;H1
0 (Ω), L2(Ω)) : The space

{
u |u ∈ L2(0, T ;H1

0 (Ω))

and ∂tu ∈ L2(0, T ;H−1(Ω))
}
with the norm

‖u‖W 1
2 (0,T ;H1

0 (Ω),L2(Ω)) = ‖u‖L2(0,T ;H1
0 (Ω)) + ‖∂tu‖L2(0,T ;H−1(Ω))
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1 Introduction

In some fields like mechanics and physics, media with rapidly oscillating spatial
characteristics appears. It is central to distinguish between the two main types
of such media:

1. Composite materials, where various physical mechanisms are described by
partial differential equations with highly oscillating coeffi cients in space.

2. Perforated media, where the same type of mechanisms are described by
boundary value problems in domains with problematic geometry.

These types of media have effective properties and the aim of homogenization
theory is to find these characteristics and construct a homogenized model. It is
diffi cult to solve the kind of problems mentioned in 1 and 2 above analytically
or numerically. That is why homogenization is an appropriate tool for studying
composite materials. Using a certain type of microscopic description as starting
point, we go on and seek a macroscopic or effective model of the problem.

ε

Material 2
Material 1

?

Figure 1. Will mixing the materials, i.e. letting ε→ 0,

lead to a stabilization of properties?

1.1 Homogenization background

To illustrate the ideas of homogenization theory we will begin by discussing an
example. We consider the following model problem of conductivity:

−∇ ·
(
A
(
x
ε

)
∇uε (x)

)
= f(x) in Ω,

uε (x) = 0 on ∂Ω.
(1)

Here, Ω is a domain with periodic heterogeneities of length-scale ε and A(y) is a
heat conductivity matrix that is periodic with period Y = (0, 1)N , which means
that A

(
x
ε

)
, x ∈ Ω, is periodic with period (0, ε)N . By f we denote the source

term and uε is an unknown function that represents the temperature in Ω and
equals zero on the surface ∂Ω of the body.
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ε

0→ε

Figure 2. Homogenizing the mixture.

Y Yy

Y 1

Figure 3. The representative cell upscaled to a unit cell.

Usually considerable effort is required to solve the problem numerically. This
is because ε is small and the number of degrees of freedom grows rapidly as ε
tends to zero. More preferable is to find the effective properties of the material
contained in Ω and find an approximation of uε. This is what homogenization
is designed for. The homogenization process can be interpreted as studying the
sequence of problems using a small parameter ε (ε > 0) that goes to zero as
illustrated in Figure 2. The key is to find the limit of the sequence of problems.
What remains is to consider the convergence of the sequence {uε} of solutions
to (1). A diffi culty is to define what type of convergence to use as ε goes to
zero. Here {uε} goes weakly in H1

0 (Ω) to u, which is the solution to the limit
equation

−∇ · (B∇u(x)) = f(x) in Ω,
u(x) = 0 on ∂Ω,

where B is calculated by a so-called local problem defined on a representative
unit upscaled to a unit cell, see Figure 3.

1.2 Convergence of operators

Note that the left hand-side of (1) can be seen as a sequence of differential
operators acting on a corresponding sequence of solutions to (1). We will see it
as a special case of a more general situation.
Let us consider the sequence of operators

Ah : X → X ′.

2



Let
{
uh
}
be a sequence of unique solutions to

Ahuh = f.

If uh approaches u ∈ X, the unique solution to

Bu = f,

and B is the same for any f ∈ X ′, this means that
{
Ah
}
converges to B in some

sense. See Chapter 4 in [41] for a deeper discussion along these lines.
Some examples of quite general types of convergence for elliptic and parabolic

problems without periodicity assumptions will be introduced in Chapter 2.

1.3 Aim of the thesis

The purpose of this thesis is to further develop techniques that are applicable
in homogenization theory and apply them to some homogenization problems.
It addresses the study of two-scale convergence and its generalization to the
evolution setting with various combinations of scales. Moreover, we study ho-
mogenization problems defined on periodically perforated domains and develop
techniques suitable for such problems.

We formulate the following research questions:

Paper I. How do we design a homogenization procedure for parabolic problems
exhibiting arbitrary numbers of scales in time and space if the scale functions
are not necessarily powers of ε and the oscillating operator is monotone but not
necessarily linear?

Paper II. How can methods of multiscale convergence and very weak multiscale
convergence solve the homogenization of certain hyperbolic-parabolic problems?

Paper III. Does a certain type of degenerate hyperbolic-parabolic homogeniza-
tion problem make sense? Can numerical experiments give us a clue?

Paper IV. How should the techniques developed for homogenization in peri-
odically perforated domains in [2] be generalized to be applicable to certain
evolution problems with rapid scales of oscillations in both space and time?

3



2 G-convergence

G-convergence was introduced by Spagnolo in the sixties, see [44], and was
developed further by Murat and Tartar, see e.g. [35] and [36], as well as [39],
[16], [47]. It was developed to express the convergence of sequence of partial
differential operators. G-convergence is a more general concept than periodic
homogenization. A key difference compared to periodic homogenization is that
the G-convergence does not include any technique for calculating the coeffi cient
in the limit operator. We will show four types of G-convergence: linear elliptic
and parabolic, monotone elliptic and parabolic.

2.1 Elliptic and parabolic G-convergence for linear
operators

In this section we will define the notion of G-convergence for linear elliptic and
parabolic operators, respectively, introduce assumptions under which G-limits
are known to exist and go through some of the properties of the G-limit.
We consider a sequence of equations of the type

−∇ ·
(
Ah(x)∇uh(x)

)
= f(x) in Ω,

uh(x) = 0 on ∂Ω,
(2)

where f ∈ L2(Ω), and establish the following conditions: let N(λ, µ,Ω) denote
the set of all functions

A : Ω→ RN ×RN ,
satisfying
(E1) A ∈ L∞(Ω)N×N ;

(E2) A(x)ξ · ξ > λ |ξ|2 almost everywhere in Ω and for all ξ ∈ RN ;
(E3) |A(x)ξ| 6 µ |ξ| almost everywhere in Ω and for all ξ ∈ RN .
Here, λ and µ are two positive constants such that 0 < λ ≤ µ < ∞. Now we
introduce the definition of G-convergence for linear elliptic operators.

Definition 1 The sequence
{
Ah
}
of matrices in N(λ, µ,Ω) is said to G-converge

to B ∈ N(λ′, µ′,Ω) if, for every f ∈ H−1(Ω), the sequence of solutions in (2)
satisfies

uh(x) ⇀ u(x) in H1
0 (Ω)

and
Ah(x)∇uh(x) ⇀ B(x)∇u(x) in L2(Ω)N , (3)

where u is the unique solution to

−∇ · (B(x)∇u(x)) = f(x) in Ω,
u(x) = 0 on ∂Ω.

We provide the following compactness result.

4



Theorem 2 Suppose that a sequence
{
Ah
}
of symmetric matricies belongs to

N(λ, µ,Ω). Then there is a subsequence that G-converges to a limit B in the
same set.

Proof. See Proposition 3 in [44].

Remark 3 The condition (3) is not needed for symmetric matrices Ah but
necessary for the non-symmetric case. See Remark 7.2 in [19].

The following is a compactness result for the non-symmetric case.

Theorem 4 Let
{
Ah
}
be a sequence such that Ah ∈ N(λ, µ,Ω). Then there

exists a subsequence that G-converges to some B ∈ N
(
λ, µ

2

λ ,Ω
)
.

Proof. See Theorem 2 in [36].

These are a few of the important properties of the G-limit.

Theorem 5 The G-limit does not depend on the boundary conditions.

Proof. See Proposition 1.2.19 in [5].

Theorem 6 The G-limit is unique.

Proof. See Proposition 1.2.18 in [5] and 7.3 in [19].

Similar investigations have been carried out for linear parabolic operators.
Let us note that results on G-convergence for linear parabolic problems are
found in [43], [44] and also in [45]. Moreover, some properties were studied by
Colombini and Spagnolo in [18].

We study a parabolic problem of the type

∂tu
h(x, t)−∇ · (Ah(x, t)∇uh(x, t)) = f(x, t) in ΩT ,

uh(x, 0) = u0(x) in Ω,
uh(x, t) = 0 on ∂Ω× (0, T ),

(4)

where f ∈ (0, T ;H−1(Ω)) and u0 ∈ L2(Ω).
Let S(λ, µ,ΩT ) denote the set of all functions

A : ΩT → RN×N ,

which satisfy the following conditions:
(P1) A ∈ L∞(ΩT )N×N ;

(P2) A(x, t)ξ · ξ > λ |ξ|2 almost everywhere in ΩT and for all ξ ∈ RN ;
(P3) |A(x, t)ξ| 6 µ |ξ| almost everywhere in ΩT and for all ξ ∈ RN .
Here λ and µ are constants, such that 0 < λ 6 µ <∞.

We introduce a definition of G-convergence for parabolic operators.

5



Definition 7 Let Ah belong to S(λ, µ,ΩT ). The sequence
{
Ah
}
is said to

G-converge to B ∈ S(λ′, µ′,ΩT ), if for every f ∈ L2(0, T ;H−1(Ω)) and
u0 ∈ L2(Ω), the sequence

{
uh
}
of solutions to the equations (4) satisfies

uh(x, t) ⇀ u(x, t) in L2(0, T ;H1
0 (Ω)),

Ah(x, t)∇uh(x, t) ⇀ B(x, t)∇u(x, t) in L2(ΩT )N ,

where u is the unique solution to

∂tu(x, t)−∇ · (B(x, t)∇u(x, t)) = f(x, t) in ΩT ,
u(x, 0) = u0(x) in Ω,
u(x, t) = 0 on ∂Ω× (0, T ).

Now we are ready to present a compactness result for G-convergence (par-
abolic case).

Theorem 8 Let
{
Ah
}
be a sequence such that Ah ∈ S(λ, µ,ΩT ). Then there

exists a subsequence that G-converges to some B ∈ S
(
λ, µ

2

λ ,ΩT

)
.

Proof. See Section 3 in [45] and Theorem 3.1 in [46].

2.2 Elliptic and parabolic G-convergence for monotone
operators

In this section we will define G-convergence for both monotone elliptic and
monotone parabolic operators. G-convergence can be applied to nonlinear
monotone elliptic equations under certain assumptions. To be able to keep
the sequence of operators under control we have to impose monotonicity and
continuity conditions. Many have studied these types of problems. Here we give
a few examples. Tartar was the first to investigate the nonlinear case, see [48],
[49] and [50]. G-convergence for sequences of maximal monotone operators was
presented by Chiado’Piat, Dal Maso and Defranceschi in [16]. A study of some
classes of strictly monotone operators is conducted by Raitum in [42].
For the sake of simplicity let us give a typical monotone elliptic example.

We have
−∇ ·Ah(x,∇uh (x)) = f(x) in Ω,

uh(x) = 0 on ∂Ω,
(5)

where uh ∈ H1
0 (Ω).

We need the following conditions. LetM(λ, µ, β,Ω) be the set of all functions

A : Ω×RN → RN ,

satisfying the following:
(M1) A(·, ξ) is Lebesgue measurable for every ξ ∈ RN ;
(M2) A(x, 0) = 0 almost everywhere in Ω;

6



(M3) (A(x, ξ1)−A(x, ξ2)) · (ξ1− ξ2) ≥ λ |ξ1 − ξ2|
2 almost everywhere in Ω for

all ξ1, ξ2 ∈ RN ;

(M4) |A(x, ξ1)−A(x, ξ2)| ≤ µ(1 + |ξ1|+ |ξ2|)1−β |ξ1 − ξ2|
β almost everywhere

in Ω for all ξ1, ξ2 ∈ RN .
Here λ, µ > 0 and 0 < β ≤ 1.

Next, we establish the following definition.

Definition 9 The sequence
{
Ah
}
in M(λ, µ, β,Ω) is said to G-converge to B ∈

M(λ′, µ′, β′,Ω) if, for any f ∈ H−1(Ω), the solutions uh to the sequence of
problems (5) satisfy

uh(x) ⇀ u(x) in H1
0 (Ω),

Ah(x,∇uh(x)) ⇀ B(x,∇u(x)) in L2(Ω)N ,

where u is the unique solution to

−∇ ·B(x,∇u(x)) = f(x) in Ω,
u(x) = 0 on ∂Ω.

The following compactness result holds true.

Theorem 10 Let
{
Ah
}
be a sequence of operators such that Ah ∈M(λ, µ, 1,Ω).

Then there exists a subsequence that G-converges to some B ∈M
(
λ, µ

2

λ , 1,Ω
)
.

Proof. See [48] and [28].

We now turn to the study of the corresponding parabolic operators and
introduce the following properties. We define M(c, λ, µ, β,ΩT ) to be the set of
all functions, where λ, µ > 0 and 0 < β ≤ 1.

A : ΩT × RN → RN ,

which satisfy four structure conditions:
(M1) A(·, ·, ξ) is Lebesgue measurable for every ξ ∈ RN ;
(M2) |A(x, t, 0)| ≤ c almost everywhere in ΩT ;

(M3) (A(x, t, ξ1) − A(x, t, ξ2)) · (ξ1 − ξ2) ≥ λ |ξ1 − ξ2|
2 almost everywhere in

ΩT for all ξ1, ξ2 ∈ RN ;

(M4) |A(x, t, ξ1)−A(x, t, ξ2)| ≤ µ(1 + |ξ|1 + |ξ2|)1−β |ξ1 − ξ2|
β almost every-

where in ΩT for all ξ1, ξ2 ∈ RN .
Here λ, µ > 0 and 0 < β ≤ 1.
Svanstedt conducted studies on G-convergence for nonlinear monotone par-

abolic problems in [46]. See also [31]. There are also some studies on nonlinear
monotone parabolic operators that were performed by Pankov in [39].
The next definition contains a very useful G-convergence concept for monotone

parabolic operators.

7



Definition 11 We say that
{
Ah
}
∈ M(c, λ, µ, β,ΩT ) G-converges to some

B ∈ M(c′, λ′, µ′, β′,ΩT ) if, for any f ∈ L2(0, T ;H−1(Ω)) and u0 ∈ L2(Ω),
the solutions uh to the sequence of problems

∂tu
h(x, t)−∇ ·Ah(x, t,∇uh(x, t)) = f(x, t) in ΩT ,

uh(x, 0) = u0(x) in Ω,
uh(x, t) = 0 on ∂Ω× (0, T ),

satisfy

uh(x, t) ⇀ u(x, t) in L2(0, T ;H1
0 (Ω)),

Ah(x, t,∇uh(x, t)) ⇀ B(x, t,∇u(x, t)) in L2(ΩT )N ,

where u is the unique solution to the problem

∂tu(x, t)−∇ ·B(x, t,∇u(x, t)) = f(x, t) in ΩT ,
u(x, 0) = u0(x) in Ω,
u(x, t) = 0 on ∂Ω× (0, T ).

We provide the following result which is a special case of Theorem 5.2 in
[46].

Theorem 12 Let
{
Ah
}
be a sequence in M(c, λ, µ, β,ΩT ). Then there exists

a subsequence that G-converges to some limit B ∈ M(c′, λ, µ′,
∼
β,ΩT ), where c′

and µ′ are positive constants that depend on c, λ, µ and β. Here,
∼
β = β/(2−β).

Proof. See Theorem 5.2 in [46]. For more information, see also [47].

Remark 13 G-convergence results are particularly valuable for evolution prob-
lems because they give us the initial conditions to limit problems if just a few
simple assumptions are fullfilled.
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3 Methods

In this chapter we introduce a few of the methods of homogenization in more
detail and explain the mathematical tools of each method. To this aim, we start
by describing two-scale convergence, followed by a presentation of multiscale
and evolution multiscale convergence; the techniques are used in a number of
examples in Chapter 4. With the help of these convergences we are able to
derive the homogenized model.

3.1 Two-scale convergence

Two-scale convergence is a very effi cient method used for periodic homogeniza-
tion. The method was originally invented by Nguetseng in [37] and further
developed by Allaire in [2]. The important point is that the two-scale limit has
a second variable which means that the limit belongs to another function space
compared with the sequence that converges to it. This means that it can cap-
ture oscillations on a microscopic level. This type of information is completely
lost in the case of usual weak L2-convergence. We cite the following definition
and theorem concerning two-scale convergence from [2], which will be needed in
Chapter 5.

Definition 14 A bounded sequence of functions uε in L2(Ω) is said to two-
scale converge to a limit u0 belonging to L2(Ω × Y ), if we have for any v in
D(Ω, C∞] (Y )) that

lim
ε→0

∫
Ω

uε(x)v
(
x,
x

ε

)
dx =

∫
Ω

∫
Y

u0(x, y)v (x, y) dxdy.

If we set certain conditions on the sequence {uε} we can guarantee two-scale
convergence at least up to a subsequence. The following compactness theorem
confirms this.

Theorem 15 From each bounded sequence {uε} in L2(Ω) we can extract a
subsequence and there exists a limit u0 ∈ L2(Ω× Y ) such that this subsequence
two-scale converges to u0.

Proof. See Theorem 1.2 in [2] and Theorem 1 in [37].

Important results regarding two-scale convergence are provided below.

Theorem 16 A two-scale limit is unique.

Proof. See the discussion after Definition 6 in [33].

Theorem 17 Any function u0 ∈ L2(Ω× Y ) is attained as a two-scale limit.

9



Proof. See Lemma 1.13 in [2].

We consider a special property of the two-scale limit that has a strong connection
with the weak L2(Ω)-limit.

Theorem 18 Let {uε} be a bounded sequence in L2(Ω) which two-scale con-
verges to u0 ∈ L2(Ω× Y ). Then we have that

uε(x) ⇀

∫
Y

u0(x, y)dy ∈ L2(Ω).

Proof. See Theorem 6 in [33].

It is also possible to characterize the effects of gradients if we have stronger
a priori estimates.

Proposition 19 (i) Let {uε} be a bounded sequence in H1(Ω) that converges
weakly to a limit u in H1(Ω). Then {uε} two-scale converges to u and there
exists a function u1 in L2(Ω; H1

] (Y )) such that, up to a subsequence, {∇uε}
two-scale converges to ∇u+∇yu1.

(ii) Let {uε} and {ε∇uε} be two bounded sequences in L2(Ω). Then there
exists a function u0 in L2(Ω; H1

] (Y )) such that, up to a subsequence, {uε} and
{ε∇uε} two-scale convergence to u0 and ∇yu0, respectively.

Proof. See Proposition 1.14 in [2].

3.2 Multiscale convergence

In 1996 Allaire and Brianne introduced a multiscale convergence method for the
homogenization of partial differential equations with oscillating coeffi cients with
an arbitrary number of scales, see [7]. Here we denote yn = (y1, . . . , yn), dyn =
dy1 · · · dyn, Yk = Y = [0, 1]N , Y n = Y1 × · · · × Yn and let εk(ε), k = 1, . . . , n,
be functions such that εk(ε)→ 0 when ε→ 0.

Definition 20 A sequence {uε} in L2(Ω) is said to (n+ 1)-scale converge to
u0 ∈ L2(Ω× Y n) if and only if

lim
ε→0

∫
Ω

uε(x)v

(
x,

x

ε1
, · · · , x

εn

)
dx

=

∫
Ω

∫
Y1

· · ·
∫
Yn

u0(x, yn)v(x, yn)dxdyn

for any v ∈ L2(Ω;C](Y
n)). We denote this convergence by

uε(x)
n+1
⇀ u0(x, yn).

In order to better understand how the scales relate to each other and obtain
compactness results we need some assumptions. Next we cite the definition of
separated and well-separated scales, respectively, from article [7].
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Definition 21 If
lim
ε→0

εk+1

εk
= 0

we say that the scales are separated. When

lim
ε→0

1

εk

(
εk+1

εk

)m
= 0

for some positive integer m the scales are called well-separated.

Theorem 22 If {uε} is bounded in L2(Ω) and the scales εk, k = 1, . . . , n, are
separated then there exists a function u0 ∈ L2(Ω× Y n) such that

uε(x)
n+1
⇀ u0(x, yn),

up to a subsequence.

The following is a multiscale convergence compactness result of sequences of
gradients.

Theorem 23 For any bounded sequence {uε} in H1(Ω), there exists a function
u ∈ H1(Ω) and n functions u1 ∈ L2(Ω;H1

] (Y1)) and uk ∈ L2(Ω×Y k−1;H1
] (Yk)),

k = 2, . . . , n, such that, up to a subsequence,

uε(x)
n+1
⇀ u(x),

∇uε(x)
n+1
⇀ ∇u(x) +

n∑
k=1

∇ykuk(x, yk),

if the scales are separated.

Proof. See proof of Theorem 2.6 in [7].

Below we introduce a concept of convergence which will prove useful in some
situations where the usual (n + 1)-scale convergence is not applicable. This
requires using a smaller class of test functions than in the case of conventional
multiscale convergence. The following is the definition of very weak multiscale
convergence, first presented in [24].

Definition 24 We say that {gε} (n + 1)-scale converges very weakly to g0 ∈
L1(Ω× Y n) if ∫

Ω

gε(x)v

(
x,

x

ε1
,
x

ε2
, · · · , x

εn−1

)
ϕ

(
x

εn

)
dx

→
∫

Ω

∫
Y n

g0(x, yn)v(x, yn−1)ϕ(yn)dyndx,

for any v ∈ D
(

Ω;C∞] (Y n−1)
)
and ϕ ∈ C∞] (Yn)/R, where∫

Yn

g0(x, yn)dyn = 0.

11



We write

gε(x)
n+1
⇀
vw

g0(x, yn).

This kind of convergence makes it possible to handle certain sequences of the
type

{
uε

ε

}
. Moreover, these sequences are not necessarily bounded in L2(Ω).

Theorem 25 Let {uε} be a bounded sequence in H1
0 (Ω) and assume that the

scales are well-separated. Then there exists a subsequence such that

uε(x)

εn

n+1
⇀
vw

un(x, yn),

where u1 ∈ L2(Ω;H1
] (Y1)/R) and un ∈ L2(Ω × Y n−1;H1

] (Yn)/R) for n =
2, 3, . . ..

Proof. See Theorem 4 in [24].

Theorem 26 Very weak multiscale limits are unique.

Proof. See Remark 2.52 in [41].
For an example of where the concept is useful for detection of scales, see

[25]. The concept can also be extended to include sequences of time dependent
functions, which will be studied in Section 3.3. More informative texts on very
weak multiscale convergence and related concepts can be found in e.g. [30], [38],
[41] and [25].

3.3 Evolution multiscale convergence

We are now going to investigate convergence of sequences that have oscillations
in both time and space in terms of multiscale convergence. When we add scales
with fast microoscillations in time everything relating to multiscale convergence
needs to be adapted.
For convenience we let S = (0, 1) and Sm = S1 × · · · × Sm, Sj = S for j =

1, . . . ,m. We denote Yn,m = Y n × Sm, dsm = dsm · · · ds1 and sm = s1, . . . , sm.
Moreover, we let ε′j(ε), j = 1, . . . ,m, be strictly positive functions such that
ε′j(ε) goes to zero when ε does. Using the introduced notations we are going to
state the definition of evolution multiscale convergence.

Definition 27 The sequence {uε} is said to (n + 1,m + 1)-scale converge to
u0 ∈ L2(ΩT × Yn,m) if

lim
ε→0

∫
ΩT

uε(x, t)v

(
x, t,

x

ε1
, · · · , x

εn
,
t

ε′1
, · · · , t

ε′m

)
dxdt

=

∫
ΩT

∫
Yn,m

u0(x, t, yn, sm)v(x, t, yn, sm)dyndsmdxdt,

12



for all v ∈ L2(ΩT ; C](Yn,m)).

We write
uε(x, t)

n+1,m+1
⇀ u0(x, t, yn, sm).

Next we cite the definition of jointly separated and jointly well-separated
lists of scales that was originally introduced by Persson in [40].

Definition 28 Let {ε1, . . . , εn} and {ε′1, . . . , ε′m} be lists of (well-)separated
scales. Collect all elements from both lists in one common list. If, out of the
possible duplicates, i.e. scales which tend to zero equally fast, one member of
each pair is removed and the list in order of magnitude of all the remaining
elements is (well)-separated the lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are said to
be jointly (well)-separated.

We give the compactness result for (n+ 1,m+ 1)-scale convergence.

Theorem 29 Let {uε} be a bounded sequence in L2(ΩT ) and assume that the
lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are jointly separated. Then there exists a
function u0 ∈ L2(ΩT × Yn,m) such that

uε(x, t)
n+1,m+1
⇀ u0(x, t, yn, sm),

up to a subsequence.

Proof. See Theorem 17 in [27] and also Theorem 2.66 in [41].

Now we state a result for multiscale convergence for sequences of gradients
of time-dependent functions.

Theorem 30 Let {uε} be a bounded sequence in W 1
2

(
0, T ;H1

0 (Ω), L2(Ω)
)
and

assume that the lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are jointly well-separated.
Then there exists a subsequence such that

uε(x, t)→ u(x, t) in L2(ΩT ),

uε(x, t) ⇀ u(x, t) in L2(0, T ;H1
0 (Ω))

and

∇uε(x, t) n+1,m+1
⇀ ∇u(x, t) +

n∑
k=1

∇ykuk(x, t, yk, sm),

where u ∈ W 1
2 (0, T ;H1

0 (Ω), L2(Ω)), u1 ∈ L2(ΩT × Sm; H1
] (Y1)/R) and uk ∈

L2(ΩT × Yk−1,m; H1
] (Yk)/R) for k = 2, . . . , n.

Proof. See Theorem 2.74 in [41].

Next we give the definition of very-weak evolution multiscale convergence.
The idea is found in e.g. [41].
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Definition 31 We say that the sequence {gε} (n+ 1,m+ 1)-scale converges
very weakly to g0 ∈ L1(ΩT × Yn,m) if

lim
ε→0

∫
ΩT

gε(x, t)v1

(
x,

x

ε1
, · · · , x

εn−1

)
v2

(
x

εn

)
c

(
t,
t

ε′1
, · · · , t

ε′m

)
dxdt

=

∫
ΩT

∫
Yn,m

g0(x, t, yn, sm)v1

(
x, yn−1

)
v2(yn)c(t, sm)dyndsmdxdt,

for all v1 ∈ D(Ω;C∞] (Y n−1)), v2 ∈ C∞] (Yn)/R and c ∈ D(0, T ;C∞] (Sm)), where∫
Yn

g0(x, t, yn, sm)dyn = 0.

We write
gε(x, t)

n+1,m+1
⇀
vw

g0(x, t, yn, sm).

A compactness result for very weak evolution multiscale convergence was stated
and proven in the preprint article [26].

Theorem 32 Let {uε} be a bounded sequence in W 1
2 (0, T ;H1

0 (Ω), L2(Ω)) and
assume that the lists {ε1, . . . , εn} and {ε′1, . . . , ε′m} are jointly well-separated.
Then, up to a subsequence,

uε(x, t)

εn

n+1,m+1
⇀
vw

un(x, t, yn, sm),

where u1 ∈ L2(ΩT ×Sm; H1
] (Y1)/R) and un ∈ L2(ΩT ×Yn−1,m; H1

] (Yn)/R) for
n = 2, 3 . . ..

Proof. See Theorem 2.78 in [41].
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3.4 An illustrative example

The idea of two-scale convergence and very weak two-scale convergence can be
illustrated as follows.

Figure 4. A function from {uε} , ε = 0.5, and the weak limit of {uε}.

Here, uε is a two-scale oscillating function. As shown in Figure 4, the weak

limit captures the global trend, but it misses the microscopic oscillations of uε.
To capture these oscillations we can use two-scale convergence.

Figure 5. The two-scale limit of {uε} .
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Figure 5 shows that the two-scale limit follows the weak limit in the x-
direction and captures the microscopic oscillations in the y-direction.

Figure 6. The very weak limit of {uε}.

Figure 6 shows the very weak two-scale limit. Here, the global trend has been

lost, but the information about the micro-oscillations remains. This particular
sequence {uε} is bounded in L2(Ω) and hence possesses all three types of limit.

Remark 33 In the example above we considered the sequence

uε(x) = 1 + x+
1

10
sin
(x

2

)
+
x

2
sin

(
2πx

ε

)
, x ∈ Ω,

where Ω = (0, 6). This sequence has the weak limit

u(x) = 1 + x+
1

10
sin
(x

2

)
,

the two-scale limit

u0(x, y) = 1 + x+
1

10
sin
(x

2

)
+
x

2
sin(2πy)

and the very weak two-scale limit

g0(x, y) =
x

2
sin(2πy).

16



4 Homogenization

In this chapter, homogenization of the elliptic and parabolic heat equation is
studied. Let us imagine that we have a heterogeneous material with a periodic
microstructure and that we divide it into small identical cubes with the side
length ε. Then we let ε go to zero to find a corresponding homogeneous material
from which we can obtain a good approximation to the actual temperature
distribution.

4.1 Homogenization of elliptic equations

Through the illustrative example below we will demonstrate how to apply the
techniques in Section 3.1 to homogenize a linear elliptic problem.
We study the classical model problem of diffusion

−∇ ·
(
A
(
x
ε

)
∇uε(x)

)
= f(x) in Ω,

uε(x) = 0 on ∂Ω,
(6)

where A ∈ L∞] (Y )N×N , A(y)ξ · ξ ≥ λ |ξ|2 , λ > 0, for almost every y ∈ Y, for
every ξ ∈ RN and we let f ∈ L2(Ω). The weak form of (6) can be written as∫

Ω

A
(x
ε

)
∇uε(x) · ∇v(x)dx =

∫
Ω

f(x)v(x)dx (7)

for all v ∈ H1
0 (Ω). Moreover, {uε} satisfies the a priori estimate

‖uε‖H1
0 (Ω) ≤ C.

Since {uε} is bounded in H1
0 (Ω) it holds that

uε(x) ⇀ u(x) in H1
0 (Ω),

up to a subsequence. To obtain the homogenized problem we choose

v(x) = v1(x)

in (7) where v1 ∈ D(Ω). Letting ε→ 0 we get, applying Proposition 19, for the
left-hand side that ∫

Ω

A
(x
ε

)
∇uε(x) · ∇v1(x)dx

→
∫

Ω

∫
Y

A(y) (∇u(x) +∇yu1(x, y)) · ∇v1(x)dydx,

up to a subsequence. Here u ∈ H1
0 (Ω) and u1 ∈ L2(Ω;H1

] (Y )/R). If we denote

B∇u(x) =

∫
Y

A(y)(∇u(x) +∇yu1(x, y))dy, (8)
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we obtain ∫
Ω

B∇u(x) · ∇v1(x)dx =

∫
Ω

f(x)v1(x)dx.

Using separation of variables

u1(x, y) = ∇u(x) · z(y),

where z ∈
(
H1
] (Y )/R

)N
, in (8) we get

Bij =

∫
Y

Aij(y) +

N∑
k=1

Aik(y)∂ykzj(y)dy.

To find z we choose test functions

v(x) = εv1(x)v2

(x
ε

)
in (7), where v1 ∈ D(Ω) and v2 ∈ C∞] (Y )/R. Differentiating and letting ε → 0
we get, up to a subsequence,∫

Ω

∫
Y

A(y)(∇u(x) +∇yu1(x, y)) · v1(x)∇yv2(y)dxdy = 0.

Applying the Variational Lemma and the density of C∞] (Y )/R in H1
] (Y )/R we

end up with the local problem∫
Y

A(y)(∇u(x) +∇yu1(x, y)) · ∇yv2(y)dy = 0

for all v2 ∈ H1
] (Y )/R and almost every x ∈ Ω. We can also use separation of

variables in the local problem to obtain∫
Y

A(y)(ej +∇yzj(y)) · ∇yv2(y)dy = 0,

from which we can find z. The strong form can be written as

−∇y · (A(y)(ej +∇yzj(y))) = 0, (9)

for j = 1, . . . , N, zj ∈ H1
] (Y )/R.

To sum up, if {uε} is a sequence of solutions for (6), it holds that
uε(x) ⇀ u(x) in H1

0 (Ω),

where u is a unique solution to

−∇ · (B∇u(x)) = f(x) in Ω,
u(x) = 0 on ∂Ω,

and

Bij =

∫
Y

Aij(y) +

N∑
k=1

Aik(y)∂ykzj(y)dy

where zj is obtained from (9).

Remark 34 This model has a unique solution according to Corollary 4.3 in
[19]. See Section 4.7 in [13] for more information.
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4.2 Homogenization of parabolic equations

We study the model problem

∂tu
ε(x, t)−∇ ·

(
A
(
x
ε ,

t
ε2

)
∇uε(x, t)

)
= f(x, t) in ΩT ,

uε(x, 0) = u0(x) in Ω,
uε(x, t) = 0 in ∂Ω× (0, T ),

(10)

where A ∈ C](Y1,1)N×N and agrees with standard assumptions for parabolic
equations, f ∈ L2(Ω) and u0 ∈ L2(Ω). The choice of scales is a simple example
of jointly well-separated scales.
We will show that if {uε} is a sequence of solutions inW 1

2 (0, T ;H1
0 (Ω), L2(Ω))

to (10), then it holds, up to a subsequence, that

uε(x, t)→ u(x, t) in L2(Ω), (11)

uε(x, t) ⇀ u(x, t) in L2(0, T ;H1
0 (Ω)), (12)

∇uε(x, t) 2,2
⇀ ∇u(x, t) +∇yu1(x, t, y, s), (13)

where u ∈W 1
2 (0, T ;H1

0 (Ω), L2(Ω)) is the unique solution to

∂tu(x, t)−∇ · (B∇u(x, t)) = f(x, t) in ΩT ,
u(x, 0) = u0(x) in Ω,
u(x, t) = 0 in ∂Ω× (0, T ),

(14)

and

B∇u(x, t) =

∫
Y1,1

A(y, s)(∇u(x, t) +∇yu1(x, t, y, s))dyds,

where u1 is the unique solution to the local problem

∂su1(x, t, y, s)−∇y · (A(y, s) (∇u(x, t) +∇yu1(x, t, y, s))) = 0. (15)

Below we prove the homogenization result formulated above.
Since {uε} is a sequence of solutions to (10) we have the boundedness in
W 1

2 (0, T ;H1
0 (Ω), L2(Ω)) that we need to apply Theorem 30; hence the conver-

gences (11)-(13) hold. To find the homogenized and the local problem we study
the weak form∫

ΩT

−uε(x, t)v(x)∂tc(t) +A

(
x

ε
,
t

ε2

)
∇uε(x, t) · ∇v(x)c(t)dxdt (16)

=

∫
ΩT

f(x, t)v(x)c(t)dxdt.

To find the homogenized problem we choose test functions

v(x) = v1(x)

and
c(t) = c1(t),
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where v1 ∈ D(Ω) and c1 ∈ D(0, T ).
Passing to the limit by letting ε→ 0 we get from Theorem 30 that∫

ΩT

∫
Y1,1
−u(x, t)v1(x)∂tc1(t)

+A(y, s)(∇u(x, t) +∇yu1(x, t, y, s)) · ∇v1(x)c1(t)dydsdxdt

=

∫
ΩT

f(x, t)v1(x)c1(t)dxdt,

which is the weak form of (14).
To find the local problem we choose the test functions in (16) as

v(x) = εv1(x)v2

(x
ε

)
c(t) = c1(t)c2

(
t

ε2

)
,

where v1 ∈ D(Ω), v2 ∈ C∞] (Y )/R, c1 ∈ D(0, T ) and c2 ∈ C∞] (0, 1) and obtain∫
ΩT

−uε(x, t)εv1(x)v2

(x
ε

)
∂t

(
c1(t)c2

(
t

ε2

))
+A

(
x

ε
,
t

ε2

)
∇uε(x, t) · ∇

(
εv1(x)v2

(x
ε

))
c1(t)c2

(
t

ε2

)
dxdt

=

∫
ΩT

f(x, t)εv1(x)v2

(x
ε

)
c1(t)c2

(
t

ε2

)
dxdt.

Carrying out the differentions yields∫
ΩT

−uε(x, t)v1(x)v2

(x
ε

)(
ε∂tc1(t)c2

(
t

ε2

)
+ ε−1c1(t)∂sc2

(
t

ε2

))
+A

(
x

ε
,
t

ε2

)
∇uε(x, t) ·

(
ε∇v1(x)v2

(x
ε

)
+ v1(x)∇yv2

(x
ε

))
c1(t)c2

(
t

ε2

)
dxdt

=

∫
ΩT

f(x, t)εv1(x)v2

(x
ε

)
c1(t)c2

(
t

ε2

)
dxdt.

Theorem 30 and Theorem 32 provide that∫
ΩT

∫
Y1,1
−u1(x, t, y, s)v1(x)v2(y)c1(t)∂sc2(s)

+A(y, s) (∇u(x, t) +∇yu1(x, t, y, s)) · v1(x)∇yv2(y)c1(t)c2(s)dydsdxdt = 0.

Using the Variational Lemma we arrive at the parabolic local problem∫
Y1,1
−u1(x, t, y, s)v2(y)∂sc2(s)

+A(y, s) (∇u(x, t) +∇yu1(x, t, y, s)) · ∇yv2(y)c2(s)dyds = 0
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for almost every (x, t) ∈ ΩT . This is the weak form of (15) and it provides
us with the corrector u1. For references on homogenization of linear parabolic
equations, see e.g [11] and [30], where [30] is probably the first where two-scale
convergence was applied to this type of problem.

4.2.1 Summary of Paper I

We proved a homogenization result for monotone parabolic problems with an
arbitrary number of microscopic scales in space and time, respectively, where
the scale functions do not necessarily need to be powers of ε. We studied the
homogenization of the problem

∂tu
ε(x, t)−∇ · a

(
x

ε1
, · · · , x

εn
,
t

ε′1
, · · · , t

ε′m
,∇uε(x, t)

)
= f(x, t) in ΩT ,

uε(x, 0) = u0(x) in Ω, (17)

uε(x, t) = 0 on ∂Ω×(0, T ),

where f ∈ L2(ΩT ) and u0 ∈ L2(Ω). We assumed that the lists {ε1, . . . , εn} and
{ε′1, . . . , ε′m} in (17) are jointly well-separated and imposed suitable conditions
of monotonicity and periodicity on the function a.

We proved the following theorem, where di is the number of temporal scales
faster than the square of the spatial scale in question and ρi indicates whether
there is resonance or not. For more details on the notation see Paper I.

Theorem 35 (Theorem 9 in Paper I). Let {uε} be a sequence of solutions in
W 1

2 (0, T ;H1
0 (Ω), L2(Ω)) to (17). Then it holds that

uε(x, t)→ u(x, t) in L2(ΩT ),

uε(x, t) ⇀ u(x, t) in L2(0, T ;H1
0 (Ω))

and

∇uε(x, t) n+1,m+1
⇀ ∇u(x, t) +

n∑
j=1

∇yjuj
(
x, t, yj , sm−dj

)
,

where u ∈W 1
2 (0, T ;H1

0 (Ω), L2(Ω)) is the unique solution to

∂tu(x, t)−∇ · b(x, t,∇u (x, t)) = f(x, t) in ΩT ,
u(x, 0) = u0(x) in Ω,
u(x, t) = 0 on ∂Ω× (0, T ),

with

b(x, t,∇u (x, t))=

∫
Yn,m

a

yn, sm,∇u (x, t) +

n∑
j=1

∇yjuj
(
x, t, yj , sm−dj

)dyndsm,
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where ui ∈ L2(ΩT × Yi−1,m−di ;H
1
] (Yi)/R) for i = 1, . . . , n. Here ui, for i =

1, . . . , n, are the unique solutions to the system of local problems

ρi∂sm−di
ui(x, t, y

i, sm−di)

−∇yi ·
∫
Sm−di+1

· · ·
∫
Sm

∫
Yi+1

· · ·
∫
Yn

a

yn, sm,∇u(x, t) +

n∑
j=1

∇yjuj
(
x, t, yj , sm−dj

)
×dyn · · · dyi+1dsm · · · dsm−di+1 = 0

if we assume that ui ∈ L2(ΩT ×Yi−1,m−di−1;W 1
2]

(Sm−di ;H
1
] (Yi)/R, L2

] (Yi)/R))
when ρi 6= 0.

The proof was performed by using techniques such as multiscale convergence
and very-weak multiscale convergence adapted to evolution problems. For the
characterization of b we used perturbed test functions, see [22] and [23].

The paper is submitted to a refereed international scientific journal. A sligtly
revised e-print version of the paper is found in arXiv:1704.01375 [math.AP].

Author contribution
The article is a collaborative work and all results were discussed with co-

authors. The author played a vital role in writing the paper.

4.3 Homogenization of hyperbolic-parabolic problems

We know that PDEs can be of the elliptic, parabolic and hyperbolic type. The
classical parabolic heat-conduction equation can predict the heat-flux distribu-
tion and temperature in many practical applications. However, it does not work
for very short periods of time and when the temperature approaches zero, see
[29]. To our best knowledge, parabolic heat conduction models mean that the
speed of heat conduction is infinite, see [32]. This can become a problem for
modern industries, where the heat is applied to many materials for a very short
period of time. Therefore, a more complete heat conduction model is needed.
The following is an illustrative example of a hyperbolic-parabolic model of heat
conduction:

k∂ttu(x, t) + ∂tu(x, t)−∇ · (a∇u(x, t)) = f(x, t).

We have a constant material characteristic k in front of the second derivative,
which is called the Thermal relaxation time. This is defined as the time it takes
“for the central temperature of the Gaussian temperature distribution with a
width equal to the target’s diameter to decrease by 50%”, see [8] for more
information.
The first study of homogenization of hyperbolic-parabolic problems was con-

ducted by Bensoussan, Lions and Papanicolau in [11]. More information can
be found in e.g. [9]. Homogenization of hyperbolic-parabolic problems in perfo-
rated domains was first investigated by Migorski [34]. A few more articles that
also relate to the homogenization of hyperbolic-parabolic problems are [20], [52]
and [53].
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4.3.1 Summary of Paper II

We studied the homogenization of a linear hyperbolic-parabolic problem exibit-
ing two fast spatial scales

∂2
ttuε (x, t) + ∂tuε (x, t)−∇ ·

(
a
(
x
ε ,

x
ε2

)
∇uε (x, t)

)
= f (x, t) in ΩT ,

uε (x, t) = 0 on ∂ΩT ,
uε (x, 0) = g (x) in Ω,

∂tuε (x, 0) = h (x) in Ω,

(18)

where f ∈ L2 (ΩT ), g ∈ H1
0 (Ω), h ∈ L2 (Ω) and a ∈ C](Y 2)N×N is symmetric

and obeys a standard assumption of ellipticity. We obtained the homogenized
problem

∂2
ttu (x, t) + ∂tu (x, t)−∇ · (b∇u (x, t)) = f (x, t) in ΩT ,

u (x, t) = 0 on ∂ΩT ,
u (x, 0) = g (x) in Ω,

∂tu (x, 0) = h (x) in Ω

and the local problems

−∇y2 ·
(
a
(
y2
)(
∇u(x, t) +

2∑
k=1

∇ykuk
(
x, t, yk

)))
= 0

−∇y1 ·
∫
Y2

a
(
y2
)(
∇u(x, t) +

2∑
k=1

∇ykuk
(
x, t, yk

))
dy2 = 0.

Similar results can also be concluded from the recent preprint [20].
To extend the results to the case where we have rapid temporal oscillations

we replaced the coeffi cient in (18) with a
(
x
ε ,

x
ε2 ,

t
ε ,

t
ε3

)
, where a ∈ C](Y2,2)N×N ,

is symmetric and obeys standard assumptions and postulated that {uε} is still
bounded in W 1

2 (0, T ;H1
0 (Ω), L2(Ω)). The result of the homogenization proce-

dure is that we obtained a homogenized problem of hyperbolic-parabolic type
in addition to two local problems for correctors with an independence of the
local variable corresponding to the fastest temporal scale.
We got the local problems

−∇y2 ·
((∫

S2

a
(
y2, s2

)
ds2

)(
∇u(x, t) +

2∑
k=1

∇ykuk(x, t, yk, s1)

))
= 0

and

∂2
s1s1u1(x, t, y1, s1)

−∇y1 ·
∫
Y2

(∫
S2

a
(
y2, s2

)
ds2

)(
∇u(x, t) +

2∑
k=1

∇ykuk(x, t, yk, s1)

)
dy2 = 0.
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We used Theorem 30 to obtain the homogenized problem. To find the local
problems we needed Theorem 30 and Theorem 32. For elimination of s2 from
u1 and u2, Theorem 32 was applied.

The assumptions of symmetry of the coeffi cient a in the above examples and
the regularity of a in the (3, 3)-scale case are not explicitly pointed out in the
paper.

The paper is accepted for publication in the proceedings of ECMI-16, the
19th European Conference on Mathematics for Industry in Santiago de Com-
postela on 13-17th June 2016.

Author contribution
Paper II is a collaborative work. The author was involved in performing the

research and writing the proceedings paper. The author discussed the results
and implications with all co-authors at all stages.

4.3.2 Summary of Paper III

We investigated the homogenization of a degenerate hyperbolic-parabolic prob-
lem

∂2
ttuε (x, t) + ε−1∂tuε (x, t)−∇ ·

(
a
(
x
ε

)
∇uε (x, t)

)
= f (x, t) in ΩT ,

uε (x, t) = 0 on ∂ΩT ,
uε (x, 0) = g (x) in Ω,

∂tuε (x, 0) = h (x) in Ω

(19)

where f ∈ L2 (ΩT ), g ∈ H1
0 (Ω), h ∈ L2 (Ω) and a ∈ C](Y )N×N is symmetric

and obeys a standard assumption of ellipticity.

The method that we used to perform the homogenization is based on evolu-
tion multiscale convergence. We formulated the following conjecture.

Conjecture 36 (Conjecture 1 in Paper III). Let {uε} be a sequence of solutions
in W 1

2 (0, T ;H1
0 (Ω), L2(Ω)) to (19). Then it holds, up to a subsequence,

uε(x, t)→ u(x) in L2(ΩT ),

uε(x, t) ⇀ u(x) in L2(0, T ;H1
0 (Ω))

and
∇uε(x, t)

2,1
⇀ ∇u(x) +∇yu1(x, y),

where u ∈ H1
0 (Ω) is the unique solution to

−∇ · (b∇u(x)) = f(x, t)− lim
ε→0

ε−1∂tuε(x, t) in Ω,

u(x) = 0 on ∂Ω

and u1 ∈ L2(Ω; H1
] (Y )/R) solves the local problem

−∇y · (a (y) (∇u(x) +∇yu1(x, y))) = 0 in Ω× Y,
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which provides the coeffi cient b through

b∇u (x) =

∫
Y

a (y) (∇u(x) +∇yu1 (x, y)) dy.

We have performed a number of numerical experiments which have not been
fully conclusive because our computers are not strong enough to give really
convincing results. But still the right-hand side with f(x) = 2 + sin(x) appears
to give a stabilization that is quite close to a stationary state.

The paper was published in the proceedings of ICNPAA-16, the International
World Congress at La Rochelle, 5-8th July 2016.

Author contribution
The author and Dr. Ye Zhang conducted the numerical experiments.
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5 Homogenization in perforated domains

Boundary-value problems defined on perforated domains are very important
for applied mathematics and physics. Many engineering applications such as
solar panels, oil exploitation and foams are based on studying and researching
lightweight materials.

Ω ∗
εY

εΩ
εY

Figure 7. A two-dimentional case for the region Ωε.

Perforated domains are defined as domains where periodically arranged iden-
tical holes, which appear with a period of characteristic size ε, have been re-
moved from an open bounded set, except in the layer closest to the boundary
∂Ω. Ωε is the subregion of Ω obtained from Ω by removing these holes. Y ∗ε
represents the white area in the cube, see Figure 7. For more details, see Paper
IV.

5.1 Neumann problem in perforated domains

We consider a linear elliptic problem with Neumann data on the boundary of
the perforations

−∇ ·
(
A
(
x
ε

)
∇uε(x)

)
= fε(x) in Ωε,

A
(
x
ε

)
∇uε(x) · n = 0 on ∂Ωε − ∂Ω,

uε(x) = 0 on ∂Ω.

For {fε} bounded in L2(Ωε) we get uε ∈ H1(Ωε) and

‖uε‖H1(Ωε) ≤ C. (20)

The problem is that all uε are located in different function spaces. To be able
to use the weak compactness of reflexive Banach spaces the entire sequence has
to be in the same function space. A classical technique is to find extensions ũε

of uε from Ωε to Ω maintaining the a priori estimate (20), such that∥∥ũε∥∥
H1(Ω)

≤ C,

where C is independent of ε, but does not necessarily have to be the same as in
(20). See e.g. [1] and [12].
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An extension from L2(Ωε) to L2(Ω) can be done in a simple way. If uε ∈
L2(Ωε) and ũε is an extension by zero, it will belong to L2(Ω), and if the
sequence {uε} is bounded in L2(Ωε), then

{
ũε
}
will be bounded in L2(Ω). An

extension from H1(Ωε) to H1(Ω) is not that simple since the boundedness of
the gradient has to be solved.
In [2], Allaire introduces a method based on two-scale convergence, which

only uses extension by zero and thus only the L2-estimate is preserved. The
point is that both the solution uε and its gradient ∇uε are extended by zero
and the rest of the results are obtained by two-scale convergence techniques.
We extend these results to fit certain evolution problems in Paper IV. The case
of inhomogeneous Neumann data on the boundary of the perforations is treated
for linear elliptic problems with an alternative unfolding method in [14].

5.1.1 Summary of Paper IV

In Paper IV we studied homogenization of the parabolic linear problem with
spatial and temporal oscillations

∂tuε(x, t)−∇ ·
(
A
(
x
ε ,

t
ε2

)
∇uε(x, t)

)
= fε(x, t) in Ωε × (0, T ),

uε(x, t) = 0 on ∂Ω× (0, T ),
A
(
x
ε ,

t
ε2

)
∇uε(x, t) · n= 0 on (∂Ωε − ∂Ω)× (0, T ),

uε(x, 0) = u0
ε(x) in Ωε,

(21)

where
ũ0
ε(x) ⇀ u0(x) in L2(Ω)

and
f̃ε(x, t) ⇀ f(x, t) in L2(Ω× (0, T )).

Here, A ∈ C](Y1,1)N×N and obeys standard assumptions for linear parabolic
equations, fε ∈ L2(Ωε × (0, T )) and u0

ε ∈ L2(Ωε).
We proved an essential result for the (2, 2)-scale limit for bounded sequences

in L2(0, T ;H1(Ωε)).

Theorem 37 (Theorem 20 in Paper IV). Assume that {uε} is bounded in
L2(0, T ;H1(Ωε)) and for any v1 ∈ D(Ω), c1 ∈ D(0, T ), c2 ∈ C∞] (0, 1)

εr
∫ T

0

∫
Ωε

uε(x, t)v1(x)∂t

(
c1(t)c2

(
t

εr

))
dxdt→ 0 (22)

for some r > 0. Then, up to a subsequence,∫ T

0

∫
Ωε

∇uε(x, t) · v
(
x, t,

x

ε
,
t

εr

)
dxdt

→
∫ T

0

∫
Ω

∫ 1

0

∫
Y ∗

(∇u(x, t) +∇yu1(x, t, y, s)) · v(x, t, y, s)dydsdxdt

where u ∈ L2(0, T ;H1(Ω)), u1 ∈ L2[Ω × (0, T ) × (0, 1); H1
] (Y ∗)/R)], for any

v ∈ L2(Ω× (0, T );C] (Y1,1))N .
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In the proof we used integration by parts to show that the two-scale limit
u0 does not depend of y. Then the assumption (22) was used to show that u0 is
independent of s.We integrated by parts and used the characterization of u0 on
one side and the limit w0 for {∇uε} on the other. An orthogonality argument
was used to find the corrector term ∇yu1.

Corollary 38 (Corollary 21 in Paper IV) Assume that {uε} is bounded in
L2(0, T ;H1(Ωε)) and (22) holds. Then∫ T

0

∫
Ωε

ε−1uε(x, t)v1(x)v2

(x
ε

)
c1(t)c2

(
t

εr

)
dxdt

→
∫ T

0

∫
Ω

∫ 1

0

∫
Y ∗
u1(x, t, y, s)v1(x)v2(y)c1(t)c2(s)dydsdxdt

for v1 ∈ D(Ω), v2 ∈ C∞] (Y ∗)/R, c1 ∈ D(0, T ) and c2 ∈ C∞] (0, 1)/R.

We have expressed v2 with help of the Poisson equation. We applied a
gradient characterization for {∇uε} and created a (2, 2)-scale limit. We finally
used integration by parts, based on the design of v2.
We carried out a homogenization procedure for (21) that is similar to the

one in Section 4.2. The result is found in Theorem 39 below. The theorem was
proven by applying the results from Section 3 in Paper IV.

Theorem 39 (Theorem 22 in Paper IV) Let {uε} be a sequence of solutions to
(21). Then it holds that

ũε(x, t)
2,2
⇀ u(x, t)χY ∗ (y)

and
∇̃uε(x, t)

2,2
⇀ (∇u(x, t) +∇yu1(x, t, y, s))χY ∗ (y) ,

where (u, u1) ∈ L2(0, T ;H1
0 (Ω)) × L2

[
Ω× (0, T )× (0, 1); H1

] (Y ∗)/R)
]
is the

unique solution to the following two-scale homogenized system:

µ(Y ∗)∂tu(x, t)−∇ · (b∇u(x, t)) = f(x, t) in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = (µ(Y ∗))−1u0(x) in Ω,

where

b∇u(x, t) =

∫ 1

0

∫
Y ∗
A(y, s)(∇u(x, t) +∇yu1(x, t, y, s))dyds

and u1 solves the local problem

∂su1(x, t, y, s)−∇y · (A(y, s)(∇u(x, t) +∇yu1(x, t, y, s))) = 0 in Y
∗
× (0, 1)

(A(y, s) [∇u(x, t) +∇yu1(x, t, y, s)]) · n = 0 on (∂Y ∗ − ∂Y )× (0, 1)

for a.e. (x, t) ∈ Ω× (0, T ).
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This manuscript is a slightly revised version of a paper submitted to a ref-
ereed international journal. The full e-print version of the paper is found in
arXiv:1704.01483 [math.AP].

Author contribution
The author of this paper is the sole author. The author made a literature

review and conducted the research.

5.2 Dirichlet problems in perforated domains

In this section we will first study the Poisson equation in a periodically perfo-
rated domain with a Dirichlet condition on the boundaries. The most interesting
part here is when the hole size goes to zero faster than the size of the microstruc-
ture. We then illustrate how the Stokes equations in a porous medium gives
Darcy’s law through a homogenization process.

5.2.1 The appearance of a strange term

Homogenized problems can sometimes have a different formation if compared
to the original problem that is homogenized. In this subsection we show three
cases, out of which one is particularly strange. Homogenization for perforated
domains with small holes, using homogenous Dirichlet boundary condition are
studied in e.g. [12], [15], [17].
Let us consider a problem of the type

−4uε(x) = f(x) in Ωε,
uε(x) = 0 on ∂Ωε,

where f ∈ L2(Ω) and Ωε is an open bounded set perforated by periodically
arranged holes.
Let us now say that the hole radius goes to zero faster than the period of

the micro-structure. We let
lim
ε→0

rε
ε

= 0,

where rε = r(ε), the radius of the hole, is a sequence of positive numbers
tending to zero as ε does. In [15], the authors showed the appearance of a so-
called strange term, which appears when the hole radius is equal to a critical
size. Obviously, there are different asymptotic behaviors of uε, depending on
how the hole’s radius goes to zero.
We have different characterizations of the limit u depending on the radius

of the hole. More precisely, there are three different kinds of limits, see [21] and
[15]. Note that R is a real function, depending on the dimension of the space,
which is given by the following formula, see [21]:

R(x) =

{
−
(

1
ln x

)
if N = 2,

x if N = 3.
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Case 1. Small holes
If

lim
ε→0

1

ε2
R
(rε
ε

)
= 0,

then
ũε(x) ⇀ u(x) in H1

0 (Ω),

where u solves

−4u(x) = f(x) in Ω,
u(x) = 0 on ∂Ω.

Figure 8. Small holes.

Case 2. Large holes
If

lim
ε→0

1

ε2
R
(rε
ε

)
= +∞,

then u is identically equal to zero. By Poincare’s inequality in Ωε we have that
u = 0. More information about Poincare’s inequality in Ωε can be found in
Allaire’s paper [4] from 1990.

Figure 9. Large holes.

Case 3. Critical size
If

lim
ε→0

1

ε2
R
(rε
ε

)
= l, l > 0,

then the limit u is the unique solution to the modified Poisson equation

−4 u(x) + (µl)u(x) = f(x) in Ω,
u(x) = 0 on ∂Ω,

where µ > 0. The most interesting case here is the third case, when all holes
happen to have a certain critical size. The limit u is the solution to our Dirichlet
problem with the sum of the original Laplace operator and the strange term that
comes from the holes even though their fraction of the domain goes to zero (see
[15], [21]).
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Figure 10. Critical size.

5.2.2 Stokes equations

This section deals with the steady Stokes equations in the periodically perforated
domain with homogeneous Dirichlet boundary condition. The result was first
proven by Tartar in [51]. The Stokes equation written as

∇pε(x) +4uε(x) = f(x) in Ωε,
∇ · uε(x) = 0 in Ωε,

uε(x) = 0 on ∂Ωε,
(23)

where pε and uε denote the pressure and velocity, respectively, of the fluid, is
studied when Ωε is as in Case 2 in Section 5.2.1 and ε → 0. Here, f is the
density of forces. In Figure 11 we illustrate the geometry of a unit cell in porous
media. The holes fraction of the domain is constant during the homogenization
process.

Ys
Y

Y Yf

Figure 11. Geometry of a unit cell in a porous medium.

Note that uε slows down to zero when ε goes to zero and we must study ε−2uε
to obtain a meaningful limit. The weak formulation of (23) has a unique solution
uε ∈ H1

0 (Ωε) and pε ∈ L2(Ωε)/R. To be able to perform the homogenization
procedure we have to solve the following cell problem:

∇qk(y)−4vk(y) = ek in Yf ,
vk(y) = 0 on ∂YS ,

∇ · vk(y) = 0 in Yf , for k = 1, . . . , N.

Here, vk, qk are Y -periodic. We compute the permeability tensor

K̂ij =
1

|Y |

∫
Y

(
vji (y)

)
dy
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and arrive at Darcy’s law

∇ · u(x) = 0 in Ω,
u(x) · n = 0 on ∂Ω,

u(x) = K̂ (f(x)−∇p(x)) in Ω,

where u and p are the limits obtained in Theorem 41 below. See also e.g. [10].

Remark 40 We define extension ũε of uε and p̃ε of pε to Ω. The main result
is shown in the following theorem. uε is extended by zero into the perforations
while the extension of pε is more complicated, see [3]. Note that pε is unique up
to an additive constant.

Theorem 41 Let uε and pε be defined by (23). As ε→ 0

ũε(x)

ε2
⇀ u(x) in L2(Ω),

p̃ε(x) → p(x) in L2(Ω).

Remark 42 Tartar’s original work [51] assumes that perforations must be com-
pletely separated from each other. See Figure 11. In [3] Allaire’s result was
extended to include perforations that form a connected lattice.
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